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Abstract. This paperandour conferenceaper(Abbott, Altenkirch, Ghani,and McBride, 2003b)
explainandanalysehenotionof thederivative of adatastructureasthetypeof its one-holecontexts
basedon the central obsenation madeby McBride (2001). To make the idea precisewe need
a genericnotion of a datatype, which leadsto the notion of a container introducedin (Abbott,
Altenkirch, andGhani,2003a)andinvestigatedxtensvely in (Abbott, 2003). Using containersve
canprovide a notion of linearmapwhich is the conceptmissingfrom McBride's rst analysis.We
verify the usuallaws of differential calculusincluding the chainrule andestablishlaws for initial

algebrasandterminalcoalgebras.

1. Intr oduction

This paper basedn our conferencepaper(Abbottetal., 2003b)explainsandanalyseshe notion of the
dervative of a datastructureasthetypeof its one-holecontexts basedon the centralobseration made
by McBride (2001).

One-holecontets arisefrequentlyin symbolic programmingtaskssuchasthe implementatiorof
atacticlibrary for a proof systemsuchas CoQ or LEGO. For a simple example,considerthe task of
writing editingoperationdor binarytrees(in Haslell):

CCorrespondingwuthor
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We oftenrequirethe notion of atreewith a holereplacingof oneof its subtreesHow canwe represent
this in afunctionallanguage?A goodanswerto this questioncanbe foundin Huet's functionalpearl,
"TheZipper (Huet,1997).

Usingatop-davn approactor easeof presentatioh, we arrive at thefollowing Haslell program:

Here representshe choicewe have to make at every stepon the paththroughthe treetogether
with therestof thetreenot on our path. The is thelist of thesesteps.This canbe madeprecise
by providing a operatiorwhich lls aholewith atree:

Canwe solwe this problemin a genericway? What happensf we considerternarytreesor nitely
branchingtrees?Certainlythe will remaina sequenc®f stepsbut whatarethesestepsmade
of? Writing T mX F X for the generictype of trees,the zipper arisesas Z F T, where

X nm¥l X Y andF isderivedfrom F in someway. In the caseof binary treeswe have
FX 1 X?2andF X 2 X.Inthecaseof ternarytreeswe have to remembewherewe go andtwo
subtrees,e. FX 1 X3leadstoF X 3 X2

It turnsout that the resemblanceavith dervativesis no accidentand appliesto all reputabletype
constructors E.g. whatis thetype of one-holecontextsof F X F1 X F, X? A holein F is eithera
holein F; leaving F, intactor vice versaa holein F, with F; intact. Writing TF for F with a holewe
arrive atthe productlaw

M T B K Tk

We might picturethis asfollows:

Fi with aholeis Fi or | TR
F 75 F

In the presenpaperwe cover all ingredientsof polynomialfunctors,the chainrule andrulesfor initial
algebrasandterminalcoalgebranot presentin calculus. An examplefor the initial algebracaseis the
dervative of listsf X ni X X Z. A similar constructioncan be appliedto potentially
innite lists  ¥X nY1 X Y whosedervativeis] ¥X nZ ¥X X Z. Notethatthe
min thederwvative doesnotchangeanto a n whichre ects thefactthatthe pathto aholeis always nite.
To developthisideawe usethe notionof containersintroducedn (Abbottetal., 2003a)andfurther
investigatedn (Abbott, 2003;Abbott, Altenkirch, andGhani,2005). A containelis a genericnotion of

IHuet's slightly morecomplex bottom-upapproactyields moreef cient operationsandis basedn the samedatastructures
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a datatypespeci ed by a type of shapesS anda family of positionsP indexed over S its extensionis
givenby
FX Ss:SPs X

Containergyeneralizeshapelytypes(JayandCoclett, 1994)andarerelatedto the work of Joyal (1986)
on speciesandanalyticalfunctorswhoserelevancefor ComputerSciencehasbeenrecentlynoticedby
Hasgawva (2002). Indeed,if we ignorethefactthatanalyticalfunctorsallow quotientsof positions,i.e.
if we considemormalfunctors,we geta conceptwhichis equivalentto a containemwith a countableset
of shapesand nite setsof positions.Hencecontainercanbe consideredsa generalisatiorof normal
functorsof arbitrarysize.

Usingcontainersve canprovide anotionof linearmapwhichis theconcepmissingfrom McBride's
rst analysis(McBride, 2001). The latter equipsa syntaxof datatypedescriptionswith a symbolic
differentiationoperatoy including the law for least x ed points: the correspondinglatatypescanthen
be equippedwith exactly the genericplugging-in operationernvisagedabore. McBride was able to
implementhis constructionin the LEGO system(Luo and Pollack, 1992), but he did not explain
why differentiationdelivers one-holecontects by relating the concretedatatypessomputedas formal
deriativesto anunderlyingnotionof linearmorphism.

We de ne a linear morphismbetweencontainersas a polymorphicfunction which doesnot copy
or forget data, this correspondso a cartesiamaturaltransformatioron the associatedunctors,i.e. a
containemorphismswvhichintroducesanisomorphisnon positions.Writing Con  F G for thesetof
linearmapswe canspecifyderiativesby thefollowing isomorphism

Con F G Con F 9G

where is thecartesiarproductin Con, whichis amnoidaloperatorsn Con
We canthenconstructhe derivative of a decidablecontaineyi.e. onewherethe setof positionshas
adecidablesquality explicitly as

FX Ss:SPs X
TE X Ss:SSp:Ps Ps p X

whereA aisthesetA withouttheelementa. This clearlyresembleslerivativesof a power series:
fx é_?‘ o
¥ _
7fx a; a1

In (Abbott et al., 2003b)we usedthe languageof cateyory theoryto presentour constructionn a
point-freeway, while the presenipaperusesthe languageof Martin-L6f's constructre settheory In a
way nothinghaschangedecausé¢he constructie settheoryis justtheinternallanguageof the classof
catgyorieswe areinterestedn. However, in our experiencat is easierto keeptrackof thedependencies
within constructiondy usingvariables.Usingthe type-theoretidanguagewe arrive at a picturewhere
our proofs very closely resembledhe intuitive reasoningillustrated by diagramsand henceexplains
betterhow the proofswereactuallydiscorered.
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1.1. Relatedwork

EhrhardandRegnier(2003)introducethe differentiallambdacalculus however their motivationis quite

differentfrom oursin thatthey usedifferentiationon programanot types. However, they usethe notion

of alinearsubstitutiorto de ne differentiationof whichour Con maybeaninstance.
Fiore,Plotkin,andTuri (1999)introducethe operatord on functor cateyoriesby theisomorphism

F G F dG

This operatorandour 1 both captureformsof abstractiorby anadjunction.However, d wasintendedo
capturesubstitutionwhere modelsthelinearnotionof pluggingin, andthus,unlike d, correspond$o
differentation.

Rajan (1993) de nes the notion of the dervative of a combinatorialspeciesby an adjunction,a
constructioranalogougo our de nition in a differentframevork. Formally, his de nition is applicable
to adifferentclassof functors.Seealso(Fiore,2004)for arecentnvestigatiorof thedifferentialstructure
of generalizedpecies.

1.2. Plan of the paper

In section2 we review the constructie settheorywe areusingandrelateit to a classof catejories.We
alsointroducethe patternmatchingnotationwhich is usedthroughouthe paper In section3 we revisit
the notion of containerspasedon materialin (Abbott et al., 2003a)and (Abbott, 2003). In section4
we introducethe notion of subtractionand establisha numberof propertieswhich we needlater We
alsode ne the notion of a decidablecontainer In section5 we specifythe notion of a derivative using
linear mapsandshav how to constructthe derivative of a decidablecontainerexplicitly. In section6
we apply this constructionto establisha numberof laws, i.e. how to constructderiatives of constant
containers, , andthechainrule. In section7 we shav how to constructeastandgreatestxpoints
of containersandin section8 we introduceandverify laws for the differentiationof xpoints. We close
with conclusionsaandsuggestiongor furtherwork.

2. Apparatus

This papercanbereadin two ways:
1. asaconstructiorwithin Martin-L6f's constructie settheory;
2. asaconstructiorin theinternallanguageof a classof cateyories.

The settheorywe areusingis the extensionakheoryML W®*, e.g. see(Aczel, 1999),andis de ned by
thefollowing constructions:

P -sets: Weshallusethenotation a:A  Bafor P-setsandtheusuall -calculussyntaxfor abstraction
andapplication.

S-sets: We write S-setsas a:A; Ba , its elementsarewritten a b , we usepatternmatchingnotation
to implementelimination.We notationallyextendthis to n-ary S-setsby

a9 Ao a1:A1;; an 17An 1 0 aiAg artAg; an 1iAn 1
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We alsowrite for a setwith justoneconstructor : .

Coproducts: It is sufcient tointroduce : Setwith : and :Setwith noconstructors.
Formally, binary coproductanbereducedo via
A B b ;b A B

Using a vertical patternmatchingnotation,inspiredby functional programminglanguagedike
SML or Haslell, we write

;A

; B
Herewe usepatternmatchingto calculatea set, this is calleda large elimination In the sequel
wewill use and astheconstructordor A B andagainusepatternmatchingnotationfor

elimination.In the presencef large eliminationswe canalsode ne setsby patternmatchinge.g.
in the caseof S-setswe write

A B

a:A; Ca
b:B; Db
for x:A B; Fx where
F a Ca
F b Db

In (Abbottetal., 2003a;Abbott, 2003; Abbott et al., 2003b)we usedthe point-freenotation A
B; C D to denotethis set. In this paperwe preferthe useof patternmatchingnotationover
point-freenotation,in orderto shav preciselythe dependencieshich we exploit.

Equality sets: Givenx y: X, wehave xy:Set It containghesingleelement xif andonlyif x v,
andis otherwiseuninhabited.As we areworking in an extensionalsetting,we maytreatx andy
asthesamejf weknow that Xy is inhabited.In thisview it is easyto seethat  is symmetric
andtransitve andwe canestablisithatconstructorsireone-to-one:

a a aa
b b aa
a b
b a
dC a1 dp Ay, CoC1

-sets: GivenA:SetB:A  Setwewrite  AB: Setfor theinductive setgeneratedy sup: a: A
Ba AB AB. We canusefunctionde nition by structuralrecursionasanelimination
principle.

Dually we may introducethe coinductve counterparof ~ which we denoteby  AB allowing
guardedcorecursioraselimination.However, in (Abbottetal.,2005),we shav that -setscanbe
constructedising -setsin thistheory
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We do notassumehe presencef a universeof smallsets.
We will sometimesiamesubtermswvhich correspondo placesin adiagram.evenif the nameslay
no partin theformal mathematicsHencethereadershouldnot be surprisedo encountetermslike:

a:A b:B for A B
s:§S p:Ps for s:S Ps

Categorically, our assumptionsorrespondo our ambientcategyory of setshaving the following
properties:

locally cartesiarclosed(LCC), this correspond$o having S-sets, , P-setsandequalitysets;

disjoint coproductsgcorrespondingo the presencef large eliminationsfor (andhenceall
coproducts);

-setscorrespondo assuminghatinitial algebragor functorsof theformF X  a:A; Ba X
exist,anddually -typescorrespondo terminalcoalgebragor the sameclassof functors.

In this frameawvork a setX is interpretedasan objectof the ambientcateyory, while afamily X  Set
is interpretedasan objectof the slice categyory over X. All thetype theoreticconstructionghenlift to
construction®ntheslice catayories.

In (Abbott et al., 2005) we referredto locally cartesianclosedcateorieswith disjoint coproducts
and W-setsas Martin-L of categories They are slightly more generalthan pretopoi with W-sets
as investigatedby Moerdijk and Palmgren(2000), in that we do not require (exact) colimits. The
correspondencbetweenset-theoretiassumptionsand cateyorical structuresare investigatedn more
detailin anumberof placesge.g.see(Hofmann,1994,1997;Abbott, 2003).

Wewrite Setfor thechosercategyory of setsanduse for thefunctorcateory. l.e. while Set  Set
is thetypeof operatoronsets,Set  Setis thefunctorcateyory.

GivenA B:Setwewrite A B for thesetof isomorphismsGivenf:A B weimplicitly project f
to A Bandusef 1:B A forthesecondcomponenof theisomorphism.We usethe factthatary
patternmatchingprogramwhich establishes correspondencbetweena partition of its domainanda
partition of its codomainis anisomorphism.E.g. to constructf:A B C A B A C we
write

fa b ab
fa ¢ ac

Finally, in our presentationof proofs, we distinguish betweenthe use of equations which
hold de nitionally andisomorphisms which we have proven. We will often mark an equational
developmentwith adirected HINT indicatingthe propertieswve exploit.

3. Containers Revisited

A containel= s:S Ps isgivenby asetof shapess: Setanda family of positionsP:S  Set.We
illustrate sucha containerby draving a triangle diagram, shaving a typical shapes in the apex—the
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baserepresentthe positionsetP s, wherewe shav atypical positionp, asfollows:

p:Ps
F

Theextensionof acontainer F is anoperatoron sets givenby

F . Set Set
F X : s:S Ps X

An elementof F X thusconsistsof a choices: Sof shapeanda function f, attaching payload'from
X to thepositionsin Ps.

As an exampleconsiderthe caseof lists, n: n,where n i n. Forary
X:Setanelementn f : X is givenby n: andafunctionf: n X giving accesso then
elementf thelist. Herewe regardthe valuen asgiving the shapeof thelist.

In generalwve areinterestedn n  1l-arycontainerss:S PysPis P,s whereR:S Set To

reduceclutter we will restrictour attentionto 2-arycontainerdd s:S Pgs Pis whichwedepictas

follows: o

po:PoS
1

v p1:Pis

Thelabels gand ; givethecorrespondendeetweerthe positionsetsandthecontainers parameters
whichis trivial in thediagramdor 1-arycontainers.
Theextensionof a 2-ary containeris givenby

H : Set Set Set
H XY S:SPs X;Ps Y
We de ne a numberof operationson containers:given a C : Setwe de ne the constantcontainer
c: C identity container : . Their extensionshave the behaiour we expect
C X C
X X

GivenC:Setandcontainerd= s:S Ps,G t:T Qt wedene

C F f:C S c:C,P fc
F G s:S Ps
t:T Qt

F G s:§t:T Ps Qt
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andindeed,onemayreadilyverify thattheir extensionsdehae correspondingly

C FX C F X
F GX FX GX
F GX FX GX

We deferthede nition of xpoint operatorsuntil section?.
We canusetriangle diagramsto illustrate the typical forms which containeroperatorsyield. For
F G, wehave two forms,whilst for products= G we have oneform with two parts

F G F G
S p
S
= p
F
or
q
a G
G
For the 2-ary casewe introduce o : and 1: . We canwealen a 1-ary

containef= s:S Ps toaZz2-arycontainer F: s:S Ps . Wecancomposeontainersgiven
a2-arycontaineH u:U Rpu Riu andacontaineitG t:T Qt wedene

HG: U;f:RRu T Ryu ri:RuQ frg

andindeed
o XY X
1 XY Y
F XY F X
HG X H X GX
Thetypicalform of H G is shavn thus:
o
. |
ry q
HG S

Obsenre thatpayloadcantypically befoundeitherata "top' positionrg: Ryu, or atsomepointqinsidea
G attachedbelon' r;.
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It is straightforvard to generalisgehesecombinatordo n-ary containers:we introducea family of
projectionoperators ' fori  n (actually %), afamily of wealeningoperators ' F wealeninga
n-ary containerto n  1-ary all the otheroperationscanbe lifted to n-ary containers.The composition
operatorsHi G for an n 1 -ary containerH andan n-ary containerG can also be viewed as
a local de nition or “let' in a de Bruijn representationas usedby McBride (2001). In generalwe
have all the ingredientsto constructall strictly positve operatoramadefrom and constants.
After giving theinterpretatiorof xpoint operatorsn section? this extendsto arbitrarily nestedstrictly
positive inductive andcoinductve types.We will usetype expressionswith variablesn strictly positve
positionsto constructcontainers)eaving the olbvious translationto the de Bruijn operatorgdiscussed
above implicit.

Containerdorm acatgory Con: givencontainers s:S Ps,G t:T Qt wede nethe
homsetCon F G :Setthus:

ConFG: s:S T; s:S Qss Ps
Identity andcompositiomarestraightforvard:

idg Isslspp
sy sy . Iss ss Isrysy ssr

This constructiorextendsin a straightforvard way to n-ary containergorming cateyoriesConyp (where
clearlyCon Con,); substitutioncanthenberegardedasafunctor :Con, Con Con.

We obsere that extendsto morphisms,mappingcontainermorphismsto naturaltransforma-
tions,giving riseto afunctor :Con Set Sethy

sy X : | sf sslqgf ysq

Indeed,every naturaltransformatiorbetweenthe extensionof containerds uniquely determinedoy a
containemorphism.

Theorem 3.1.(Abbott etal., 2003a,theorem 3.4)
Theextensionfunctor is full andfaithful.

As aconsequencee areableto obsere

Corollary 3.1. Con is bicartesianj.e. hasall nite products,coproductsandis distributive, andthis
structureis presered by

While is full on morphismstherearefunctorswhich arenot in its image. A countergampleis
FX X . if therewereacontainers:S Ps with extension s:S Ps F thenwe can
calculateS F . We have thatF 2 andhenceP , however, F

As a consequencef theorem3.1 the extensionsof two containersare naturally isomorphiciff
they areisomorphicin Con. We usethe following notationto de ne both componentof a container
isomorphismsimultaneouslyE.g.toshavthat G H F F G F H whereF s:S Ps,
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G T Qt,H uU Ru we rst expandthede nitions for bothsides:
t:T;s:S Qt Ps
u:U; s:S Ru Ps
s:St:T Ps Qt
s:Su:U  Ps Ru

wede netheisomorphisms y : G H F F G F H by

s ts st
p y p
q y qQ
S us su
p y p
u y u

Notethatin this examplethe movementof F from theright of G H to left of G andH is re ectedin
themorphismsof positionsshavn above.

4. Decidability

Our presentatiomf containerstructuresnakesit easyto referto the positionswithin agivenelement.If
sf: s:S Ps X, thenf pisthepieceof payloadat positionp:Ps. In orderto explain the notion
of “one-holecontet at p', we shallneedto de ne the setof "positionsotherthanp'.

De nition 4.1.(Complement)
Forary x: X, wede ne thecomplemenof xin X, written X X, andthewealeningmap
asfollows:

« X x X
X X: y:X; Xy
Y- x- Y
Wherethesetto whichx belongss clear we maywrite xfor X x. Moreover, we omit thewealening
map,or atleastits subscriptwhereit senesonly asanobviouscoercion.

Moreover, a notion of one-holecontet males little senseunlessit is equippedwith linear
substitution—"plugmg somethinginto the hole'—which necessitatethe capacityto decideif some
positionp is the hole or not. For our constructiongo be realisedascomputemprogramswe shallneed
to payparticularattentionto the positionsetswhich admitequalitytesting.

De nition 4.2.(Decidability)
A setX is decidabldf thereexists

x: Xy:X Xy Xy
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Notethatary such y mustbeunique:for ary valuesx y, both xyand xy have at most
oneinhabitantandthey cannotbeinhabitedsimultaneouslyHencefor ary decidablexX with x y: X, we
have Xy Xy for ary x y: X. In particular this enablesusto partition a decidableset
betweerary givenelementx andits complement.

We maynow characteris¢he containeravhosepositionsetsareall decidable.

De nition 4.3.(Decidablecontainer)
s:S P;s P,s isadecidablecontainerif for all s:S, eachP, sis decidable.

Note thatthe shapesetof a decidablecontainemeednot be decidable only the positionsfor each
shape.

Proposition4.1.(ComplementPartition)
If X isdecidableandx: X, thenthereexistsDy: X X X , suchthatDy x

Proof:
Dy is constructedasfollows; its inverseis readily seento exist:

Dyy: case Xy
of X

p- Xy yp

Hencegivenx: X thepatternsxand x : X x partitiona decidableX. We exploit thesepatternsn
our presentatiomf programs For example, D, behaesasif de ned

DyX:
Dy X o X
We shall be makinguseof anotherexample—thecombinatort f which graftsx t ontosome
functionf de nedoverX x.

De nition 4.4.(Grafting)
Givenx: X with X decidableT : X  Sett:Txandf : x: X x Txdenet f : x:X T xsuch
that

tf x : t
t f x : f x

X

Moreover, every f: y: X Tyisequalto fx f « » soary functionover X matcheghepattern
t:Tx f:x:X x Tx

This will prove usefulwhenwe needto analysethe functionalcomponent®f shapegeneratedy the
combinatoH G.

The following lemmais an applicationof grafting and shavs how decidability transfersalong
isomorphisms.
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Lemma4.1. If X is decidableghenfor everyY thereis anisomorphisnof isomorphisms:

X:X; X x Y X Y

Proof:
Working from left to right, given x:X Y:X x P, construct Y viathegraftingfunction
abore, which hasaninversebecause and Y x partitionY

To reversethis construction,given F : X Y ,wetakex F 1! and construct X Y :

X X Y where

Yx: case F x,

of y y
impossiblepbecausé x

and,inverting,

of x, X
X impossiblepecausé ! X.
AsF Y , ourtwo constructiong@remutuallyinverse.

4.1. Closure of decidability and compoundcomplements

Setswith atmostoneinhabitantsuchas , , xyand xy aretrivially decidablewith anempty
complement.
We may establisithe basicequalitypropertiesof coproductsasfollows:

Proposition4.2.(Coproduct preservesdecidability)
If AandB aredecidablesoisA B.

Proof:
In eachof the four possiblecasesthetaskof decidinganequalityon A B reducesitherto a problem
with aknown solution,aswe have:

aa

bb



M. Abbott, T. Altenkirch, N. Ghani,C. McBride/ 1 for Data 13

Proposition4.3. (S preservesdecidability)
If Ais decidableandCa is decidablefor all a: A, then a:A; Ca is decidable.In particularA ais
decidable.

Proof:
As above, anequalitydecisionon pairsreducedo a pair of equalitydecisionsgiventhat

 C a1 C dp Ay, CoC1

We shall shortly presentour constructionof one-holecontexts via complemensets. In the proofs
which follow, we shallneedto exploit thefollowing isomorphismswhich shav ushow we cansimplify
complementsgiven someinformation aboutthe elementthey exclude. We indicatethe use of these
resultsby thehint SIMPLIFY

Proposition 4.4.(Complementsimpli cation)
If D is decidablewe have:

X
A B a A a B
A B b A B b
x:D; Cx dc d: D d;Cd Cd c
Xy p
Xy p

Proof:
Setswith at mostoneinhabitanthave ascomplement.This leavesthe laws for coproductsand S-sets
with decidablerst componentFor

A B a
EXPAND
XA B, x a
DISTRIBUTE S

a:A; a a b:B; b a
SIMPLIFY EQUATIONS
a:A aa b:B;

DEFINITION OF , ALGEBRA
A a B
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Theprooffor  is similar. For S-sets:

x:D;Cx dc
EXPAND
x:D; y:.Cx; Xy dc
SIMPLIFY EQUATION
XV, xd; yc
DECIDEIFX d
d: D d;yCd; dd; vyc
d ; y:Cd; dd; yc
SIMPLIFY EQUATIONS
d;y
d;y; cy
ALGEBRA
d: D d;Cd Cd c

Returningto our original motivation, we nowv knowv enoughto establishthat the relevant standard
containeroperatorpresere decidabilityof containers.

Theorem4.1.(Container decidability closure)
Decidabilityof containerss closedunder , , , , and

Proof:
Inspectinghepositionfamiliesgeneratedy theseoperatorsthey useonly set-formingoperationsvhich
presere decidability aswe have establishedbore.

5. DerivativesUniversally

In analogywith the classicaldevelopmentof deriatives,we will rst specifyderiativesby a universal
propertyandthenpresenianimplementatiorfor decidablecontainerswvhich satis esour speci cation.
In our context the notion correspondingo linear functionsare cartesiarmorphismswhich thencanbe
usedto specifyderiatives.

A cartesianmorphism is a container morphism whose action on positions is a family of
isomorphismsi.e. we de ne the catggory Con  which hasthe sameobjectsasCon but with homsets
Con F G :Setgivenby

Con FG: s:S T; s:S Q ss Ps

forF s:S Ps,G t:T Qt.Theidentityandcompositiomareinheritedfrom Con.
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We cannow specifythederivative of a containerasthelinearapproximation®f its tangentssothat
thederivative of G is de ned to beequippedvith anisomorphism

Con F G Con F IG

naturalin F. HereF G is givenby the cartesiarproductof containerswhich is a monoidaloperator
onCon . Wedonotassuméhat G alwaysexists, notall containersaredifferentiable.We leave it to
futurework to identify the subcatgory of differentiablecontainerdor which ¥ is natural.

Naturalityin F meanghatgivencartesiarcontainemorphismsa:Con H F ,b:Con F G

andwriting g for theisomorphismabove, thereis anequalitygy b a geb a.
More concisely we can say that the derivative of G is a cartesiancontainer morphism s :
Con 19G G whichis aunivesal arrow from thefunctor :Con Con toG.

We canexplicitly calculatethe derivative of a decidablecontainer:
7s:S Ps: s:§p:Ps Ps p
For n-ary containerghe speci cationis
Con F B G Con F G
naturalin F andG andtheconstructions givenby thefollowing:

De nition 5.1.(Derivative)
We de ne theoperatorf; onadecidablen 1-arycontainersasfollows:

i s:S Pys Ps
s:S pi:Rs Pys P i1sPs p B 1s P,s

Thatis, theshapeof adervative includesthe choiceof positionfor thehole;theholeis thenexcluded
from the derivative's positions.
We illustratethis by atrianglediagramwith a positioncut out, like this:

0
po:Pos
i
S Pi-RS vyields

S Ps pnn; Pys

Let us now verify that our implementationof dervatives satis es the speci cation. To avoid
unnecessarglutter we only considerthe caseof the unarydervative — the generalisatioro the n-ary
cases straightforvard.

Theorem5.1. If Gis adecidablecontainethenthereis anisomorphism
Con F G Con F IG

naturalin F.



16 M. Abbott, T. Altenkirch, N. Ghani,C. McBride/ ¥ for Data

Proof:
LetG t:T Qt,F s:S Ps andexpandtheleft handside

Con F G
EXPAND F,G
Con s:S Ps t:T Qt

EXPAND , SABSORBS

Con s:S Ps t:T Qt
EXPAND Con

s:S T; s:S Qss Ps 1
FACTOR OUT S

s:S t:T; Qt Ps 1

andtheright handside

Con F G

EXPAND F,G,T

Con s:S Ps t:T;q:Qt Qt (¢
EXPAND Con , SPLIT t

I's tystgs:S  t:T;Qt; s:S Q tis tgqs Ps
FACTOR OUT S

s:S t:T; q:Qt; Qt q Ps

Now by appealingo lemma4.1theisomorphisiris established.

To shaw thatthisis a naturalbijection, it is instructve to chasehefateof id 4 throughthebijection
aboeto amorphisms™:Con G G . Firstspecialisghe expansionof theright handtypeto

Con G G t3:T;q:Qtg t1:T,; Qtz  Qtp ¢

andthenwe cancomputes™ | tq t Dy ontheright handsideof this isomorphism.Naturality then
follows by observinghattheisomorphisnCon F G  Con F G isinducedoy composition
with s7, takinga:Con F G tos™ a

6. Laws of Derivatives

Let usnow establishthat 1 satis esthelaws we expect. The agumentswe give hereextendreadily to
n-ary containersThe proofswe presentll follow thesameplan:

1. expandde nitions of the containersgontainemperationsand  on bothsides;
2. simplify theinstance®f P p which arisein eachcaseby therulesfrom Propositiord.4;

3. ensurethatthe shape®n eachsidehave beenanalysednto casesarryingthe sameinformation,
andthatfor eachcasethe possiblepositionsalsocorrespond.
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It is noidle coincidencehattheseproofscorresponaloselyto the executableconstructionsvhich
they precipitate. We give a step-by-stefdreatmenteven to the simplerlaws, by way of introductory
example.As we develop eachside,we indicatewhatwe areexpandingor how we aresimplifying with
adirected HINT . To reduceclutter we shall often omit repeatedype annotationson variableswhere
they areunchangedrom their previous explicit usage.This may be unusuaimathematicapractice but
it is acommonplacef programminglts advantagehereover the point-freestyleis thatit keepsexplicit
thestructuraldependencieshich arecrucialto this work, whilst leaving implicit only whathasalready
beenstated. Similarly, we shall oftenwrite A a asjust a, if we have alreadyintroduceda: A.
Hence for example,we might write

Is:S Ps
EXPAND 1
S, p:Ps p
Whenwe have developedboth sides,we shall illustrate the intuition behindthe expandedforms
by drawing triangle diagramsfor the possibleforms of the structurebeing differentiated,and the
dervativesthey yield. Thelatterdiagramsndicatethe shapeandpositioninformationfor eachpossible

con guration with the sameidenti ers which appeaiin the proof. Onemaythenreadily checkthatthe
two sidescorrespondothto theintuition givenby the diagramsandto eachother

Proposition6.1.(Constant Rule)
7T C

Proof:
Constantontainerdiave shapedut no positionsfor payload.

C
Hencewe shouldexpectanemptyderivative. Developingbothsides:

7T C
EXPAND EXPAND
9 c.C
EXPAND 1
C, X: X
SIMPLIFY
C; X:
DISTRIBUTE S
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Proposition 6.2. (Identity Rule)
T

Proof:
Theidentity containethasoneshapeandoneposition. Its derivative is unique:

<
yields i
Developingbothsides:
|
EXPAND EXPAND
|
EXPAND 1
SIMPLIFY

In the next threeproofs,we take F andG to betypical 1-arycontainerss:S Ps and t: T Qt
respectiely, whilst H is atypical 2-arycontainer u:U Rpu Ryu .

Proposition 6.3.(Sum Rule)
TF G fTF f1G.

Proof:
F Gyieldstwo typicalforms,andthe correspondinghoiceof derivative forms:

p q
F G TF 1G
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Developingbothsides:

TF

G
EXPAND F G

7 s:S Ps t:T Qt

EXPAND

s Ps

t Ot
EXPAND T

s, p:Ps

t; q:0Qt

DISTRIBUTE S

Sp p:
tqg qg:

We arrive atthe sameanalysis.

Proposition 6.4. (Product Rule)

TF G

Proof:

M= G F [1G

o)

o)

Ghani,C. McBride/ T for Data

F 1G
EXPAND F G
s:S Ps ft.T OQt
EXPAND 1
s, p:Ps p t; q:Qt
EXPAND
sp p-p
tg 9g: q

19

Productshave one typical form, but with two typical kinds of position, hencea choiceof derivative

forms:

yields

F
F or

G 1G
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Developingtheleft-handside:

TF G
EXPAND F G
7 s:S Ps t:T Qt
EXPAND
Tst Ps Qt
EXPAND 1
st; p:Ps Ps Qt p
S t; g:Qt Ps Qt q
SIMPLIFY
st;, p p:Ps p Qt
st q Ps q:Qt ¢

Developingtheright-handside:

IF G F 1I9G
EXPAND F G

1s:S Ps t:T Qt s:S Ps ft.T OQt

EXPAND 1
S p:Ps p t Qt s Ps t;0:Qt
EXPAND
S p;t p Qt st q Ps q
EXPAND
spt p Ot
stq Ps d
FACTORIZE
S t; p p:Ps p OQt
st gq Ps q:Qt ¢

asrequired.
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We choosdo treatthe “local de nition' instanceof the ChainRulein detail,asit introduceghebasic
stepwhich we iteratewhendifferentiating x edpoints.

Proposition 6.5. (Chain Rule—local de nition)
THG MG MHG G

Proof:
H G containercapturethis generaform

o

r q

HG a

with two typical positionsfor payload—eitheatthetop level, correspondingdo the rst parameteof H,
or within a G containefdocatedat a positioncorrespondingo the secondparameteof H. We shallsee
this analysissmepge aswe developtheleft-hand-side:

THG
EXPAND H G
7T uwU RyuRu t:T Qt
EXPAND
fTuhRu T Ru r:RuQ hr
EXPAND 1
u h; ro:Rou Rou r; Q hr o
u; h; ri:Riuq:Q hrp Rou r; Q hr riq
DISTRIBUTE hINSIDE IN ORDER TO...
u; hrg Rou r; Q hr o
u; rnrhg Ru r;Q hr rq
..SPLIT h AT ry ON SECOND LINE
u; hrg
Rou r;Q hr o
u; ri t:Th: r T g:Qt
Ru r,Q thr riq
SIMPLIFY
u; hrg ro: To ri:Riu; g:Q hry

u; ri th q ro:Rou ri: r;q:Q hry g: ¢

Theeffect of theabove is that,dependingon which parametepf H accountdor the hole's position,
theremainingpositionscanavoid it in a variety of ways,asshovn below:
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holeontop holebelov
ro

ry q
G

fo
rt @q fH G 1
ToH G G [CRal

If theholeis ontop (rp in the rst case)adifferentpositioncanbe eitheradifferentr, ontop or ary
g belowv ary r1. In theseconccasetheholeis atq belov r1, andmaybeavoidedin threeways—choose
ro ontop, chooseary g belav adifferentr,, or chooseadifferentq underr;. Thisis theanalysiswvhich
theright-handsidemalesexplicit:

ftHG MTHHG G
EXPAND H G
TouU RyuRu t:T Qt
fiuU RouRu t:T Qt Tt:T Qt
EXPAND o 1 7
U; ro:Rou ro Rtu t Qt
uri:Riu Rpu rp t Qt t; q:Qt q
EXPAND
u, ro; h:Rqu T o ri:Ryu; Q hry
ury;h: g T Ru ry: r;;Qhrg

t;q q
EXPAND
u; ro; h ro ry; Q hry
ury;h;t,g Ru r;;Qhrg q
EXPAND
urgh ro: o ri; g4:Q hry

urph tq ro:Rou r;q:Q hry g: ¢
Thetwo sides sodeveloped,areisomorphicby applicationof basicalgebraidaws.

Thegenerakases asfollows:

Proposition 6.6.(Chain Rule)
If F isann-arycontainerandG is ann-vectorof marycontainersthen,forO j m, the jth derivative
of then-fold composition F G is givenby
TTFG & fF G 1G
0in
The proof follows the sameplanasabove. A j-holein an F G is a j-holein someG; sitting at

ani-holein theF. Its context mustthereforeexplain the contentsof all the otherG's, togethemwith the
remaindeof the G; which containghehole.
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7. Fixpoints of Containers

Givena2-arycontaineH u:U Rpu Ryuandf is eithermor n we de ne acontainerf H
fH w:F HW

whereF X u:U; Ryu X is URi( URyresp.)with
s uU Riu F F

and y:F  Setisde nedinductively by

ro:Rou r:Riu x: H fry
fo: H uf rx: H uf

We areableto derive anisomorphism s y suchthat y representtheconstructoin theinitial
algebracaseand ;! thedestructoiin theterminalalgebracase:

H:HfH confH
by
suf ro uf y ro
suf re X uf y riX
usingthat
HfH uU;f:Rys w:F Rou ri:Ryuy; g frg

In Abbottetal. (2005)we shav thatthe namesmH andnH arejusti ed, i.e. containersareclosed
underconstructingnitial algebrasandterminalcoalgebra®f their extension

Theorem7.1. GivenH asabove we have:
1. nH X 4 X istheinitial H X algebra.

2. nH X ! X istheterminal H X coalgebra.
Theassignmenis naturalin X.

Notethatalthoughthetheoremholdsin theinitial andterminalcasejt is nottruefor ary xpoint.

All theingredientf this constructiorcanbederivedfrom  -types:In (Abbott,2003;Abbottetal.,
2005)we shavedthattheinductve family  y isde nableusing -typesandin (Abbottetal., 2005)
we shawv that -typesarederivablefrom -types. In particularwe do not assumehe presencef a
universe.

To calculatethedervative of xpoints, we will needalemmato characteriseomplements®f  n:

Lemma?7.1.
H uf o Rou r ri:Ru; H fry
H uf riX Rou ri:Reu rq; Hfry
H frl X
Proof:

By expandingthe xpoint andthenapplyingprop4.4.
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8. Derivativesof Fixpoints

Letf beeithermor n. Letusnow differentiatethe xpoint containerf H whereH uU RouRyu.
As abore,letF be URj;or U Ry, correspondingo thechoiceof f, andrecallthat

fH w:F HW

Proposition 8.1. (Fixpoint rule)
7 fH nmH where

H ToH fH H fH 1
In effect,anX'scontet is a nite sequencef stepsrecordingthe context of asubf H insideaf H,

leadingusto thenodewherethe X was,andterminatedy its context within thatnode.A typical element
thusresembleshefollowing:

fhH fH
fHfH foH H

We cansketchtheargumentby expanding xpoints andapplyingthe chainrule.

TfH  THfH TH fH HHfH  TfH

mH THfH MHHH m

Thereis an obvious candidatefor a recursve isomorphismbetweenthe two, but doesit make sense?
We shouldbe optimistic: theshapesn  f H includepositionsfrom f H which areinductively de ned
regardlesof whetherf is mor n, whilst mH is clearlyinductive. We now malke this intuition precise.

Proof:
Following our usualprocedurewe developthe left-handside by expandingde nitions andsimplifying
complements:
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7 fH
EXPAND f
T w:F HW
EXPAND T
w:F; X: HW X
MATCH X
uh; ro:Rou H uh o
uh; riX H uh riX
ON SECOND LINE, SPLIT hAT
uh X ro H uh o
uwh: r F; riX
H uwh riX
SIMPLIFY
uh X ro ro: To ri:Riu; y: n hrq
uwh ; riX ro:Rou
ry: ryz H hry X: HW X

Remark—inthe stepwherewe split h at r;, we did not rst apply algebraiclaws, permutingthe
patterngo mover; left of h; we couldclearly have doneso, at the costof someobfuscation.

As onemight expect,the hole is eitherat the top nodeor below it, whilst the positionsexplain the
waysto avoid the hole. We illustrate the possibilitiesbelown, shaving the componentf the position
informationasnamedabove.

holeontop holebelaw rq
ro
Foc ry z

uh; ro (fo

X
foH H r @y fiH fH
fH ffH

Obsere thatif the hole is on top (ro), anotherposition must either be elsevhere on top (r,) or
arywhere(y) in ary subtregrq). If theholeis below (r»), anothempositionmustbe eitherontop (rg), or
arywhere(2) in adifferentsubtregr,), or in the samesubtreeasthe hole but elsavhere(x ).

We arrive atthe sameanalysisvhenwe expandnH .



26

where

M. Abbott, T. Altenkirch, N. Ghani,C. McBride/ ¥ for Data

EXPAND H
H fH fH fH 1
EXPAND H f
fou RiuRuU w HW
fiu RIURU w HW 1
EXPAND o 1
u; ro:Rou ro Rru w HW
uUri:RRiu Ryu r1 w HW 1
EXPAND 1
u; ro; h:Rqu  F ro r:Ryu; w hr
ury;h: g F Rou r: rq Hhr
EXPAND
u; ro; h o r; n hr
ury;h Ru r:ry; g hr
EXPAND
urg h o r; H hr
ury h Rou r: ri; nHhr
EXPAND M
u R1 uU Ryu Rpu w

U containgheshapeu of onenode,

theholerg or astepr; towardsit,

theshaped or h of thesubtreesvherethe holeis not
u:U; ro:Rou; h:Rqu F holerg ontop
uU;r:Riuh: np F holebelowr,

R, explainshow to diverge from the hole's pathatthetop node

if holeontop goelsavhere ontop, or below
Ry urgh ro: To ry; y: H hry
if holebelow goontop,or belowto a differentsubtee

RO urs h

ro:Rou r.: ryz. nhry
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R, explainshow to follow the hole's pathonestepbelow thetop node

if holeontop youcant follow its pathbelow
Rl urg h

if holebelow youcan

R, uryh

Wheretheshapeof thedervative abore comprisecawholeshapen:F andapositionwithin =~ {w,
we now have aninductively de ned "shapecontet’ w : U R; representingoththe pathto the hole
andthe shapéanformationsurroundingt. For eachnodeonthepath,thelattercompriseghelocal shape
u anda function (h or h) giving shapego the subtreesbranchingaway at thatpoint. A positionis thus
a pathwhich divergesfrom the pathto the hole at somepoint—eitherat the top node,or following the
hole's pathinto a subtree ; anddiverging later

The following containerisomorphism s y corverts betweenthesetwo representations.This
recursve de nition is terminating: s andy ! are structurallyrecursve on the position of the hole,
whilsts 'andy arestructurallyrecursve onthewhole ‘shapecontext'. Again,we arecarefulto keep
namesconsistentvith the diagram.

S uh o urg h
r r
0 0
y

rny rny
S uwh rix urih s wx
I'o I'o
ry z y ry z
y X X

9. Conclusions

The presenpaperintroducesandanalyses differentialcalculusof datatypesith clearapplicationdn
generigprogrammingandconstructie reasoningWhile our conferencgaperAbbottetal., 2003b)and
thework presentedh (Abbott,2003)presentedierivativesin cateyory-theoretiderms,thepresenpaper
givesanaccounusingthelanguagef constructre settheory We employ patternmatchingnotationand
containerdiagramgo provide anintuitive accouniof the constructions.

Already in the conferencepaperwe discussedextending the underlyingnotion of datatypesj.e.
containersto includequotientsf positionsto encompasty/pelik e thetypesof bagsor multisets.Indeed,
multisetsresemblethe exponentialfunction, and remainthe sameunder differentiation. Including
guotientsshouldmake it possibleto usethe equivalentof Taylor's theoremto analysedatatypesDueto
reasonsf time andspacewe do not develop this topic herebut leave it to further work to presenthe
developmenibf quotientcontainersandtheir usein thedifferentialcalculusof datatypeslt seemdikely
thatwe canexploit existing work on combinatoriakpeciessuchas(Fiore,2004).

Currently we only usethe speci cation of derivatives to derive the concreteimplementationof
differentiationfor containers. We hopeto be ableto prove the laws of differentiationdirectly from
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the universalproperty this genericapproachwould thenalsoextendto quotientcontainersdirectly and
would not needthe prerequisiteof decidability

An obviousasymmetryin our currentpresentatioris thatwe usedependentypesin the explanation
of datastructuresiowever, we do notanalysedependentlyypedstructuresWe hopeto beableto extend
ourworkin thisdirectionwhichwouldalsoprovide animportantsteppingstonetowardsanalysinghigher
ordertypes.

Finally, theconstructionpresentedh this paperareidealcandidatesor thedevelopmenbf alibrary
within a dependentlyypedprogrammindanguagevhosecorrectnessanbeveri ed by type checking.
We planto implementthe conceptgpresentedn this paperin Epigram(McBride andMcKinna, 2004,
McBride, 2005+),a proof andprogrammingdevelopmentsystembasedon Type Theory
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