Derivativesof Containers

Michael Abbott!, ThorstenAltenkirch?, Neil Ghant, andConorMcBride3

1 Departmenbf MathematicandComputerScience University of Leicester
michael@araneidae.co.uk, ngl3@mcs.le.ac.uk
2 Schoolof ComputerScienceandinformation TechnologyNottinghamUniversity
txa@cs.nott.ac.uk
3 Departmenbf ComputerScienceUniversity of Durham
c.t.mcbride@durham.ac.uk

Abstract. WeareinvestigatingMcBride'sideathatthetypeof one-holecontets
arethe formal derivative of a functor from a cateyorical perspectie. Exploiting
our recentwork on containerswe are able to characterisederivatives by a
universalpropertyandshav thatthe laws of calculusincludingarule for initial
algebrasas presentedby McBride hold — hencethe differentiablecontainers
includethosegeneratedy polynomialsand leastfixpoints. Finally, we discuss
abstractontainergi.e. quotientof containers)— thisincludesacontainemwhich
playstherole of € in calculusby beingits own derivative.

1 Intr oduction

In his classicfunctionalpearlHuet (1997) shovs how to representa treewith one of
its subtreesin focus’ by a pair of the subtreeandthe one-holecontext (or ‘zipper’)
in whichit sits. The unpublishedarticle McBride (2001)givesa ‘genericprogram’for
computingthetypeof one-holecontextsfor ary regularinductive datatyperemarkably
thekey stepis to differentiatethe functorwhich generateshe datatypeby theruleswe
learnedfrom Leibniz (1684).It wasanobsenationin searchof anexplanation.In this
paperwe find suchanexplanationfrom a cateyorical perspeciie.

Our catagyorical presentatiomf containes in Abbott, Altenkirch,andGhani(2003)
providesthekey to the mystery We now specifydifferentiationby a universalproperty
in the category of containersmorepreciselydF = Id — F whereH — — is theright
adjointof — x H in the categoryé? of cartesianmorphismsbetweencontainersWe
thusuncoverthelinearnotionof tangentwhich McBride’s programamechanise.

Giventhis specificatiorby universalproperty we verify Leibniz’s laws, McBride’s
extensionfor initial algebragvia the chainrule) and further conjecturean extension
to terminal coalgebrasWe note also that there are also containerswhich are not
differentiablesuchas(N=N) = —.

Our presentwork rediscaers the notion of a derivative of an analytic functor,
Joyal (1986), from a computationalperspectie. We also generalisehis approach,
consideringa more generalclassof functorsand categories. Inspired by Joyal, we
introducethe notion of an abstract container which ariseswhen closing containers
undercoequalisersln particularwe seekout the containerwhich correspondso the
exponentialfunction:justlike €, it is its own derivative.
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2 Background

McBride’s article givesthe computationalntuition to differentiatinganalyticfunctors.
He presentsyntacticallya classof functorsF, closedunderpolynomialoperationsind
(first-order)leastfixedpoint. Hethenshavsthat(for agenerak), (dF )X represent&an
F X with oneholefor anX’, andgivesthecorrespondindinear application(‘plugging-
in’) operatoy @ in thediagrambelow:

(OF)X X  FX
@ A= X

Curried, @ embeds(dF)X into the function spaceX — FX, of which it is the
linearfragment Oneimmediateapplicationis to make Huet's notionof ‘zipper’ generic
over inductive datatypesyuF whereser 0F can be defined. The single constructor
inp : F(uF) — uF makingan elementof uF from a ‘container’ of its immediate
subelementss anisomorphismHence,(dF ) (uF) gives‘elementsof uF with ahole
for oneimmediatesubuF’. Justasthe ‘subterm’ relationis the reflexive-transitve
closureof the ‘immediatesubterm’relation, we canrepresentelementsof uF with
a hole for onesubuF’ by lists, List(dF)(uF)), whereeachelementis a stepon the
pathfrom holeto root, recordingthe surroundingdata.Here,lists grow ‘on theright’,
echoingHuet's accounbf ‘zippers’ asstaks. Thecorrespondingpplicationoperation

iterates@,::
. List(( ) X uF — uF

o ot (i

The zipper data structurehas mary uses:Huet's exampleis ‘structure editing’,
with List((0F)(uF)) x uF exactly representingtF with a‘cursor’ atonenode.Many
tree-ravriting operationscanthusbe expressedn termsof more primitive navigating
(moving the cursor) and editing (replacingthe term at the cursor) steps.Context-
sensitve operationsieedmerelyinspectthelist.

Moreover, we gain a languagewith which we can expressgeneralpropertiesof
datatypesmore easily and we gain tools with which to prove them. For example,
‘inductive datatypeshave no cycles’ becomes

ds@fu=u = ds=] .

Generically structuralinductionon uF amountgo shaving P(ing t) givenhypotheses
P(u) for eachd,u suchthatt = d @ u.



2.1 Whatisd?

How canwe explain dF in termsof F? Intuitively, d @- x computesanelementf F X,

usingx exactly once,andwithout inspectingx. Thatis, asHuet (2003) suggestsgF

correspondsgo X — FX, thelinear fragmentof X — FX, in a sensewhich we make
precisein Definition 4.2. We canthink of this linear approximation X — FX, asa
kind of tangentto F at X. Similarly, EhrhardandRegnier (2001)usedifferentiationto

computelinearapproximantgo A -terms.Henceit is not soremarkablehatd behaes
like differentiation—letus checksomefamiliar laws informally. Consideran element
of (F x G), containinga particularchoserelemenif X.

(FxG)X FX] G
An is elthera ( , )
= FX x (dG)X

P(FxG))X &

The X is eitherin the FX partor the GX part.Now, (d(F x G))X mustrecordthe
possiblecontexts for our chosenX — the ‘chevrons’ which remainwhenthe X is cut
out. If the X lieswithin the F X, we mustrecorda (dF)X andthewholeof the GX, and
correspondinglyn the othercase Hencethe law holds.

Next choosingan X within an (F o G)X amountsto choosinga GX within an
), thenan X within the GX.

F oG OG
is an (F 0G))X 2 (9F)(GX) x (dG)X

The X's context comesin two parts,correspondingvith Leibniz’s ‘chainrule’.

2.2 Containersand Derivatives

Containersare a formalisationof the ideathat mary importantdatatypesconsistof
templatesvheredatais stored For example,ary elemenif thetype of lists List X can
beuniquelywritten asa naturalnumbem, thelengthof thelist, togethemwith afunction
{1,...,n} = X whichlabelseachpositionin thelist with anelementrom X:

n:N, g:{l..n} > X .

Similarly, any binarytreeis givenby its underlyingshapgobtainecby deletingthe data
storedat the leaves)anda mappingfrom positionsin this shapeto thedatathus:

@e»@ '



Thuswe are led to considerdatatypesvhich are given by a setof shapesS and, for
eachs € S, afamily of positions(Ps), s This presentatiorof the datatypedefinesan
endofunctorX ]_ISGSXPS on Set More generally Abbott et al. (2003) formalises
theseintuitionsby consideringamiliesof objectsin alocally cartesiarclosedcateyory
C, wherethefamily s: St P(s) is representely anobjectP € C/S, andtheassociated
functoror containerTg,  : C — C is definedby

TopX =2s:S(P(s) = X) .

In effect, this givesa generalise¢power series’for functorsrepresentingontainers
of X. We mighthopethattheir derivativesmight obey alaw like

0T pX =2 3s:S.(P(s) x ((P(s) — 1) = X))

andin factthey do, providedwe canexplainwhatwe meanby (P(s) — 1). DeletinganX

within some(s, f) : Tq, ;X amountgio choosingthe p: P(s) which pointsto it. In doing
so,we effectively selectthe shapeof the context for the X; thensucha context contains
anX for eachpositionin P(s) exceptp. Theanalogueof P(s) — 1is thus

zp':P(s).-Eq(p, p)

wherep is thepositionof the missingX. For this to behae properly, P(s) mustpossess
adecidableequality, sothatwe cantell if any p' is the hole position, p:

Ed(p, p') + —Eq(p, p)) =1
so,indeed for eachp: P(s):
P(s) = Zp':P(s).~Eq(p, p)) +1 .

2.3 Notation and Conventions

We usethesamegenerakemanticdomainasin Abbottetal. (2003)wherethecatayory
C is extensiel, locally cartesiarclosedandlocally finitely presentabl¢Adamekand
Rosicky, 1994).

We write a: A + B(a) or just A + B for B € C/A, andsimilarly Za: A.B(a) and
2 ,B for the domainof B regardedas an object. We'll write a:A,b:B(a) - C(a,b)
asa shorthandor (a,b):>,B+ C(a,b). We omit variablesand wealeningswhenthe
meaningis clearfrom the context. For example,givenA F B we caninterchangeably
write thisasa:A,c:C - B(a) orAx C + B (for m:AxC — A).

For A - B write 15;: Z,B — A for the mapprojectingout the first componentind
write 75 : 1 — 1B for the morphismin C/Z, B correspondindo the secondvariable
a:A, b:B(a) - b:B(a). Herewe follow Hofmann(1994). WhenA andB areobjects
of C we mayinterchangeablyvrite A*B or ;B for the objectrr: Ax B — A of C/A.

1In generakcateory C with coproductss extensiveff coproductarepreseredby pullbacks,
coprojectionsnto coproductsaremonomorphismsandthe pullbackof distinctcoprojections
Ki - A, — [ A into acoproductis alwaystheinitial object0. In a cartesiarclosedcategory
all conditionsexceptthelastautomaticallyhold.



Given A F B andu:C — A write ug: 2-u*B — >,B for the map making the
following squarea pullback

* Us
-u 5%— 2,B
T(J*B\L lr%
C A

We'll write =B = 08, We'll interchangeablywrite B = X and XB for the local
exponent.GivenanobjectB € C theequalitytype B x B - Egg (or Eqwhenthetype
B is obviousfrom context) is givenby themorphismd : B — B x B.

We denotetheglobal coproductof A - BandC + D by A+C B+ D. Wedenote
thefibred coproduciof objectsA F B andA + D overacommonbaseby A B+ D.

3 The Category of Containers

In Abbott et al. (2003), we began the investigationof functors which arise from
containerdy defining

TopX =28:S.(P(s) = X)

where S is the objectof shapesand P is the object of positionsover S. We proved
thatsuchfunctorsincludeconstanfunctors,theidentity andprojectionsandareclosed
under fixed exponents,sums, products,leastfixed points and greatesffixed points.
Theseresultsarebasedipontwo ideas:

1. To prove closureof containerfunctorsunderleastand greatesffixed points we
generalisedrom containersandendofunctorgasdescribedhbore)to containersn
severalparameterandfunctorsF : C" — C.

2. We definedcontainermorphismsand therebyobtaina category ¢ of containes.
T thenbecomesa functor T : ¢ — [C,C] whichis full andfaithful (when[C,C]
is understoodasthe cateyory of fibred endo-functorsand naturaltransformations)
andwhich presereslimits, coproductandfiltered colimits of cartesiandiagrams

In therestof this subsectionve briefly describeheseresultssoasto lay thegroundwork
for definingthederivativesof containersThereadershouldconsultAbbottetal. (2003)
for furtherdetailsandproofs.

To understandtontainerdn several parametersgonsiderthe bifunctor 1+ X x Y
and,in particular how this bifunctorcanbeunderstoodn termsof shapesandpositions.
Firstly, therearetwo shapesvheredatamay be storedcorrespondingdo the different
summand®f the coproductAbovethefirst shapehereareno positionswhereasabove
the secondshapethereis onepositionfor storingelementsof X andone positionfor
storingelementsof Y. Crucially, whereelementsof X are storedis independenfrom
where elementsfrom Y are stored.This independencef how datais storedat one
positionfrom how datais storedatanothepositionis adefininghallmarkof containers.



Consequentlya containerin n variablesin a locally cartesiarclosedcateyory C is an
objectA € C togethemwith n objectsoverA, i.e. A - (B));c;..,. Thefunctorgenerated
by sucha containersendsX to Za: A.[,c;. (Bi(@) = X). For example,the bifunctor
1+ X xY arisesvithn=2,A= {s;,s,}, B,(s;) =B,(s;) =0andB,(s,) = B,(s,) = 1.

Thesecondelemenbf our analysids thedefinitionof containemorphismsandthe
propertieof thefunctorT from containerdo functors.

Definition 3.1. Givenanindex setl definethe catgyory of containerss, asfollows:

— Objectsare pairs (A€ C, B € (C/A)"); write thisas(A> B) € %
— AmorphismA> B) — (C» D) isapair (u, f) foru:A— CinCandf:(u*)'D — B
in (C/A)'.

As anintuition for containemorphismsconsiderthethe maptail ; List X — 1+ List X
takingthe emptylist to 1 andotherwiseyielding thetail of the givenlist:

tail of list
D-@B, - @D

This mapis definedby i) for eachshapesin List X the choiceof a shapeu(s) in 1+

List X; andii) for eachpositionaboveashapeu(s), thechoiceof a positionaboves. This
secondcomponentllows usto transforma labelling of the positionsabove a specific
shapesto alabellingof thepositionsabove u(s). Noticethe essentiatontravarianceof

this seconccomponentvhich resultsin anon-trivial mathematicatheory Thefirst key

resultis thatsuchcontainemorphismsdo indeeddefinenaturaltransformationsMore
generallywe candefine:

Definition 3.2. DefinethefunctorT : ¢, — [C',C] takingead container(A» B) € ¢
to its “extension”, the containerfunctor T, 5, asfollows.For ead X € C' define
TppX =Za:A niel (Bi(a)=X) ,

and for (u,f):(A> B) = (C> D) defineT,;: Ty g = To,p to be the natural
transformationT, (X : Ty, gX = Tg,pX thus:

(8,9) : TagX F Ty 1X(a,9) = (u(@), (g~ f)icr) -

A typical functor which is notin theimageof T is =—(X) = (X — 0) — 0. The key
propertiesof containersandthefunctor T wereprovedin Abbott etal. (2003)andare
summarisedbelow.

Theorem 3.3. Thefollowing aretrue

— For eadh containerF € ¢, andead containermorphisma :F — G thefunctor T
andnatural transformationT, arefibredoverC.
— Thefollowing containes definetheidentity, projectionand constanfunctors

ld=(1r1) Id;=(1> (Eqi,]))ie) Kc=(CrO)

whee Eq(i, j) is 1if i = j and0 otherwise



— Containes are closed under sums, products and substitutionas given by the
formulae

(ApB)x (C> D)= (AxCp mB+m*D) = (a:A,c:Cp B(a) + D(c))
(A>B)+(Cr D)= (A+CrB1D)
(A>B,E)[(C>D)] = (a:A, f:CE@ b B(a) + Ze: E(a).D(fe))
— ThefunctorT :¢, — [C',C] is full andfaithful andpreservedimits andcoproducts.

Let us considery for example,closureof containersundercoproductsintuitively, if F
andG arecontainerfunctorsgeneratedy the container§A»> B) and(C > D), thenan
elemenbf F + G mustbeeitheranelemenfrom F orfrom G. Thustheshape®f F + G
mustbe A+ C. In addition, the positionsabove a shapex (a) shouldjust be B(a) and
similarly the positionsabove k’(c) shouldbe D(c). Thusthe objectof positionsmust
be the global coproductB ¥ D. A formal proof usesthe fact that the formula defines
the coproductin ¢, andthat T preserescoproductsA similar algumentshows that
containersare closedunder products.This constructioncan be also found in Dybjer
(1996)whereit is usedasan invariantin the proof that strictly positive typescanbe
representetly W-types.

Thesubstitutionformulais usedto constructchains(cochains)f containeravhich
underpintheir closureunderleast(greatestfixedpoints.In particular givenacontainer
in4%,,, wewishto fix thefirst| parameterandusesubstitutionto build the relevant
chain(cochain)whosecolimit (limit) definesthe least(greatestfixed point. In effect,
substitutionis afunctor—[—]: %, ; x 4, — ¢,. Whenwe substitutethe| + 1-parameter
container(A> B,E) (whereB is thel-indexed objectof positionsandE is thel + 1'th
objectof positions)with the |-parametecontainer(C > D), we leave the B positions
unafectedand replaceeachE-position with a shapein C above which datamay be
stored.Thus,the shapef the resultingcontainewill bea shapea: A anda function
f : E(a) = C. Above sucha shapewe will thenhave all the old B positionstogether
with the D positionsabove fefor ary e: E(a).

Oncewe have substitutionin place,we can definedfixed points by chainsand
cochains.Although ¢, has colimits they are not in generalpresered by T. This
also appliesto filtered colimits which underpinthe constructionof initial algebras.
Fortunately there exists a classof filtered colimits which is both sufficient for the
constructionof initial algebrasand which are presered by T. Thesediagramsare
called cartesiandiagramsasthey arethosediagramswhich are built from cartesian
morphismdefinedasfollows:

Definition 3.4. Amorphism(u, f): (A> B) — (C> D) of containesis cartesianff f is
iso. Thecategory of containes and cartesianmorphismss written g.

A natural transformationa : F — G betweentwo functors is cartesianiff eat
naturality squae of o is a pullbad. The category of functors and cartesiannatural
transformationss written .7 .

In a cartesianmorphism the map on positions merely rearrangesthem, and so
morphismsn 2 cannotforgetor copy data,hencethey arein effectlinear morphlsms
Thefollowing tellsusthatT restrictsto a full andfaithful functorT:9 — 7.



Proposition 3.5. A natural transformationa : T- — T betweercontainerfunctors is
cartesianiff the correspondingcontainermorphism(givenby T full and faithful) is
cartesian. O

Further takingproductgestrictsto amonoidaloperatiomn? andZ7 (astheprojection
. F x G — F is not cartesianthemonoidaloperationis not the cartesiarproduct).
Finally, we have all the elementdn placeto defineleastandgreatesfixed points
of containers.Given a container (A > B,E) in ¢,_,, substitutiongives a functor
(Av B,E)[-]:¢4 — ¢ andhencewe candefinethe leastfixed point (A > B,E) as

the colimit of thechain
0— (A B,E)[0] — (A> B,E)?[0] — ---

Crucially, this chainis afiltered cartesiardiagramandhenceits colimit is preseredby
T. This hastwo importantconsequence$ our constructioris correct:

TV(ADB E)ijo] — \/TADB ,E)I[0]

andii) thecolimiting container/ (A B, E)[0] hasa concretedescriptionas

\/(A>B,E)' [0 = (\/A>\/B)

whereA is the objectof shapeof (A> B,E)'[0] andB; is the objectof positionsof
(A B,E)[0).

Greatesffixed points are easier One usessubstitutionto define the appropriate
cochain.Since ¢, hasall limits, (A > B,E)[—] preseres connectedlimits and T
preseresall limits, containerareclosedundergreatestixed points.

4 Derivativesof Containers

We now make the notion of derivative of a containerexplicit.

Definition 4.1. If for containes F andH there existsa universal arrowin ¢ fromthe
functor — x H to F saythat the linear exponentialof F by H exists.Write the linear
exponentialasH — F.

In this situationwe have a bijection of morphismsn 2
GxH-—F
G—H—F

In this papemwe investigatehe specialcasewhenH = Id.
Notethat x hererefersto thecartesiarproductin ¢, it is justatensormproductin 4.
Now, —o givesusacorvenientway to introducethetype of one-holecontets

Definition 4.2. Saythata containerF is differentiabldff thelinear exponentiald — F
exists.Call thisthederivative of F, written dF = I1d — F.

Similarly for a containerF in | argumentssaythat F is differentiableati € | iff
ld; — F existsandwrite thisasd;F.



Thenotionof decidabilityturnsoutto be centralto the constructiorof derivatives.

Definition 4.3. Saythat an objectA B is decidableiff for eat a: A the equality
relationon B(a) is decidablein otherwordsh,b’:B + Eq(b,b’) + —-Eq(b,b") = 1.

Saythata containerF = (A» B) is decidableff B is decidable Saythata container
F = (Ap> (B)ig) in | parametes is decidableat j iff B; is decidable andthat F is
decidabléff it is decidableatead j € I.

Thefollowing key theoremwill be provedlateronin section4.2.
Theorem4.4. EverydecidablecontainerF = (A B) is differentiablewith derivative
d(A>B) = (2,B>B) .

Similarly, everycontainerF = (A (B;),,) decidableat j is differentiablewith respect
to j with derivative

9j(Av (B)ig) = (ZaB; > (B:j)iel) ;
whee Bl = 7, B wheni # j, and Bi =B
In the specialcaseof atwo parametecontainer(A> B, E) thisis
0,(A>B,E) = (I,B>B,BE)  0,(AbB,E) = (Z,E> 1¢B,E) .
As we will shav in section4.2,thefollowing factsaboutfollow from theoremé.4.
Proposition4.5. Derivativesof decidablecontaines satisfythe following
d(F+G)=0F +0G dld; = Eq(i, j)
Id(FxG)=2dF xG+F x0dG K =0
andfor F a containerin 2 parametes
0(F[G]) = 0,F[G] + 0,F[G] x 9G
OUF = u(0,F[uF]+ d,F[uF] xId) .
We alsoconjecturghatthe derivative of theterminalcoalgebras givenby
OVvF = u(0,F[vF]+d,F[vF] xId) .

Notethatthe derivative of a coalgebras a leastfixed point— this correspondso the
factthata“hole” in the datatypemustbeaccessible.

The useof containerdn definition 4.2 is essentialwe could not have derived the
laws of calculusby usingcartesiammapsbetweerfunctorsinsteadlndeedjf weassume
thatdld = Id — Id =2 1 for functorswe canconstructa cartesianmorphism-— — 1
whichwould imply (theorem8.1, Abbottetal., 2003)that—— is a container



4.1 Propertiesof DecidableObjects
First we talk aboutdecidableobjectsand their generalproperties.Decidability on B
allows usto constructanobjectwhich actsasakind of “complement’to elementf B.

Proposition4.6. If A - Bis decidablethenthere existsanobjectz,B + B', calledthe
complemenbf B, satisfyingtheisomorphisnigB =~ 1+ B'.
Proof. DefineB’ = Zz-Eqandcalculate
Ab:BF Bx3b:B.1=5b":B.(Eqb,b) +-Eq(b,b'))

=~ 5b':B.Eq(b,b") + Zb': B.~Eq(b,b') =2 1+ B'(b) . O
The following lemmafollows from the resultthatin an extensive category thereis a
cancellatiorrule1+ A= 1+B — A=B.
Lemmad4.7. If A I Bisdecidableand 1B = 1+ D thenB' = D. O
Someimportantpropertieof decidableobjectsfollow.
Lemma4.8. If A - Bis decidablethenits complemenE,B I B’ is decidable

Proof. Fixing b: B thena,c: B'(b) is equivalentto a,c: B satisfyinga # b andc # b,
andclearlydecidabilityin B canthenbe usedto computedecidabilityin B'. O
Lemma4.9. If A + Bisdecidablghenfor eachu:C — Athepullbadk u*B is decidable
with (u*B)’ = ugB'.

Proof. Observingthat b: u*B can be written asc:C F b:B(uc) it is clear that
decidability of B is inherited by u*B. To verify the equationfor (u*B)’, calculate
M.gU'B= uymgEB = up(1+B) = 1+ uyB'. O

Lemma 4.10. Complementare closedunderproductsand coproducts.andsatisfythe
following equations.

A+BF (A+B) = (A +mB) ¥+ (IGA+B)

AxBF (AxB) = mA + B + mA x m*B

Or0=0 1+1=0.

Proof. Theresultsfor 0’ and1’ areimmediate.

To shav that A+ B is decidablenotefirst thatsinceC is extensive we cananalyse
abindingx: A+ B into casesa:A + x=kaorb:B F y=«’b, andwe know that
ka # K'b universallyholds. Thusgivenx,y: A+ B decidability of equalityreducego
decidabilityof equalityseparatelyn A andB.

To verify thecomplemenbf A+ B calculate:

T s(A+B) = T pA+ TR, gB = M (A+B) + m5(A+B)
= (GA+3B) ¥ (TEA+ TEB)
> (1+A' + mB) + (gA+ 1+ B')
~ 14+ (AN4+mB) ¥ (gA+B)) .

A x Bisimmediatelydecidable The calculationof its complements notneededn
this paperandsois omitted. O



Thecorrespondingesultsfor = and ¥ requireallittle moreattentionto thebase.

Lemma4.11. If A F BandC + D arebothdecidablgehenA+C + B¥D isdecidable
with complement

(ZA+C(BW<t D) - (B+D))=(£,B+Z.D + B ¥+D') .
If Ais alsodecidablethensois >, B with complement

¥BF (I,B) =B +5,B. O
4.2 Theoremsabout Derivatives
We restateheoremd.4andproveit hereby establishinghe universalproperty

Theorem4.12. If F is decidable(definition4.3) thenits derivative dF existsand is
givenbytheformula

0(A>B)=(£,BrB) .

Proof. Let F = (A B) be a decidablecontainerandwrite ¢: 1B = 1+ B' for the
isomorphismderived from the decidabilityof B. Write dF = (X,B > B') andobsene
thatdF x Id = (,B> 1+ B'). Now definethecontainemorphism@; thus(hereg acts
asamapof containemositions,andis thereforecontravariantto the shapemap 1z;):

@ = (1, 9):dF x1d — F ;

this mapis obviously cartesianandis a mapin 4. We will now shaw that @: isa
universalarrow, andthatthereforedF = dF asrequiredby thetheorem.

Given a cartesianmorphismG x Id — F where G = (C » D) by unrolling the
definitionsof morphismsin ¢ this can understoodas a pair of maps(u:C — A, f:
1+ D = u*B), andtheuniversalpropertyof @- correspondso abijection

u:C—A f:1+D=u'B U= Ti-Vv
suchthat .
viC—Z,B g:D=Vv'B f=v'e-(1+9)

Sogiven (u, f) for ¢: C notethatfrom theisomorphismf.: 1+ D(c) = B(uc) we can
chooseb: B(uc) suchthatD(c) =2 B(uc)'(b). This assignment — b togethemwith the
associatedsomorphismgivesus morphismsv:C — %,C andg: D = v*B' asrequired,
andit is clearfrom the constructiorthatthis assignmenis unique. O

We cannow usetherepresentatioof derivativesestablishedby this theorento directly
computea numberof importantresultsaboutthe derivativesof decidablecontainers.

To begin with, thefollowing propositiontells usthatif dF existsthensodoesd"F
for every naturalnumbem.

Proposition4.13. If a containeris decidablethensois its derivative

Proof. Thisfollowsfromlemma4.8thatB' is decidableoverB. O



The elementantype operationsnteractwith differentiationasonemight expect.
Proposition4.14. Derivativesof decidablecontaines satisfythe following
0(F+G)=dF+0G d(FxG)=dF xG+F x0dG
K =0 gild; = Eqi, j)
Theequationdor F 4+ G, F x G andK are undhangedif d is replacedby d..

Proof. Eachof theseisomorphismsfollows pretty directly from the resultsalready
provedfor decidableobjectsLet F = (A> B), G = (C > D), then:

d(F+G)=9((A>B)+(C» D))= d(A+CrB+¥D)
= (Z,,c(B¥D) > (B¥D)) =(2,B+2.Dr B $D')
= (Z,B>B)+ (5.D>D') = 9dF +9G .

Thefollowing derivationof d(F x G) omitsbothvariablesandexplicit wealening,but
thesecanbeinferredunambiguously:

Id(FxG)=0d((ArB)x(CrD))=2d(AxCrB+D)
= (Zpxc(B+D) > (B+D)) = (Z5,c(B+D) > (B'+D) +(B+D)
(ZpycBP B'+D) +(25,cD> B+ D)
~(£,BrB)x (Co D)+ (A>rB)x (£.D>D') 2 9dF x G+F x9G .
A constantypeK = (K > 0) hasderiative dK = (£,0> 0') = (0> 0) = 0. Similarly
gld; = (Eq(i, j) » Eq(i, j)') = (Eq(i, J) > 0) = Eq(i, j). O
An analogougorm of thechainrule alsoholdsfor derivatives.
Proposition4.15. For decidableF and G thechainrule holds:
0(F[G]) = 0,F[G] + 0,F[G] x G .
Proof. Firstnotethatin general
d(A>B+C) = (3,(B+C)> (B+C)')
> (Z,(B+C) > (B'+ m®C) ¥ (B +C"))
>~ (£,B> B+ mC) + (£,C> iB+C') .

Now let F = (A> B,E) andG = (C > D) andthen (omitting explicit variablesand
wealeningwherepossible)

A(F[G]) = d(Z,f:CE > B+32e:E.D(fe)) = (1) +(2)
where (1) = (3,2f:CF.B»> B +Ze:E.D(fe))
(2) = (2,21 :CE.3e:E.D(fe) » B+ (¢ :E.D(f¥))") .
Thefirst part, (1) = 9, F[G] follows prettyimmediately:
(1) = (2,25 f:CE > B +Ze:E.D(fe))
= (£,B> B,E)[(C> D)] = 9,F[G] .

To reduce(2) to d,F[G] x dG it is necessaryo be a little more explicit aboutthe
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variablesandcontext. Firstnotein context A, f :CF, e:E, d:D(fe) that
(2€ :E.D(f€)) = D(fe)'(d) + =€ :E’.D(f€) .

Next obsene thatwe canrearrangehe context to bring e: E beforef : CE andcanthen
write CE = CE'+1 = CF' x C giving usnew bindingsf’:CE’ andc:C. Thefunctionvalue
fe mustthenbereplacedy ¢, andsofinally in context A, e:E, f:CF, ¢:C, d: D(c) we
canwrite

D(c)'(d) + ¢ : E'.D(f€)

which is isomorphic(modulothe changeof basejust described}o (3¢ : E.D(f€))’.
This now allows usto write

(2) = (2,22 f:CF.5.D> B+ D'+ 2¢ :E'.D(f€))
>~ (Z,E> B,E')[(C> D)] x (£.D > D’) 2 9,F[G] x G . O

The datatypeuF arisesasthe iteration of the containersubstitutionoperationF [—].
If F hasderivativesin both parametergthe fixed andthe iteratedparameterihenthe
derivative of uF canalsobecomputed.

First we needthe following technical lemma which will allow us to lift the
constructiorof the u typeto the constructiorof derivatives.

Lemma 4.16. Thecomplemenotf a cartesianfiltered colimit of decidablecontainesis
thefiltered colimit of their complementdienced(V; F) =V, dF..

Proof. LeteachF, = (A > B;) andfirst obsenethat\/F = (\/ A> \/B). Thenfor each
i — j thefollowing diagramcanbe constructedn C:

B! B .. \/ B’
] ]

/ B¢ \}

B , .. B
'] 1

} / /

A A VA

Sincethe bottomrow consistsof pullbacksquareghenso doesthetop row (sincethe
pullbackof acomplements a complement)andthus\/ dF is thetop right handarrow.
Theobject\/ B’ is therequiredcomplemenbf \/B. O

Proposition4.17. If F is a decidablecontainerin two parametes thenthe derivative
of uF existsandis givenbytheequation

OUF = pu(0,F[UF] + d,F[uF] x —) .
Proof. DefineG[—] = 9,F[uF] + d,F[uF] x — andusethe chainrule to obsere

OpF = 0(F[uF]) = 0,F[UF] + 0,F [UF] x OuF = G[ouF] ;



this givesusamorphismé: uG — ouF.
Corverselynotethat uF = \/,(F"[0]) andsoduF = d\/,(F"[0]) = V/,d(F"[0]).
We canthereforeconstructmorphismsay, : (F"[0]) — G"[0] inductively by setting

Q1 = 01 F[Kn] 4+ 0,F [Kn] x an

whereky : F"[0] — uF is thecolimiting coneof F. Fromthe morphismsa we obtaina
morphismg: duF — puG. It remainsonly to shav that6 andg areinverses. O

5 Abstract Containers

In future work we planto include additionalmaterialon abstact containes andtheir
derivatives, which we sketch below. Abstractcontainersarise when generalisingthe
conceptof a containersuchthatincludesstructuresvherethe orderof elementsdoes
not matter suchas bags(or multisets).A bagis a list where sequencesvhich can
be obtainedvia an isomorphismon positionsare identified. We follow the definition
of analyticfunctors,asgivenin Hasgawa (2002),andallow ary subgroupG of the
automorphismgroup Aut, of isomorphismson P. Note however, that we work in a
moregeneralsettinghereasfar asthe ambientcatayory is concernedaindalsothatthe
typeof positionsis not necessarilyinitely representable.

We introducethe notion of an abstract containe? by the following data:an object
of shapesS, afamily s: S P(s) andafamily of subgroup®f theautomorphisngroups
G(s) C Autp(s) overs: S. Wedenotehisabstractontaineiby (S> P/G). Theassociated
functorTS>F,/G :C — Cis definedby

Tep/cX =Zs:S (P(s) =X/ NG(S)) .

where f ~o9 9 = dp € G(s).g = f - @. Catagorically this canrepresentedy a
coequaliserMorphismsbetweenabstractcontainers(A » B/G) and (C > D/H) are
givenby anunderlyingcontainemorphismu: A — C,a: A+ f:D(u(a)) — B(a) such
thatVop e G(a).3y e H(a).¢- f = f - . WecanextendT to afunctorby notingthatthe
extensionof the underlyingcontainemorphismgivesrise to a naturaltransformation
betweenthe abstractcontainersWe omit the straightforvard generalisatiorto I-ary
abstractcontainers.There is a full and faithful embeddingfrom the category of
containergo the category of abstractcontainersobtainedby settingG(s) = {Idp(s) }.
We believethatit is possibleto extendall the propertiesshovn for containersn Abbott
etal. (2003)to abstracttontainersandadditionallythat abstractcontainersare closed
undercoequalisepf cartesiarmorphisms.

The notion of derivative as given beforeextendsnaturallyto abstractcontainers,
the derivative of anabstracttontainer= = (A»> B/G) is givenby the derivative of the
underlyingcontainerandby modifying G:

JF = (a:A,b:B(a) > =c:B(a).—Eq(c,b)/G'(a, b))

2 In analogyto abstractlatatypesvhich arequotientsof concretedatatypes.



whereg € G'(a,b) < ¢ € G(a) A ¢(b) = b. The characterisatioof derivativesby
JF =Id — F extendsto abstractontainers.
Thebagfunctor, asmentionedefore,is representeddy theabstractontainer

Bag= (n: N> n/Auty,)

Justby applyingthe rulesof derivativeswe obtain dBag= Bag andhenceBag plays
therule of € in calculus.Thisis maybelesssurprisingwhennoting thatthe extension
of Bag

Taag(X) = Zn:N.X"/Auty

correspondso Euler’s seriesdefininge®, since|Auty| = n!.

Note,however, thatoneof thestandardxampledor abstractiatatypes— finite sets
— turnsout notto beanabstractontainerThereasorfor thisis thatthe cardinalityof
positionsdepend®n the equalityof the argumenttype.

6 Conclusions

In the presentpaper we have given an abstractcharacterisatiomnf the derivative of a
containerformalisingthetangenf a containerusinga notionof linearfunctionspace.
This shouldbe usefulin further understandinghe relationbetweenordinary calculus
andthe calculusof containersdevelopedhere.We have shavn that the usuallaws of
derivativesandMcBride’s law for leastfixpoints canbe derivedfrom this notionusing
our previous work on containergAbbott et al., 2003) andwe have discussedbstract
containersWe will make this preciseandextendit to greatesfixpointsin furtherwork.
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