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Abstract. WeareinvestigatingMcBride’s ideathatthetypeof one-holecontexts
arethe formal derivative of a functor from a categorical perspective. Exploiting
our recent work on containerswe are able to characterisederivatives by a
universalpropertyandshow that the laws of calculusincludinga rule for initial
algebrasas presentedby McBride hold — hencethe differentiablecontainers
includethosegeneratedby polynomialsandleastfixpoints.Finally, we discuss
abstractcontainers(i.e.quotientsof containers)— thisincludesacontainerwhich
playstherole of ex in calculusby beingits own derivative.

1 Intr oduction

In his classicfunctionalpearlHuet (1997)shows how to representa treewith oneof
its subtrees‘in focus’ by a pair of the subtreeand the one-holecontext (or ‘zipper’)
in which it sits.TheunpublishedarticleMcBride (2001)givesa ‘genericprogram’for
computingthetypeof one-holecontextsfor any regularinductivedatatype:remarkably,
thekey stepis to differentiatethefunctorwhich generatesthedatatypeby theruleswe
learnedfrom Leibniz (1684).It wasanobservationin searchof anexplanation.In this
paper, wefind suchanexplanationfrom a categoricalperspective.

Ourcategoricalpresentationof containers in Abbott,Altenkirch,andGhani(2003)
providesthekey to themystery. We now specifydifferentiationby auniversalproperty
in thecategory of containers,moreprecisely∂F +, Id - F whereH -/. is theright
adjoint of .10 H in the category

23
of cartesianmorphismsbetweencontainers.We

thusuncover thelinearnotionof tangentwhich McBride’sprogramsmechanise.
Giventhis specificationby universalproperty, we verify Leibniz’s laws,McBride’s

extensionfor initial algebras(via the chainrule) and further conjecturean extension
to terminal coalgebras.We note also that there are also containerswhich are not
differentiable,suchas 4�57685:9;6<. .

Our presentwork rediscovers the notion of a derivative of an analytic functor,
Joyal (1986), from a computationalperspective. We also generalisehis approach,
consideringa more generalclassof functors and categories. Inspiredby Joyal, we
introducethe notion of an abstract container, which ariseswhen closing containers
undercoequalisers.In particularwe seekout the containerwhich correspondsto the
exponentialfunction:just like ex, it is its own derivative.
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2 Background

McBride’s articlegivesthecomputationalintuition to differentiatinganalyticfunctors.
Hepresentssyntacticallyaclassof functorsF , closedunderpolynomialoperationsand
(first-order)leastfixedpoint.Hethenshowsthat(for ageneralX), 4 ∂F 9 X represents‘an
FX with oneholefor anX’, andgivesthecorrespondinglinear application(‘plugging-
in’) operator, @F in thediagrambelow:

@Fd x

4 ∂F 9 X X FX

d x,
Curried,@F embeds4 ∂F 9 X into the function spaceX = FX, of which it is the

linearfragment.Oneimmediateapplicationis to makeHuet’snotionof ‘zipper’ generic
over inductive datatypesµF wherever ∂F can be defined.The single constructor>@?

F : F 4 µF 9;= µF making an elementof µF from a ‘container’ of its immediate
subelements,is anisomorphism.Hence,4 ∂F 9�4 µF 9 gives‘elementsof µF with a hole
for one immediatesub-µF ’. Justas the ‘subterm’ relation is the reflexive-transitive
closureof the ‘immediatesubterm’relation,we can represent‘elementsof µF with
a hole for onesub-µF’ by lists, A > BDC 4 ∂F 9�4 µF 9E9 , whereeachelementis a stepon the
pathfrom hole to root, recordingthesurroundingdata.Here,lists grow ‘on the right’,
echoingHuet’saccountof ‘zippers’asstacks. Thecorrespondingapplicationoperation
iterates@F :

@µ
F : A > BDC 4E4 ∂F 9�4 µF 9F9G0 µF = µFH*I J

:: dn KEKFK :: d1 L @µ
F

u , >@?
F M dn @F KFKFK >@? F M d1 @F u

The zipper datastructurehas many uses:Huet’s example is ‘structure editing’,
with A > BFC 4F4 ∂F 9�4 µF 9F9N0 µF exactly representingµF with a ‘cursor’ at onenode.Many
tree-rewriting operationscanthusbe expressedin termsof moreprimitive navigating
(moving the cursor) and editing (replacingthe term at the cursor) steps.Context-
sensitiveoperationsneedmerelyinspectthelist.

Moreover, we gain a languagewith which we can expressgeneralpropertiesof
datatypesmore easily, and we gain tools with which to prove them. For example,
‘inductivedatatypeshaveno cycles’becomes

ds@µ
F u , u 6 ds , I JPO

Generically, structuralinductionon µF amountsto showing P 4 >@? F t 9 givenhypotheses
P 4 u9 for eachd Q u suchthatt , d @F u.



2.1 What is ∂?

How canweexplain∂F in termsof F? Intuitively, d@F x computesanelementof FX,
usingx exactly once,andwithout inspectingx. That is, asHuet (2003)suggests,∂F
correspondsto X - FX, the linear fragmentof X = FX, in a sensewhich we make
precisein Definition 4.2. We can think of this linear approximation,X - FX, as a
kind of tangent to F at X. Similarly, EhrhardandRegnier(2001)usedifferentiationto
computelinearapproximantsto λ -terms.Henceit is not soremarkablethat∂ behaves
like differentiation—letus checksomefamiliar laws informally. Consideran element
of 4 F 0 G9 , containinga particularchosenelementof X.

An

4 F 0 G9 X
X is eithera RS FX

X Q GX TU
or a RS FX Q GX

X
TU

4 ∂ 4 F 0 G9E9 X +, 4 ∂F 9 X 0 GX V FX 0 4 ∂G9 X
O

TheX is eitherin theFX partor theGX part.Now, 4 ∂ 4 F 0 G9E9 X mustrecordthe
possiblecontexts for our chosenX — the ‘chevrons’ which remainwhentheX is cut
out. If theX lieswithin theFX, wemustrecorda 4 ∂F 9 X andthewholeof theGX, and
correspondinglyin theothercase.Hencethelaw holds.

Next, choosingan X within an 4 F W G9 X amountsto choosinga GX within an
F 4 GX 9 , thenanX within theGX.

An

4 F W G9 X
X is an

4 F W G9 X
GX

X 4 ∂ 4 F W G9F9 X +, 4 ∂F 9�4 GX 9G0X4 ∂G9 X
TheX’s context comesin two parts,correspondingwith Leibniz’s ‘chain rule’.

2.2 Containersand Derivatives

Containersare a formalisationof the idea that many importantdatatypesconsistof
templateswheredatais stored.For example,any elementof thetypeof lists A > BDC X can
beuniquelywrittenasanaturalnumbern, thelengthof thelist, togetherwith afunctionY
1 Q OFOEO Q n Z[= X which labelseachpositionin thelist with anelementfrom X:

n : 5<Q σ :
Y
1

OFO
n Z\= X

O
Similarly, any binarytreeis givenby its underlyingshape(obtainedby deletingthedata
storedat theleaves)anda mappingfrom positionsin this shapeto thedatathus:]] x3

x1 x2

+, ]]
x1

x2

x3
X

.



Thuswe are led to considerdatatypeswhich aregiven by a setof shapesS and,for
eachs ^ S, a family of positions 4 Ps 9 s_ S. This presentationof the datatypedefinesan
endofunctorX `=ba s_ SXPs on Set. More generally, Abbott et al. (2003) formalises
theseintuitionsby consideringfamiliesof objectsin a locally cartesianclosedcategoryc

, wherethefamily s:S d P 4 s9 is representedby anobjectP ^ c:e
S, andtheassociated

functoror containerTSf P :
c = c

is definedby

TSf PX g Σs: S. 4 P 4 s9h6 X 9 O
In effect,thisgivesageneralised‘powerseries’for functorsrepresentingcontainers

of X. We might hopethattheir derivativesmightobey a law like

∂TSf PX +, Σs: S. 4 P 4 s9G0i4E4 P 4 s9". 19$6 X 9E9
andin factthey do,providedwecanexplainwhatwemeanby 4 P 4 s9j. 19 . DeletinganX
within some 4 sQ f 9 : TSf PX amountsto choosingthe p : P 4 s9 which pointsto it. In doing
so,weeffectively selecttheshapeof thecontext for theX; thensuchacontext contains
anX for eachpositionin P 4 s9 exceptp. Theanalogueof P 4 s9". 1 is thus

Σpk : P 4 s9 . l Eq4 p Q pkm9
wherep is thepositionof themissingX. For this to behaveproperly, P 4 s9 mustpossess
a decidableequality, sothatwe cantell if any pk is theholeposition,p:

Eq4 p Q pk 9�Vnl Eq4 p Q pk 9 +, 1

so,indeed,for eachp : P 4 s9 :
P 4 s9N+, Σpk : P 4 s9 . l Eq4 p Q pk 9�V 1

O
2.3 Notation and Conventions

Weusethesamegeneralsemanticdomainasin Abbottetal. (2003)wherethecategoryc
is extensive1, locally cartesianclosedandlocally finitely presentable(Adámekand

Rosicḱy, 1994).
We write a : A d B 4 a9 or just A d B for B ^ coe

A, andsimilarly Σa : A.B 4 a9 and
ΣAB for the domainof B regardedas an object.We’ll write a : A Q b : B 4 a9\d C 4 a Q b9
asa shorthandfor 4 a Q b9 : ΣAB d C 4 a Q b9 . We omit variablesandweakeningswhenthe
meaningis clearfrom thecontext. For example,givenA d B we caninterchangeably
write this asa : A Q c :C d B 4 a9 or A 0 C d π p B (for π : A 0 C = A).

For A d B write πB : ΣAB = A for themapprojectingout thefirst componentand
write π kB : 1 = π pBB for the morphismin

coe
ΣAB correspondingto the secondvariable

a : A Q b : B 4 a9qd b : B 4 a9 . Herewe follow Hofmann(1994).WhenA andB areobjects
of

c
wemayinterchangeablywrite Ap B or π pAB for theobjectπ : A 0 B = A of

coe
A.

1 In generalacategory r with coproductsis extensiveif f coproductsarepreservedby pullbacks,
coprojectionsinto coproductsaremonomorphisms,andthepullbackof distinctcoprojections
κi : Ai sut i v I Ai into a coproductis alwaystheinitial object0. In a cartesianclosedcategory
all conditionsexceptthelastautomaticallyhold.



Given A d B and u : C = A write uB : ΣCup B = ΣAB for the map making the
following squarea pullback

ΣCup B
πuw B uB ΣAB

πB

C u A

We’ll write l B g 0B. We’ll interchangeablywrite B 6 X and XB for the local
exponent.GivenanobjectB ^ c

theequalitytypeB 0 B d EqB (or Eq whenthetype
B is obviousfrom context) is givenby themorphismδ : B = B 0 B.

Wedenotetheglobalcoproductof A d B andC d D by A V C d B xV D. Wedenote
thefibredcoproductof objectsA d B andA d D overa commonbaseby A d B V D.

3 The Categoryof Containers

In Abbott et al. (2003), we began the investigationof functors which arise from
containersby defining

TSf PX g Σs: S. 4 P 4 s9h6 X 9
whereS is the object of shapesand P is the object of positionsover S. We proved
thatsuchfunctorsincludeconstantfunctors,theidentityandprojectionsandareclosed
under fixed exponents,sums,products,least fixed points and greatestfixed points.
Theseresultsarebasedupontwo ideas:

1. To prove closureof containerfunctorsunder leastand greatestfixed points we
generalisedfrom containersandendofunctors(asdescribedabove)to containersin
severalparametersandfunctorsF :

c n = c
.

2. We definedcontainermorphismsandtherebyobtaina category
3

of containers.
T thenbecomesa functor T :

3 = I c Q c J
which is full andfaithful (when

I c Q c J
is understoodasthecategory of fibred endo-functorsandnaturaltransformations)
andwhichpreserveslimits, coproductsandfilteredcolimitsof cartesiandiagrams.

In therestof thissubsectionwebriefly describetheseresultssoasto lay thegroundwork
for definingthederivativesof containers.ThereadershouldconsultAbbottetal. (2003)
for furtherdetailsandproofs.

To understandcontainersin several parameters,considerthe bifunctor 1 V X 0 Y
and,in particular, how thisbifunctorcanbeunderstoodin termsof shapesandpositions.
Firstly, therearetwo shapeswheredatamay be storedcorrespondingto the different
summandsof thecoproduct.Abovethefirst shapetherearenopositionswhereasabove
the secondshapethereis onepositionfor storingelementsof X andonepositionfor
storingelementsof Y. Crucially, whereelementsof X arestoredis independentfrom
whereelementsfrom Y are stored.This independenceof how datais storedat one
positionfrom how datais storedatanotherpositionis adefininghallmarkof containers.



Consequently, a containerin n variablesin a locally cartesianclosedcategory
c

is an
objectA ^ c

togetherwith n objectsoverA, i.e. A du4 Bi 9 i _ 1 y(y n. Thefunctorgenerated
by sucha containersendszX to Σa : A.∏i _ 1 y(y n 4 Bi 4 a9N6 Xi 9 . For example,thebifunctor
1 V X 0 Y ariseswith n , 2,A , Y

s1 Q s2 Z , B1 4 s1 9 , B2 4 s1 9 , 0 andB1 4 s2 9 , B2 4 s2 9 , 1.
Thesecondelementof ouranalysisis thedefinitionof containermorphismsandthe

propertiesof thefunctorT from containersto functors.

Definition 3.1. Givenan index setI definethecategoryof containers
3

I asfollows:

– Objectsarepairs 4 A ^ c Q B ^{4 coe
A9 I 9 ; write this as 4 A | B9*^ 3

I
– A morphism4 A | B9$=}4 C | D 9 is a pair 4 u Q f 9 for u:A = C in

c
and f : 4 up 9 I D = B

in 4 coe
A9 I .

As anintuition for containermorphisms,considerthethemap
CF~'>@�

: A > BDC X = 1 V�A > BFC X
takingtheemptylist to 1 andotherwiseyielding thetail of thegivenlist:

tail of list

x1 x2 x3 `= x2 x3

This mapis definedby i) for eachshapes in A > BFC X the choiceof a shapeu 4 s9 in 1 VA > BDC X; andii) for eachpositionaboveashapeu 4 s9 , thechoiceof apositionaboves. This
secondcomponentallows us to transforma labellingof thepositionsabove a specific
shapes to a labellingof thepositionsaboveu 4 s9 . Noticetheessentialcontravarianceof
thissecondcomponentwhich resultsin anon-trivial mathematicaltheory. Thefirst key
resultis thatsuchcontainermorphismsdo indeeddefinenaturaltransformations.More
generallywecandefine:

Definition 3.2. DefinethefunctorT :
3

I = I c I Q c J
takingeach container 4 A | B9�^ 3

I
to its “extension”,thecontainerfunctorTAf B, asfollows.For each X ^ c I define

TAf BX g Σa : A.∏i _ I 4 Bi 4 a9h6 Xi 9nQ
and for 4 u Q f 9 : 4 A | B9�=�4 C | D 9 define Tu � f : TAf B = TCf D to be the natural
transformationTu � f X : TAf BX = TCf DX thus:4 a Q g9 : TAf BX d Tu � f X 4 a Q g9hg�4 u 4 a9�QE4 gi K fi 9 i _ I 9 O
A typical functor which is not in the imageof T is l:l�4 X 9 , 4 X = 09:= 0. The key
propertiesof containersandthefunctorT wereprovedin Abbott et al. (2003)andare
summarisedbelow.

Theorem3.3. Thefollowing are true

– For each containerF ^ 3
I andeach containermorphismα :F = G thefunctorTF

andnatural transformationTα arefibredover
c

.
– Thefollowing containersdefinetheidentity, projectionandconstantfunctors

Id g�4 1 | 19 Id j g�4 1 |�4 Eq4 i Q j 9F9 i _ I 9 KC g�4 C | 09
where Eq4 i Q j 9 is 1 if i , j and0 otherwise.



– Containers are closed under sums,productsand substitutionas given by the
formulae4 A | B9G0i4 C | D 9 +, 4 A 0 C | π p B V π k p D 9 , 4 a : A Q c :C | B 4 a9�V D 4 c9F94 A | B9�V74 C | D 9 +, 4 A V C | B xV D 94 A | B Q E 9 I 4 C | D 9 J +,u� a : A Q f :CE � a� | B 4 a9�V Σe: E 4 a9 .D 4 f e9E�

– ThefunctorT :
3

I = I c I Q c J
is full andfaithful andpreserveslimits andcoproducts.

Let usconsider, for example,closureof containersundercoproducts.Intuitively, if F
andG arecontainerfunctorsgeneratedby thecontainers4 A | B9 and 4 C | D 9 , thenan
elementof F V G mustbeeitheranelementfrom F or from G. Thustheshapesof F V G
mustbe A V C. In addition,the positionsabove a shapeκ 4 a9 shouldjust be B 4 a9 and
similarly the positionsabove κ k 4 c9 shouldbe D 4 c9 . Thusthe objectof positionsmust
be the global coproductB xV D. A formal proof usesthe fact that the formula defines
the coproductin

3
I andthat T preservescoproducts.A similar argumentshows that

containersareclosedunderproducts.This constructioncanbe also found in Dybjer
(1996)whereit is usedasan invariantin the proof that strictly positive typescanbe
representedby W-types.

Thesubstitutionformulais usedto constructchains(cochains)of containerswhich
underpintheirclosureunderleast(greatest)fixedpoints.In particular, givenacontainer
in

3
I � 1, we wish to fix thefirst I parametersandusesubstitutionto build the relevant

chain(cochain)whosecolimit (limit) definesthe least(greatest)fixedpoint. In effect,
substitutionis a functor . I . J

:
3

I � 1 0 3
I = 3

I . WhenwesubstitutetheI V 1-parameter
container4 A | B Q E 9 (whereB is the I -indexedobjectof positionsandE is the I V 1’th
objectof positions)with the I -parametercontainer 4 C | D 9 , we leave the B positions
unaffectedand replaceeachE-positionwith a shapein C above which datamay be
stored.Thus,theshapesof theresultingcontainerwill bea shapea : A anda function
f : E 4 a9*6 C. Above sucha shapewe will thenhave all the old B positionstogether
with theD positionsabove f e for any e : E 4 a9 .

Oncewe have substitutionin place,we can definedfixed points by chainsand
cochains.Although

3
I has colimits they are not in generalpreserved by T. This

also appliesto filtered colimits which underpinthe constructionof initial algebras.
Fortunately, thereexists a classof filtered colimits which is both sufficient for the
constructionof initial algebrasand which are preserved by T. Thesediagramsare
calledcartesiandiagramsas they are thosediagramswhich arebuilt from cartesian
morphismsdefinedasfollows:

Definition 3.4. A morphism4 u Q f 9 : 4 A | B9�=�4 C | D 9 of containersis cartesianiff f is
iso.Thecategoryof containersandcartesianmorphismsis written

23
.

A natural transformationα : F = G betweentwo functors is cartesianiff each
naturality square of α is a pullback. Thecategory of functors and cartesiannatural
transformationsis written �� .

In a cartesianmorphism the map on positions merely rearrangesthem, and so
morphismsin

23
cannotforgetor copy data,hencethey arein effect linear morphisms.

Thefollowing tellsusthatT restrictsto a full andfaithful functor
2
T :

23 = �� .



Proposition3.5. A natural transformationα : TF = TG betweencontainerfunctors is
cartesianiff the correspondingcontainermorphism(given by T full and faithful) is
cartesian.

Further, takingproductsrestrictsto amonoidaloperationon
23

and �� (astheprojection
π : F 0 G = F is not cartesian,themonoidaloperationis not thecartesianproduct).

Finally, we have all the elementsin placeto defineleastandgreatestfixed points
of containers.Given a container 4 A | B Q E 9 in

3
I � 1, substitutiongives a functor4 A | B Q E 9 I . J

:
3

I = 3
I andhencewe candefinethe leastfixed point µ 4 A | B Q E 9 as

thecolimit of thechain

0 .$=<4 A | B Q E 9 I 0J ."=�4 A | B Q E 9 2 I 0J .$= KEKFK
Crucially, thischainis afilteredcartesiandiagramandhenceits colimit is preservedby
T. This hastwo importantconsequencesi) ourconstructionis correct:

T� � Af B � E � i � 0� +,�� T� Af B � E � i � 0�
andii) thecolimiting container��4 A | B Q E 9 i I 0J hasaconcretedescriptionas� 4 A | B Q E 9 i I 0J +, � � Ai | � Bi �
whereAi is the objectof shapesof 4 A | B Q E 9 i I 0J andBi is the objectof positionsof4 A | B Q E 9 i I 0J .

Greatestfixed points are easier. One usessubstitutionto define the appropriate
cochain.Since

3
I has all limits, 4 A | B Q E 9 I . J

preserves connectedlimits and T
preservesall limits, containersareclosedundergreatestfixedpoints.

4 Derivativesof Containers

We now make thenotionof derivativeof a containerexplicit.

Definition 4.1. If for containersF andH there existsa universal arrow in
23

fromthe
functor .10 H to F saythat the linear exponentialof F by H exists.Write the linear
exponentialasH - F.

In this situationwe haveabijectionof morphismsin
23

G 0 H ."= F,�,�,�,�,�,�,�,�,$,
G ."= H - F

O
In this paperwe investigatethespecialcasewhenH , Id.

Notethat 0 hererefersto thecartesianproductin
3

, it is justa tensorproductin
23
.

Now, - givesusaconvenientway to introducethetypeof one-holecontexts:

Definition 4.2. SaythatacontainerF is differentiableiff thelinear exponentialId - F
exists.Call this thederivativeof F, written ∂F g Id - F.

Similarly for a containerF in I argumentssaythat F is differentiableat i ^ I iff
Idi - F existsandwrite this as∂iF.



Thenotionof decidabilityturnsout to becentralto theconstructionof derivatives.

Definition 4.3. Saythat an objectA d B is decidableiff for each a : A the equality
relationonB 4 a9 is decidable, in otherwordsb Q bk : B d Eq4 b Q bk 9�V�l Eq4 b Q bk 9 +, 1.

Saythata containerF g�4 A | B9 is decidableiff B is decidable. Saythata container
F g�4 A |{4 Bi 9 i _ I 9 in I parameters is decidableat j iff B j is decidable, and that F is
decidableiff it is decidableat each j ^ I .

Thefollowing key theoremwill beprovedlateron in section4.2.

Theorem4.4. EverydecidablecontainerF g�4 A | B9 is differentiablewith derivative

∂ 4 A | B9 +, 4 ΣAB | Bk 9 O
Similarly, everycontainerF g�4 A |�4 Bi 9 i _ I 9 decidableat j is differentiablewith respect
to j with derivative

∂ j 4 A |�4 Bi 9 i _ I 9 +, 4 ΣAB j |�4 Bk j
i
9 i _ I 9�Q

where Bk j
i

g π pB j
Bi wheni  , j , andBk i

i
g Bk .

In thespecialcaseof a two parametercontainer4 A | B Q E 9 this is

∂1 4 A | B Q E 9 +, 4 ΣAB | Bk Q π pBE 9 ∂2 4 A | B Q E 9 +, 4 ΣAE | π pEB Q E k 9 O
As we will show in section4.2,thefollowing factsaboutfollow from theorem4.4.

Proposition4.5. Derivativesof decidablecontainerssatisfythefollowing

∂ 4 F V G9 +, ∂F V ∂G ∂i Id j +, Eq4 i Q j 9
∂ 4 F 0 G9 +, ∂F 0 G V F 0 ∂G ∂K +, 0

andfor F a containerin 2 parameters

∂ 4 F I
G

J 9N+, ∂1F

I
G

J V ∂2F

I
G

J 0 ∂G

∂ µF +, µ 4 ∂1F

I
µF

J V ∂2F

I
µF

J 0 Id 9 O
We alsoconjecturethatthederivativeof theterminalcoalgebrais givenby

∂νF +, µ 4 ∂1F

I
νF

J V ∂2F

I
νF

J 0 Id 9 O
Notethat thederivative of a coalgebrais a leastfixedpoint — this correspondsto the
factthata “hole” in thedatatypemustbeaccessible.

The useof containersin definition 4.2 is essential,we could not have derived the
lawsof calculusby usingcartesianmapsbetweenfunctorsinstead.Indeed,if weassume
that ∂ Id , Id - Id +, 1 for functorswe canconstructa cartesianmorphism l:l¡= 1
which would imply (theorem8.1,Abbott et al., 2003)that l:l is a container.



4.1 Propertiesof DecidableObjects
First we talk aboutdecidableobjectsand their generalproperties.Decidability on B
allowsusto constructanobjectwhichactsasakind of “complement”to elementsof B.

Proposition4.6. If A d B is decidablethenthereexistsanobjectΣAB d Bk , calledthe
complementof B, satisfyingtheisomorphismπ pBB +, 1 V Bk .
Proof. DefineBk g ΣB l Eqandcalculate

A Q b : B d B +, Σbk : B.1 +, Σbk : B. 4 Eq4 b Q bk@9�V�l Eq4 b Q bk@9F9+, Σbk : B.Eq4 b Q bk 9�V Σbk : B. l Eq4 b Q bk 9N+, 1 V Bk 4 b9 O
The following lemmafollows from the result that in an extensive category thereis a
cancellationrule 1 V A +, 1 V B , 6 A +, B.

Lemma 4.7. If A d B is decidableandπ pBB +, 1 V D thenBk +, D.

Someimportantpropertiesof decidableobjectsfollow.

Lemma 4.8. If A d B is decidablethenits complementΣAB d Bk is decidable.

Proof. Fixing b : B thena Q c : Bk 4 b9 is equivalentto a Q c : B satisfyinga  , b andc  , b,
andclearlydecidabilityin B canthenbeusedto computedecidabilityin Bk .
Lemma 4.9. If A d B is decidablethenfor eachu:C = A thepullbackup B is decidable
with 4 up B9 k +, upBBk .
Proof. Observingthat b : up B can be written as c : C d b : B 4 uc9 it is clear that
decidability of B is inherited by up B. To verify the equationfor 4 up B9 k , calculate
π puw Bup B +, upDπ pBB +, upD 4 1 V Bk 9N+, 1 V upDBk .
Lemma 4.10. Complementsareclosedunderproductsandcoproducts,andsatisfythe
following equations.

A V B du4 A V B9 k +, 4 Ak V π pAB9 xV74 π pBA V Bk 9
A 0 B du4 A 0 B9 k +, π p Ak V π k p Bk V π p Ak 0 π k p Bk
0 d 0k'+, 0 1 d 1k'+, 0

O
Proof. Theresultsfor 0k and1k areimmediate.

To show thatA V B is decidable,notefirst thatsince
c

is extensivewe cananalyse
a binding x : A V B into cases:a : A d x , κa or b : B d y , κ k b, andwe know that
κa  , κ k b universallyholds.Thusgivenx Q y : A V B decidabilityof equalityreducesto
decidabilityof equalityseparatelyin A andB.

To verify thecomplementof A V B calculate:

π pA� B 4 A V B9 +, π pA� BA V π pA� BB +, π pA 4 A V B9 xV π pB 4 A V B9+, 4 π pAA V π pAB9�xV�4 π pBA V π pBB9+, 4 1 V Ak V π pAB9 xV�4 π pBA V 1 V Bk 9+, 1 V¢4F4 AkEV π pAB9 xV�4 π pBA V Bk£9E9 O
A 0 B is immediatelydecidable.Thecalculationof its complementis not neededin

this paperandsois omitted.



Thecorrespondingresultsfor Σ and xV requirea little moreattentionto thebase.

Lemma 4.11. If A d B andC d D arebothdecidablethenA V C d B xV D is decidable
with complement4 ΣA� C 4 B xV D 9Pd¤4 B xV D 9 k 9N+, 4 ΣAB V ΣCD d Bk xV D k 9 O
If A is alsodecidablethensois ΣAB with complement

ΣAB d¤4 ΣAB9 k¥+, Bk V ΣA¦ B O
4.2 Theoremsabout Derivatives

We restatetheorem4.4andproveit hereby establishingtheuniversalproperty.

Theorem4.12. If F is decidable(definition4.3) then its derivative∂F existsand is
givenby theformula

∂ 4 A | B9h+,�4 ΣAB | Bk 9 O
Proof. Let F gu4 A | B9 be a decidablecontainerandwrite φ : π pBB +, 1 V Bk for the
isomorphismderived from the decidabilityof B. Write dF g§4 ΣAB | Bk 9 andobserve
thatdF 0 Id +, 4 ΣAB | 1 V Bk 9 . Now definethecontainermorphism@F thus(hereφ acts
asa mapof containerpositions,andis thereforecontravariantto theshapemapπB):

@F g�4 πB Q φ 9 : dF 0 Id .$= F ;

this map is obviously cartesianand is a map in
23
. We will now show that @F is a

universalarrow, andthatthereforedF +, ∂F asrequiredby thetheorem.
Given a cartesianmorphismG 0 Id = F where G g¨4 C | D 9 by unrolling the

definitionsof morphismsin
3

this can understoodasa pair of maps 4 u :C = A Q f :
1 V D +, up B9 , andtheuniversalpropertyof @F correspondsto a bijection

u :C .$= A f : 1 V D +, up B,h,�,�,�,",�,�,�,�,�,�,�,�,�,�,�,�,�,�,�,�,
v :C .$= ΣAB g : D +, vp Bk suchthat

u , πB K v
f , vp φ K 4 1 V g9 O

Sogiven 4 u Q f 9 for c :C notethat from the isomorphismfc : 1 V D 4 c9 +, B 4 uc9 we can
chooseb : B 4 uc9 suchthatD 4 c9 +, B 4 uc9 k 4 b9 . This assignmentc `= b togetherwith the
associatedisomorphismgivesusmorphismsv :C = ΣAC andg : D +, vp Bk asrequired,
andit is clearfrom theconstructionthatthisassignmentis unique.

Wecannow usetherepresentationof derivativesestablishedby this theoremto directly
computeanumberof importantresultsaboutthederivativesof decidablecontainers.

To begin with, thefollowing propositiontells usthatif ∂F existsthensodoes∂ nF
for everynaturalnumbern.

Proposition4.13. If a containeris decidablethensois its derivative.

Proof. This follows from lemma4.8thatBk is decidableoverB.



Theelementarytypeoperationsinteractwith differentiationasonemight expect.

Proposition4.14. Derivativesof decidablecontainerssatisfythefollowing

∂ 4 F V G9h+, ∂F V ∂G ∂ 4 F 0 G9h+, ∂F 0 G V F 0 ∂G

∂K +, 0 ∂i Id j +, Eq4 i Q j 9
Theequationsfor F V G, F 0 G andK are unchangedif ∂ is replacedby ∂i .

Proof. Eachof theseisomorphismsfollows pretty directly from the resultsalready
provedfor decidableobjects.Let F g�4 A | B9 , G g�4 C | D 9 , then:

∂ 4 F V G9h+, ∂ 4F4 A | B9�V¢4 C | D 9F9N+, ∂ 4 A V C | B xV D 9+, 4 ΣA� C 4 B xV D 9h|�4 B xV D 9 k 9 +, 4 ΣAB V ΣCD | Bk xV D k 9+, 4 ΣAB | Bk 9�V74 ΣCD | D k 9 +, ∂F V ∂G

O
Thefollowing derivationof ∂ 4 F 0 G9 omitsbothvariablesandexplicit weakening,but
thesecanbeinferredunambiguously:

∂ 4 F 0 G9 +, ∂ 4F4 A | B9G0X4 C | D 9F9 +, ∂ 4 A 0 C | B V D 9+, 4 ΣA © C 4 B V D 9$|�4 B V D 9�kª9N+, 4 ΣA © C 4 B V D 9$|�4 Bk�V D 9[xV�4 B V D k£9E9+,�4 ΣA © CB | Bk V D 9�V74 ΣA © CD | B V D k 9+, 4 ΣAB | Bk 9G0i4 C | D 9�V¢4 A | B9N0X4 ΣCD | D k 9N+, ∂F 0 G V F 0 ∂G

O
A constanttypeK g«4 K | 09 hasderivative ∂K , 4 ΣK0 | 0k 9 +, 4 0 | 09 +, 0. Similarly
∂i Id j , 4 Eq4 i Q j 9N| Eq4 i Q j 9 k 9h+, 4 Eq4 i Q j 9h| 09h+, Eq4 i Q j 9 .
An analogousform of thechainrulealsoholdsfor derivatives.

Proposition4.15. For decidableF andG thechain rule holds:

∂ 4 F I
G

J 9 +, ∂1F

I
G

J V ∂2F

I
G

J 0 ∂G

O
Proof. First notethatin general

∂ 4 A | B V C 9 +, 4 ΣA 4 B V C 9$|�4 B V C 9 k 9+, 4 ΣA 4 B V C 9$|�4 Bk�V π pBC 9¬xV�4 π pCB V Ck@9F9+, 4 ΣAB | Bk V π pBC 9�V¢4 ΣAC | π pCB V Ck 9 O
Now let F g­4 A | B Q E 9 and G g­4 C | D 9 and then (omitting explicit variablesand
weakeningwherepossible)

∂ 4 F I
G

J 9 , ∂ 4 ΣA f :CE | B V Σe: E.D 4 f e9E9 +, 4 19�V74 29
where 4 19Ng�4 ΣAΣ f :CE.B | Bk V Σe: E.D 4 f e9E94 29Ng�4 ΣAΣ f :CE.Σe: E.D 4 f e9�| B V74 Σek : E.D 4 f ekm9F9Dk®9 O

Thefirst part, 4 19G+, ∂1F

I
G

J
followsprettyimmediately:4 19 +,�4 ΣAΣB f :CE | Bk V Σe: E.D 4 f e9E9+, 4 ΣAB | Bk Q E 9 I 4 C | D 9 J +, ∂1F

I
G

JPO
To reduce 4 29 to ∂2F

I
G

J 0 ∂G it is necessaryto be a little more explicit about the



variablesandcontext. First notein context A, f :CE, e: E, d : D 4 f e9 that4 Σek : E.D 4 f ek 9F9 k +, D 4 f e9 k 4 d 9�V Σek : E k .D 4 f ek 9 O
Next observethatwe canrearrangethecontext to bringe:E before f :CE andcanthen
writeCE +, CE ¦ � 1 +, CE ¦ 0 C giving usnew bindingsf k :CE ¦ andc:C. Thefunctionvalue
f emustthenbereplacedby c, andsofinally in context A, e:E, f :CE ¦ , c:C, d :D 4 c9 we
canwrite

D 4 c9 k 4 d 9�V Σek : E k .D 4 f ek 9
which is isomorphic(modulothe changeof basejust described)to 4 Σek : E.D 4 f ek 9F9 k .
Thisnow allowsusto write4 29N+, 4 ΣAΣEΣ f :CE ¦ .ΣCD | B V D k V Σek : E k .D 4 f ek 9E9+, 4 ΣAE | B Q E k 9 I 4 C | D 9 J 0i4 ΣCD | D k 9h+, ∂2F

I
G

J 0 ∂G

O
The datatypeµF arisesas the iterationof the containersubstitutionoperationF

I . J
.

If F hasderivativesin bothparameters(the fixedandthe iteratedparameter)thenthe
derivativeof µF canalsobecomputed.

First we need the following technical lemma which will allow us to lift the
constructionof theµ typeto theconstructionof derivatives.

Lemma 4.16. Thecomplementof a cartesianfilteredcolimit of decidablecontainersis
thefilteredcolimit of their complements,hence∂ 4 � i Fi 9 +, � i ∂Fi .

Proof. Let eachFi g�4 Ai | Bi 9 andfirst observe that � F +, 4 � A | � B9 . Thenfor each
i = j thefollowing diagramcanbeconstructedin

c
:

Bki Bk j OEOFO � Bk
Bi B j

OEOFO � B

Ai A j

OEOFO � A

Sincethebottomrow consistsof pullbacksquaresthensodoesthetop row (sincethe
pullbackof acomplementis acomplement),andthus � ∂F is thetop right handarrow.

Theobject � Bk is therequiredcomplementof � B.

Proposition4.17. If F is a decidablecontainerin two parameters thenthederivative
of µF existsandis givenby theequation

∂ µF +, µ 4 ∂1F

I
µF

J V ∂2F

I
µF

J 0¯.°9 O
Proof. DefineG

I . J g ∂1F

I
µF

J V ∂2F

I
µF

J 0i. andusethechainrule to observe

∂ µF +, ∂ 4 F I
µF

J 9N+, ∂1F

I
µF

J V ∂2F

I
µF

J 0 ∂ µF , G

I
∂ µF

J
;



this givesusa morphismθ : µG = ∂ µF.
Converselynotethat µF +,�� n 4 Fn

I
0

J 9 andso ∂ µF +, ∂ � n 4 Fn

I
0

J 9�+,�� n ∂ 4 Fn

I
0

J 9 .
We canthereforeconstructmorphismsαn : ∂ 4 Fn

I
0

J 9h= Gn

I
0

J
inductively by setting

αn� 1 g ∂1F

I
κn

J V ∂2F

I
κn

J 0 αn

whereκn : Fn

I
0

J = µF is thecolimiting coneof F. Fromthemorphismsα we obtaina
morphismφ : ∂ µF = µG. It remainsonly to show thatθ andφ areinverses.

5 Abstract Containers

In futurework we plan to includeadditionalmaterialon abstract containers andtheir
derivatives,which we sketch below. Abstractcontainersarisewhen generalisingthe
conceptof a containersuchthat includesstructureswherethe orderof elementsdoes
not matter, suchas bags(or multisets).A bag is a list wheresequenceswhich can
be obtainedvia an isomorphismon positionsare identified.We follow the definition
of analytic functors,asgiven in Hasegawa (2002),andallow any subgroupG of the
automorphismgroup AutP of isomorphismson P. Note however, that we work in a
moregeneralsettinghereasfar astheambientcategory is concernedandalsothat the
typeof positionsis not necessarilyfinitely representable.

We introducethenotionof anabstract container2 by thefollowing data:anobject
of shapesS, a family s:S d P 4 s9 andafamily of subgroupsof theautomorphismgroups
G 4 s9N± AutP � s� overs:S. Wedenotethisabstractcontainerby 4 S | P

e
G9 . Theassociated

functorTSf P² G :
c = c

is definedby

TSf P² GX g Σs: S. 4 P 4 s9h6 X
e + G � s� 9 O

where f + G � s� g ³�6 ´ φ ^ G 4 s9 O g , f K φ . Categorically this can representedby a

coequaliser. Morphismsbetweenabstractcontainers4 A | B
e
G9 and 4 C | D

e
H 9 are

givenby anunderlyingcontainermorphismu : A = C Q a : A d f : D 4 u 4 a9E9G= B 4 a9 such
that µ φ ^ G 4 a9 . ´ ψ ^ H 4 a9 .φ K f , f K ψ . WecanextendT to afunctorby notingthatthe
extensionof the underlyingcontainermorphismgivesrise to a naturaltransformation
betweenthe abstractcontainers.We omit the straightforward generalisationto I -ary
abstractcontainers.There is a full and faithful embeddingfrom the category of
containersto the category of abstractcontainersobtainedby settingG 4 s9 , Y

IdP � s� Z .
Webelievethatit is possibleto extendall thepropertiesshown for containersin Abbott
et al. (2003)to abstractcontainersandadditionallythatabstractcontainersareclosed
undercoequaliserof cartesianmorphisms.

The notion of derivative asgiven beforeextendsnaturally to abstractcontainers,
thederivative of anabstractcontainerF g«4 A | B

e
G9 is givenby thederivative of the

underlyingcontainerandby modifyingG:

∂F , � a : A Q b : B 4 a9$| Σc : B 4 a9 . l Eq4 c Q b9 e Gk¶4 a Q b9 �
2 In analogyto abstractdatatypeswhicharequotientsof concretedatatypes.



whereφ ^ Gk 4 a Q b9X³�6 φ ^ G 4 a9�· φ 4 b9 , b. Thecharacterisationof derivativesby
∂F , Id - F extendsto abstractcontainers.

Thebagfunctor, asmentionedbefore,is representedby theabstractcontainer

Bag , 4 n : 5�| n
e
Autn 9

Justby applyingthe rulesof derivativeswe obtain∂Bag +, Bag andhenceBag plays
therule of ex in calculus.This is maybelesssurprisingwhennotingthat theextension
of Bag

TBag 4 X 9 , Σn : 5 .Xn e Autn

correspondsto Euler’sseriesdefiningex, since ¸ Autn ¸ , n!.
Note,however, thatoneof thestandardexamplesfor abstractdatatypes— finite sets

— turnsout not to beanabstractcontainer. Thereasonfor this is thatthecardinalityof
positionsdependson theequalityof theargumenttype.

6 Conclusions

In the presentpaper, we have given an abstractcharacterisationof the derivative of a
container, formalisingthetangentof acontainerusinganotionof linearfunctionspace.
This shouldbe useful in further understandingthe relationbetweenordinarycalculus
andthe calculusof containersdevelopedhere.We have shown that the usuallaws of
derivativesandMcBride’s law for leastfixpointscanbederivedfrom this notionusing
our previouswork on containers(Abbott et al., 2003)andwe have discussedabstract
containers.Wewill makethispreciseandextendit to greatestfixpointsin furtherwork.
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