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Abstract. This paperandour conferencepaper(Abbott, Altenkirch, Ghani,andMcBride, 2003b)
explainandanalysethenotionof thederivativeof adatastructureasthetypeof its one-holecontexts
basedon the centralobservation madeby McBride (2001). To make the idea precisewe need
a genericnotion of a datatype, which leadsto the notion of a container, introducedin (Abbott,
Altenkirch,andGhani,2003a)andinvestigatedextensively in (Abbott,2003).Usingcontainerswe
canprovidea notionof linearmapwhich is theconceptmissingfrom McBride's �rst analysis.We
verify the usuallaws of differentialcalculusincluding the chainrule andestablishlaws for initial
algebrasandterminalcoalgebras.

1. Intr oduction

Thispaper, basedon ourconferencepaper(Abbottetal., 2003b)explainsandanalysesthenotionof the
derivative of a datastructureasthetypeof its one-holecontextsbasedon thecentralobservationmade
by McBride (2001).

One-holecontexts arisefrequentlyin symbolicprogrammingtaskssuchasthe implementationof
a tactic library for a proof systemsuchasCOQ or LEGO. For a simpleexample,considerthe taskof
writing editingoperationsfor binarytrees(in Haskell):

)�*
+,*.-�/�0&02123�0�*�46587�9�)�0:-&/�0�0:-&/�0&0
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We oftenrequirethenotionof a treewith a holereplacingof oneof its subtrees.How canwe represent
this in a functionallanguage?A goodanswerto this questioncanbe found in Huet's functionalpearl,
`TheZipper' (Huet,1997).

Usinga top-down approachfor easeof presentation1, wearrive at thefollowing Haskell program:

)�*�+,*;-&/�0�0=<>123�0�4&+?-&/�0�0@5BA�C�D�E�+?-�/�0�0

+�F
GH0?I�C�G�G,0�/?1@JK-�/�0�0L<NM

Here
-&/�0&0L<

representsthechoicewe have to make at every stepon the paththroughthe treetogether
with therestof thetreenot on our path.The

I,C�G�GH0
/

is thelist of thesesteps.This canbemadeprecise
by providing a

G�O�P,D

operationwhich �lls a holewith a tree:

G�O�P,DRQ&Q>I,C�G&GH0
/TS�U;-&/�0�0VS&U;-�/�0�0

G�O�P,D@JWM +X12+

G�O�P,DZY&Y�3�0�4&+TO,[ Q]\�[^+X127�9&)�0_YNG�O�P,D2\?+"[`O

G�O�P,DZY&YaA"C�D
E�+:/b[_Q]\�[^+X127�9&)�0:/cYNG�O�P,D?\2+"[

Can we solve this problemin a genericway? What happensif we considerternarytreesor �nitely
branchingtrees?Certainlythe

I,C�G&GH0
/

will remaina sequenceof stepsbut whatarethesestepsmade
of? Writing T d mX e F X for the generictype of trees,the zipper arisesas Z dgf&h iajlk F m T n , where

f&h iaj X d mYe 1 o X p Y and F m is derived from F in someway. In the caseof binary treeswe have
F X d 1 o X2 andF m X d 2 p X. In thecaseof ternarytreeswehave to rememberwherewego andtwo
subtrees,i.e. F X d 1 o X3 leadsto F m X d 3 p X2.

It turnsout that the resemblancewith derivatives is no accidentand appliesto all reputabletype
constructors.E.g. what is the typeof one-holecontexts of F X d F1 X p F2 X? A hole in F is eithera
hole in F1 leaving F2 intactor vice versaa hole in F2 with F1 intact. Writing ¶F for F with a holewe
arrive at theproductlaw

¶F q

d

¶F1 p F2 o F1 p ¶F2 e

Wemightpicturethisasfollows:

r

F1

F2

with aholeis r

F1

¶F2

s

or r

¶F1

s

F2

In thepresentpaperwe cover all ingredientsof polynomialfunctors,thechainrule andrulesfor initial
algebrasandterminalcoalgebranot presentin calculus.An examplefor the initial algebracaseis the
derivative of lists ¶ f&h iaj X d mZ etf&h iaj X o X p Z. A similar constructioncanbe appliedto potentially
in�nite lists f�h iaj

¥ X d nYe 1 o X p Y whosederivative is ¶ f&h iaj

¥ X d mZ etf&h iaj

¥ X o X p Z. Notethat the
min thederivative doesnotchangeinto an whichre�ects thefactthatthepathto aholeis always�nite.

To developthis ideawe usethenotionof containers,introducedin (Abbottetal., 2003a)andfurther
investigatedin (Abbott, 2003;Abbott,Altenkirch,andGhani,2005).A containeris a genericnotionof

1Huet's slightly morecomplex bottom-upapproachyieldsmoreef�cient operations,andis basedon thesamedatastructures
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a datatype,speci�ed by a typeof shapesS anda family of positionsP indexed over S; its extensionis
givenby

F X d Ss:Se Ps u X

Containersgeneralizeshapelytypes(JayandCockett,1994)andarerelatedto thework of Joyal (1986)
on speciesandanalyticalfunctorswhoserelevancefor ComputerSciencehasbeenrecentlynoticedby
Hasegawa (2002). Indeed,if we ignorethefact thatanalyticalfunctorsallow quotientsof positions,i.e.
if we considernormalfunctors,we geta conceptwhich is equivalentto a containerwith a countableset
of shapesand�nite setsof positions.Hencecontainerscanbeconsideredasa generalisationof normal
functorsof arbitrarysize.

Usingcontainerswecanprovideanotionof linearmapwhichis theconceptmissingfrom McBride's
�rst analysis(McBride, 2001). The latter equipsa syntaxof datatypedescriptionswith a symbolic
differentiationoperator, including the law for least�x ed points: the correspondingdatatypescanthen
be equippedwith exactly the genericplugging-in operationenvisagedabove. McBride was able to
implementhis constructionin the LEGO system(Luo and Pollack, 1992), but he did not explain
why differentiationdelivers one-holecontexts by relating the concretedatatypescomputedas formal
derivativesto anunderlyingnotionof linearmorphism.

We de�ne a linear morphismbetweencontainersasa polymorphicfunction which doesnot copy
or forget data,this correspondsto a cartesiannaturaltransformationon the associatedfunctors,i.e. a
containermorphismswhich introducesanisomorphismonpositions.Writing Con vwk F r Gn for thesetof
linearmapswe canspecifyderivativesby thefollowing isomorphism

Conv
k F xzy

r Gn{q

d

Conv
k F r ¶Gn

wherex is thecartesianproductin Con, which is amnoidaloperatorsin Con v .
We canthenconstructthederivative of a decidablecontainer, i.e. onewherethesetof positionshas

adecidableequality, explicitly as

F X d Ss:Se Ps u X

¶F X d Ss:Se Sp:Pse�k Ps | pn{u X

whereA | a is thesetA without theelementa. This clearlyresemblesderivativesof apower series:

f x d å ¥
i } 0 xai

¶ f x d å ¥
i } 1 aixai ~

1

In (Abbott et al., 2003b)we usedthe languageof category theoryto presentour constructionin a
point-freeway, while thepresentpaperusesthe languageof Martin-Löf's constructive settheory. In a
way nothinghaschangedbecausetheconstructive settheoryis just theinternallanguageof theclassof
categorieswe areinterestedin. However, in ourexperienceit is easierto keeptrackof thedependencies
within constructionsby usingvariables.Usingthetype-theoreticlanguagewe arrive at a picturewhere
our proofs very closely resemblesthe intuitive reasoningillustratedby diagramsand henceexplains
betterhow theproofswereactuallydiscovered.
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1.1. Relatedwork

EhrhardandRegnier(2003)introducethedifferentiallambdacalculus,however theirmotivationis quite
differentfrom oursin thatthey usedifferentiationon programsnot types.However, they usethenotion
of a linearsubstitutionto de�ne differentiationof whichourCon v maybeaninstance.

Fiore,Plotkin,andTuri (1999)introducetheoperatord on functorcategoriesby theisomorphism

F p•y�u G q

d

F u dG

Thisoperatorandour¶ bothcaptureformsof abstractionby anadjunction.However, d wasintendedto
capturesubstitution,where¶ modelsthelinearnotionof pluggingin, andthus,unlike d, correspondsto
differentation.

Rajan(1993) de�nes the notion of the derivative of a combinatorialspeciesby an adjunction,a
constructionanalogousto our de�nition in a differentframework. Formally, his de�nition is applicable
toadifferentclassof functors.Seealso(Fiore,2004)for arecentinvestigationof thedifferentialstructure
of generalizedspecies.

1.2. Plan of the paper

In section2 we review theconstructive settheorywe areusingandrelateit to a classof categories.We
alsointroducethepatternmatchingnotationwhich is usedthroughoutthepaper. In section3 we revisit
the notion of containers,basedon materialin (Abbott et al., 2003a)and(Abbott, 2003). In section4
we introducethe notion of subtractionandestablisha numberof propertieswhich we needlater. We
alsode�ne thenotionof a decidablecontainer. In section5 we specifythenotionof a derivative using
linear mapsandshow how to constructthe derivative of a decidablecontainerexplicitly. In section6
we apply this constructionto establisha numberof laws, i.e. how to constructderivativesof constant
containers,o , p andthechainrule. In section7 we show how to constructleastandgreatest�xpoints
of containersandin section8 we introduceandverify laws for thedifferentiationof �xpoints. We close
with conclusionsandsuggestionsfor furtherwork.

2. Apparatus

Thispapercanbereadin two ways:

1. asaconstructionwithin Martin-Löf's constructive settheory;

2. asaconstructionin theinternallanguageof aclassof categories.

Thesettheorywe areusingis theextensionaltheoryMLWext, e.g.see(Aczel,1999),andis de�ned by
thefollowing constructions:

P-sets: Weshallusethenotation k a:An�u Ba for P-setsandtheusuall -calculussyntaxfor abstraction
andapplication.

S-sets: We write S-setsas k a:A; Ban , its elementsarewritten k a r bn , we usepatternmatchingnotation
to implementelimination.Wenotationallyextendthis to n-ary S-setsby

k a0 :A0; a1 :A1; eaeae an
~

1 :An
~

1 n : d?k a0 :A0; k a1 :A1; eaeae an
~

1 :An
~

1 n&eaeae�n€e
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Wealsowrite • for asetwith justoneconstructorkKn : • .

Coproducts: It is suf�cient to introduce‚{ƒ�ƒ�„ :Setwith j�…K†�‡

r‰ˆ‹Š

„ i�‡ : ‚{ƒ&ƒ�„ and Œ :Setwith noconstructors.
Formally, binarycoproductscanbereducedto ‚{ƒ�ƒ�„ via

A o B dVk b: ‚•ƒ&ƒ�„ ; h

ˆ b j�Ž�‡�• A ‡�„ i�‡ Bn€e

Using a vertical patternmatchingnotation,inspiredby functionalprogramminglanguageslike
SML or Haskell, we write

A o B d

•

j�…K†�‡ ; A
‘

ˆKŠ

„ i�‡ ; B ’

e

Herewe usepatternmatchingto calculatea set,this is calleda large elimination. In the sequel
we will use h“•�„ and h“•�… astheconstructorsfor A o B andagainusepatternmatchingnotationfor
elimination.In thepresenceof largeeliminationswecanalsode�ne setsby patternmatching,e.g.
in thecaseof S-setswe write

•

h“•�„ a:A; Ca
‘

h“•�… b:B; D b ’

for k x:A o B; F xn where

F k”h••&„ an–d Ca

F k”h••&… bn–d D b e

In (Abbott et al., 2003a;Abbott,2003;Abbott et al., 2003b)we usedthepoint-freenotation k A o

B; C —o D n to denotethis set. In this paperwe prefer the useof patternmatchingnotationover
point-freenotation,in orderto show preciselythedependencieswhichweexploit.

Equality sets: Givenx r y:X, wehave ˜�™ xy:Set. It containsthesingleelement…š‡(› x if andonly if x d y,
andis otherwiseuninhabited.As we areworking in anextensionalsetting,we maytreatx andy
asthesame,if we know that ˜�™ xy is inhabited.In this view it is easyto seethat ˜�™ is symmetric
andtransitive andwe canestablishthatconstructorsareone-to-one:

˜�™œk”h••&„ an�k”h••&„ am

n–q

d

˜�™ aam

˜�™œk”h••&… bn�k”h••&… bm

n
q

d

˜�™ aam

˜�™œk”h“•�„ anHk”h“•�… bn•q

d

Œ

˜�™œk”h“•�… bnHk”h“•�„ an•q

d

Œ

˜�™œk a0 r c0 nHk a1 r c1 n–q

d

kN˜�™ a0 a1; ˜�™ c0 c1 nwe

ž

-sets: GivenA:Setr B:A u Setwe write
ž

AB:Setfor theinductive setgeneratedby sup: k a:AnŸu

k Ba u

ž

ABn{u

ž

AB. We canusefunctionde�nition by structuralrecursionasanelimination
principle.

Dually we may introducethecoinductive counterpartof
ž

which we denoteby   AB allowing
guardedcorecursionaselimination.However, in (Abbottetal.,2005),weshow that   -setscanbe
constructedusing

ž

-setsin this theory.
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Wedonotassumethepresenceof auniverseof smallsets.
We will sometimesnamesubtermswhich correspondto placesin a diagram,evenif thenamesplay

no partin theformalmathematics.Hencethereadershouldnotbesurprisedto encountertermslike:

k a:An�o¡k b:Bn for A o B

k s:S; p:Psn for k s:S; Psn

Categorically, our assumptionscorrespondto our ambientcategory of setshaving the following
properties:

s locally cartesianclosed(LCC), thiscorrespondsto having S-sets,• , P-setsandequalitysets;

s disjoint coproducts,correspondingto the presenceof large eliminationsfor ‚{ƒ�ƒ�„ (andhenceall
coproducts);

s

ž

-setscorrespondto assumingthatinitial algebrasfor functorsof theform F X d?k a:A; Ba u X n

exist, anddually   -typescorrespondto terminalcoalgebrasfor thesameclassof functors.

In this framework a setX is interpretedasan objectof the ambientcategory, while a family X u Set
is interpretedasanobjectof theslicecategory over X. All the type theoreticconstructionsthenlift to
constructionson theslicecategories.

In (Abbott et al., 2005)we referredto locally cartesianclosedcategorieswith disjoint coproducts
and W-setsas Martin-L öf categories. They are slightly more generalthan pretopoi with W-sets
as investigatedby Moerdijk and Palmgren(2000), in that we do not require (exact) colimits. The
correspondencebetweenset-theoreticassumptionsandcategorical structuresare investigatedin more
detail in anumberof places,e.g.see(Hofmann,1994,1997;Abbott,2003).

Wewrite Setfor thechosencategoryof sets,anduse¢ for thefunctorcategory. I.e. while Set u Set
is thetypeof operatorson sets,Set ¢ Setis thefunctorcategory.

GivenA r B:Setwe write A q

d

B for thesetof isomorphisms.Given f :A q

d

B we implicitly project f
to A u B anduse f ~

1 :B u A for thesecondcomponentof the isomorphism.We usethefact thatany
patternmatchingprogramwhich establishesa correspondencebetweena partitionof its domainanda
partitionof its codomainis an isomorphism.E.g. to constructf :A p>k B o C n£q

d

k A p Bn�o^k A p C n we
write

f k a r

h••�„ bn¥¤ h••�„�k a r bn

f k a r

h“•�… cn¥¤ h••�…�k a r cn¦e

Finally, in our presentationof proofs, we distinguish betweenthe use of equations d which
hold de�nitionally and isomorphismsq

d

which we have proven. We will often mark an equational
developmentwith adirected § HINT ¨ indicatingthepropertiesweexploit.

3. ContainersRevisited

A containerF d?k s:S © Psn is givenby a setof shapesS:Setanda family of positionsP:S u Set.We
illustratesucha containerby drawing a triangle diagram, showing a typical shapes in the apex—the



M. Abbott,T. Altenkirch, N. Ghani,C. McBride/ ¶ for Data 7

baserepresentsthepositionsetPs, whereweshow a typical positionp, asfollows:

s : S

F

ª

p : Pss

Theextensionof acontainer« F ¬ is anoperatoron sets,givenby

« F ¬ : Set u Set

« F ¬ X : d k s:S; Ps u X nwe

An elementof « F ¬ X thusconsistsof a choices : Sof shapeanda function f , attaching̀ payload'from
X to thepositionsin Ps.

As an exampleconsiderthe caseof lists, f&h iaj­d®k n: ¯

Š

j°©z±,h•• nn , where ±�h•• n dV² i ³ n´ . For any
X :Setanelementk n r f n : «�f&h iaj”¬ X is givenby n: ¯

Š

j anda function f : ±�h“• n u X giving accessto then
elementsof thelist. Herewe regardthevaluen asgiving theshapeof thelist.

In generalwe areinterestedin n o 1-arycontainersk s:S © P0 sr P1 sr

eaeae Pn sn wherePi :S u Set. To
reduceclutter, wewill restrictourattentionto 2-arycontainersH d2k s:S © P0 sr P1 sn whichwedepictas
follows:

s:S

H

ª

1

p1 :P1 ss

ª

0

p0 :P0 ss

Thelabels u 0 and u 1 give thecorrespondencebetweenthepositionsetsandthecontainer's parameters
which is trivial in thediagramsfor 1-arycontainers.

Theextensionof a2-arycontaineris givenby

« H ¬ : Set u Set u Set

« H ¬ XY d k s:S; P0 s u X; P1 s u Y nµe

We de�ne a numberof operationson containers:given a C: Setwe de�ne the constantcontainer
¶

C : dVk C ©·Œ
n identitycontainery : d?kN•¸©µ•�n . Their extensionshave thebehaviour weexpect

«

¶

C¬ X q

d

C

«�y ¬ X q

d

X e

GivenC:SetandcontainersF d?k s:S © Psn , G d?k t :T © Qt n wede�ne

C u F d k f : C u S © c : C; P k f cnan

F o G d

•

h••&„ s:S © Ps
‘

h••&… t :T © Qt ’

F p G d k s:S; t :T © Ps o Qt n
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andindeed,onemayreadilyverify thattheirextensionsbehave correspondingly

« C u F ¬ X q

d

C u¹« F ¬ X

« F o G¬ X q

d

« F ¬ X o¡« G¬ X

« F p G¬ X q

d

« F ¬ X p]« G¬ X e

Wedeferthede�nition of �xpoint operatorsuntil section7.
We canusetrianglediagramsto illustrate the typical forms which containeroperatorsyield. For

F o G, wehave two forms,whilst for productsF p G wehave oneform with two parts

F o G F p G

h••&„

s

F

ª

ps

or

h••�…

t

G

ª

qs

r

s

F

ª

ps

t

G

ª

qs

For the 2-ary casewe introduce º 0 : d»kN•w©:•

r

Œ
n and º 1 : d¼kN•w©½Œ

r

•�n . We can weaken a 1-ary
containerF d2k s:S © Psn to a2-arycontainer¾ F : d2k s: S © Psr

Œ
n . Wecancomposecontainers:given
a2-arycontainerH dVk u:U © R0 u r R1 un andacontainerG d?k t :T © Qt n wede�ne

H § G¿ : dÁÀ U; f : R1 u u T © R0 u o¡k r1 : R1 u; Q k f r1 nanNÂ

andindeed

«�º 0 ¬ XY q

d

X

«�º 1 ¬ XY q

d

Y

«‹¾ F ¬ XY q

d

« F ¬ X

« H § G¿t¬ X q

d

« H ¬ X ka« G¬ X nÃe

Thetypical form of H § G¿ is shown thus:

u

H § G¿

r1 Ä

u hr1

G

ª

qss

ª

r0
s

Observe thatpayloadcantypically befoundeitherata `top' positionr0 :R0 u, or atsomepointq insidea
G attached̀below' r1.
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It is straightforward to generalisethesecombinatorsto n-ary containers:we introducea family of
projectionoperatorsº

n
i for i ³ n (actually y
dXº

1
0), a family of weakeningoperators¾

i F weakeninga
n-ary containerto n o 1-ary, all theotheroperationscanbe lifted to n-ary containers.Thecomposition
operatorsH § i d G¿ for an k n o 1n -ary containerH and an n-ary containerG can also be viewed as
a local de�nition or `let' in a de Bruijn representation,as usedby McBride (2001). In generalwe
have all the ingredientsto constructall strictly positive operatorsmadefrom o

r

p

r

u and constants.
After giving theinterpretationof �xpoint operatorsin section7 this extendsto arbitrarilynestedstrictly
positive inductive andcoinductive types.We will usetypeexpressionswith variablesin strictly positive
positionsto constructcontainers,leaving the obvious translationto the de Bruijn operatorsdiscussed
above implicit.

Containersform a category Con: givencontainersF dTk s:S © Psn , G dTk t :T © Qt n we de�ne the
homsetCon k F r Gn :Setthus:

Con k F r Gn : d?k s :S u T; k s: Snlu Q k s sn•u¹k Psnanµe

Identityandcompositionarestraightforward:

idF : d k l se sr l s p e pn

k s m

r y m

n,Å(k s r y n : d k l se s m

k s sn

r l sr e y m sk y k s sn r nanÆe

This constructionextendsin a straightforwardway to n-ary containersforming categoriesConn (where
clearlyCon d Con1); substitutioncanthenberegardedasa functor |Ç§È|É¿ :Con2 ¢ Con ¢ Con.

We observe that «�|É¬ extendsto morphisms,mappingcontainermorphismsto naturaltransforma-
tions,giving riseto a functor «#|É¬ :Con ¢ Set ¢ Setby

«#k s r y n”¬ X : d l k sr f nÊe�k s sr l q e f k y sqnanµe

Indeed,every naturaltransformationbetweenthe extensionof containersis uniquelydeterminedby a
containermorphism.

Theorem3.1.(Abbott et al., 2003a,theorem 3.4)
Theextensionfunctor «�|É¬ is full andfaithful. Ë

As aconsequenceweareableto observe

Corollary 3.1. Con is bicartesian,i.e. hasall �nite products,coproductsandis distributive, andthis
structureis preservedby «�|É¬ . Ë

While «�|É¬ is full on morphisms,thereare functorswhich arenot in its image. A counterexampleis
F X d2k X uÌŒ
n{uRŒ : if therewereacontainerk s:S © Psn with extension«Êk s:S © Psn”¬Íq

d

F thenwecan
calculateS d F •Îq

d

• . Wehave thatF 2 q

d

• andhenceP Ï.Œ , however, F Œœd½ŒÑÐ q

d

Œœu@Œ .
As a consequenceof theorem3.1 the extensionsof two containersare naturally isomorphiciff

they areisomorphicin Con. We usethe following notationto de�ne both componentsof a container
isomorphismsimultaneously. E.g. to show that k G o H nHp F q

d

k F p Gn�oµk F p H n whereF d`k s:S © Psn ,



10 M. Abbott,T. Altenkirch, N. Ghani,C. McBride/ ¶ for Data

G d?k t :T © Qt n , H dVk u:U © Run we �rst expandthede�nitions for bothsides:

k G o H n•p F d

•

h“•�„ t :T ; s:S © Qt o Ps
‘

h“•�… u:U; s:S © Ru o Ps ’

k F p Gn�ozk F p H nÒd

•

h“•�„�k s:S; t :T nÓ© Ps o Qt
‘

h“•�…
k s:Sr u:U nÔ© Ps o Ru ’

wede�ne theisomorphismk s r y n : k G o H nlp F q

d

k F p Gn�ozk F p H n by

s k”h“•�„ t r sn ¤ h••�„�k sr t n

©zÕ

h“•�… p

h••&„ q
¤ ©zÕ

y k”h••&„ pn

y k”h••�… qn

s k”h“•�… u r sn ¤ h••�…�k sr un

©zÕ

h“•�… p

h••&„ u
¤ ©zÕ

y k”h••�„ pn

y k”h“•�… un

Notethat in this examplethemovementof F from theright of G o H to left of G andH is re�ected in
themorphismsof positionsshown above.

4. Decidability

Ourpresentationof containerstructuresmakesit easyto referto thepositionswithin agivenelement.If
k sr f n : «Êk s:S © Psn”¬ X, then f p is thepieceof payloadat positionp:Ps. In orderto explain thenotion
of `one-holecontext at p', we shallneedto de�ne thesetof `positionsotherthanp'.

De�nition 4.1.(Complement)
For any x:X, wede�ne thecomplementof x in X, writtenX | x, andtheweakeningmap

‘

Å

‘

x : k X | xnHu X
asfollows:

X | x : d?k y:X; ˜�™ xy uRŒ
n

‘

k yr

n

‘

x : d y e

Wherethesetto whichx belongsis clear, wemaywrite | x for X | x. Moreover, weomit theweakening
map,or at leastits subscript,whereit servesonly asanobviouscoercion.

Moreover, a notion of one-holecontext makes little senseunless it is equippedwith linear
substitution—`plugging somethinginto the hole'—which necessitatesthe capacityto decideif some
positionpm is theholeor not. For our constructionsto berealisedascomputerprograms,we shallneed
to payparticularattentionto thepositionsetswhichadmitequalitytesting.

De�nition 4.2.(Decidability)
A setX is decidableif thereexists

‡�™ X : k x r y:X nlu¹˜�™ xy o¡kN˜�™ xy u6Œ
n€e
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Notethatany such ‡�™ X mustbeunique:for any valuesx r y, both ˜�™ xy and ˜�™ xy u@Œ have at most
oneinhabitant,andthey cannotbeinhabitedsimultaneously. Hencefor any decidableX with x r y:X, we
have •Éq

d

˜�™ xy o^kN˜�™ xy uÖŒ
n for any x r y:X. In particular, this enablesus to partitiona decidableset
betweenany givenelementx andits complement.

Wemaynow characterisethecontainerswhosepositionsetsareall decidable.

De�nition 4.3.(Decidablecontainer)
k s:S © P1 sr

eaeae

r Pn sn is adecidablecontainerif for all s:S, eachPi s is decidable.

Note that theshapesetof a decidablecontainerneednot be decidable,only thepositionsfor each
shape.

Proposition4.1.(ComplementPartition)
If X is decidableandx:X, thenthereexistsDx :X q

d

k X | xn�o×• , suchthatDx x d;h••&…�kKn

Proof:
Dx is constructedasfollows; its inverseis readilyseento exist:

Dx y : d case ‡�™ X xy

of h••&„#k�…Ø‡(› xn

Ä

uÙh••&…�kKn

h“•�…�k p: ˜�™ xy uRŒ
n

Ä

uÙh••&„�k yr pn ÚÛ

Hencegivenx:X thepatternsx and
‘

xm :X | x
‘

partitiona decidableX. We exploit thesepatternsin
ourpresentationof programs.For example,Dx behavesasif de�ned

Dx x : d:h••�…�kKn

Dx Ü

Ü

xm

Ü

Ü

x : d:h••�„ xm

We shall be makinguseof anotherexample—thecombinator § t r f m
¿ which graftsx

Ä

u t onto some
function f m de�ned over X | x.

De�nition 4.4.(Grafting)
Givenx:X with X decidable,T :X u Set,t :T x and f m : k xm :X | xn�u T xm de�ne § t r f mÝ¿ : k x:X n{u T x such
that

§ t r f m

¿ x : d t

§ t r f m

¿

Ü

Ü

xm

Ü

Ü

x : d f m xm

e

Moreover, every f : k y:X n{u T y is equalto § f x r f Å

‘

|

‘

x ¿ , soany functionoverX matchesthepattern

§ t :T x r f m : k xm :X | xn{u T xm

¿Be

This will prove usefulwhenwe needto analysethe functionalcomponentsof shapesgeneratedby the
combinatorH § G¿ .

The following lemma is an applicationof grafting and shows how decidability transfersalong
isomorphisms.
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Lemma 4.1. If X is decidablethenfor everyY thereis anisomorphismof isomorphisms:

k x:X; k X | x q

d

Y nan•q

d

k X q

d

Y oz•�n€e

Proof:
Working from left to right, given k x:X r Y :X | x q

d

Pn , construct§•h“•�…�kKn

r

h“•�„NÅ Y ¿ via thegraftingfunction
above,whichhasaninversebecauseh“•�…�kKn and h“•�„�k Y xmtn partitionY oz• .

To reversethis construction,given F : X q

d

Y o½• , we take x d F ~

1
k”h“•�…,kKnan and construct k x r Y :

k X | xn{q

d

Y n where

Y xm : d case F
‘

xm

‘

x

of h“•�„ y
Ä

u y

h“•�…
kKn impossible,becauseF x d;h“•�…
kKn

and,inverting,

Y ~

1 y : d case F ~

1
k”h“•�„ yn

of
‘

xm

‘

x Ä

u xm

x impossible,becauseF ~

1
k”h••&…
kKnanld x.

As F d?§•h“•�…�kKn

r

h“•�„NÅ Y ¿ , our two constructionsaremutuallyinverse.

ÚÛ

4.1. Closureof decidability and compoundcomplements

Setswith atmostoneinhabitant,suchas Œ , • , ˜�™ xy and ˜�™ xy uÞŒ aretrivially decidable,with anempty
complement.

Wemayestablishthebasicequalitypropertiesof coproductsasfollows:

Proposition4.2.(Coproduct preservesdecidability)
If A andB aredecidable,sois A o B.

Proof:
In eachof thefour possiblecases,thetaskof decidinganequalityon A o B reduceseitherto a problem
with aknown solution,aswe have:

˜�™œk”h••&„ an�k”h••&„ am

n{q

d

˜�™ aam

˜�™œk”h“•�„ anHk”h“•�… bnlq

d

Œ

˜�™œk”h“•�… bn�k”h••�„ anlq

d

Œ

˜�™œk”h••&… bn�k”h••&… bm

n{q

d

˜�™ bbm

e

ÚÛ
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Proposition4.3.(S preservesdecidability)
If A is decidable,andCa is decidablefor all a:A, then k a:A; Can is decidable.In particularA | a is
decidable.

Proof:
As above,anequalitydecisionon pairsreducesto apairof equalitydecisions,giventhat

˜�™œk a0 r c0 nHk a1 r c1 n q

d

kN˜�™ a0 a1; ˜�™ c0 c1 n€e

ÚÛ

We shall shortly presentour constructionof one-holecontexts via complementsets. In the proofs
which follow, we shallneedto exploit thefollowing isomorphisms,whichshow ushow wecansimplify
complements,given someinformationaboutthe elementthey exclude. We indicatethe useof these
resultsby thehint § SIMPLIFY |ß¨ .

Proposition4.4.(Complementsimpli�cation)
If D is decidable,we have:

ŒÍ| x q

d

Œ

k A o BnH|µk”h“•�„ an•q

d

k A | an&o B

k A o Bn,|¦k”h“•�… bn•q

d

A o¡k B | bn

•­|¦kKn–q

d

Œ

k x:D; Cxn,|¦k d r cn•q

d

k d m : k D | d n ; Cd m

n�ozk Cd | cn

kN˜�™ xyn,| p q

d

Œ

kN˜�™ xy uRŒ
n,| p q

d

Œ2e

Proof:
Setswith at mostoneinhabitanthave Œ ascomplement.This leavesthelaws for coproductsandS-sets
with decidable�rst component.For h••&„ :

k A o BnH|µk”h“•�„ an

§ EXPAND |ß¨

d k x:A o B; ˜�™ x k”h••&„ an•u@Œ
n

§ DISTRIBUTE Sr

oà¨

q

d

k am :A; ˜�™Îk”h“•�„ amán�k”h••&„ an•u@Œ
n&o¡k b:B; ˜�™œk”h••&… bnHk”h“•�„ an•uRŒ
n

§ SIMPLIFY EQUATIONS ¨

q

d

k am :A; ˜�™ aam
uRŒ
n�o¡k b:B; ŒœuRŒ
n

§ DEFINITION OF | , ALGEBRA ¨

q

d

k A | an&o B
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Theproof for h“•�… is similar. For S-sets:

k x:D; CxnH|¦k d r cn

§ EXPAND |â¨

d kak x:D; y:Cxn ; ˜�™œk x r yn�k d r cn­uRŒ
n

§ SIMPLIFY EQUATION ¨

q

d

k x; y; kN˜�™ xd; ˜�™ ycn•uRŒ
n

§ DECIDE IF x d d ¨

d

‘

d m : k D | d n

‘

; y:Cd m ; kN˜�™ d m d; ˜�™ ycnluRŒ

‘

d ; y:Cd ; kN˜�™ dd; ˜�™ ycn•uRŒ

§ SIMPLIFY EQUATIONS ¨

q

d

d m ; y; ŒßuRŒ

‘

d ; y; ˜�™ cy uRŒ

§ ALGEBRA ¨

q

d

k d m : k D | d n ; Cd mÈn�ozk Cd | cnµe

ÚÛ

Returningto our original motivation, we now know enoughto establishthat the relevant standard
containeroperatorspreserve decidabilityof containers.

Theorem 4.1.(Container decidability closure)
Decidabilityof containersis closedunder

¶

, y , º , o , p and |¸§È|Î¿ .

Proof:
Inspectingthepositionfamiliesgeneratedby theseoperators,they useonly set-formingoperationswhich
preserve decidability, aswehave establishedabove.

ÚÛ

5. DerivativesUniversally

In analogywith theclassicaldevelopmentof derivatives,we will �rst specifyderivativesby a universal
propertyandthenpresentan implementationfor decidablecontainerswhich satis�esour speci�cation.
In our context thenotioncorrespondingto linear functionsarecartesianmorphismswhich thencanbe
usedto specifyderivatives.

A cartesianmorphism is a container morphism whose action on positions is a family of
isomorphisms,i.e. we de�ne thecategory Con v which hasthesameobjectsasCon but with homsets
Conv€k F r Gn :Setgivenby

Convwk F r Gn : d?k s :S u T; k s: Sn•u Q k s snlq

d

k Psnan

for F d?k s:S © Psn , G d?k t :T © Qt n . Theidentityandcompositionareinheritedfrom Con.
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Wecannow specifythederivative of acontainerasthelinearapproximationsof its tangents,sothat
thederivative of G is de�ned to beequippedwith anisomorphism

Conv k F xzy

r Gn{q

d

Conv k F r ¶Gn

naturalin F. HereF x G is givenby thecartesianproductof containers,which is a monoidaloperator
on Conv . We do not assumethat¶G alwaysexists,not all containersaredifferentiable.We leave it to
futurework to identify thesubcategory of differentiablecontainersfor which¶ is natural.

Naturalityin F meansthatgivencartesiancontainermorphismsa :Con v k H r F n , b :Conv k F xzy

r Gn

andwriting qF for theisomorphismabove, thereis anequalityqH k b Å�k a x×yÝnan{dVk qFb n,Å a .
More concisely, we can say that the derivative of G is a cartesiancontainermorphism sG :

Conv€k ¶G xzy

r Gn which is auniversal arrow from thefunctor |>xzy :Con vã¢ Conv to G.
Wecanexplicitly calculatethederivative of adecidablecontainer:

¶ k s:S © Psn : dVk s:S; p:Ps © Ps | pnwe

For n-ary containersthespeci�cationis

Conv€k F x Pi r Gn{q

d

Convwk F r ¶iGn

naturalin F andG andtheconstructionis givenby thefollowing:

De�nition 5.1.(Derivative)
Wede�ne theoperator¶i on adecidablen o 1-arycontainersasfollows:

¶i k s:S © P0 sr

eaeae

r Pn sn

: d k s:S; pi :Pi s © P0 sr

eaeae

r Pi
~

1 sr Pi s | pi r Pi ä 1 sr

eaeae

r Pn sn€e

Thatis, theshapeof aderivative includesthechoiceof positionfor thehole;theholeis thenexcluded
from thederivative's positions.

We illustratethisby a trianglediagramwith apositioncutout, like this:

s

S ©½å Ps
ª

n
pn :Pn ss

...

ª

i
pi :Pi s

s

...

ª

0
p0 :P0 ss

yields s

¶i k S ©
åPsn

ª

n
pn :Pn ss

...
pmi :Pi s | pi

s

pi
s

ª

i

...

ª

0
p0 :P0 ss

Let us now verify that our implementationof derivatives satis�es the speci�cation. To avoid
unnecessaryclutterwe only considerthecaseof theunaryderivative — thegeneralisationto then-ary
caseis straightforward.

Theorem5.1. If G is adecidablecontainerthenthereis anisomorphism

Conv
k F xzy

r Gn{q

d

Conv
k F r ¶Gn

naturalin F.
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Proof:
Let G d?k t :T © Qt n , F d?k s:S © Psn andexpandtheleft handside

Conv€k F xzy

r Gn

§ EXPAND F,G̈

d Conv kak s:S © Psn�xzkN•Ó©€•�n

r

k t :T © Qt nan

§ EXPAND x , S ABSORBS •�¨

q

d

ConvÃkak s:S © Ps o×•�n

r

k t :T © Qt nan

æ

EXPAND ConvÃç

d k s :S u T; k s:Snlu¹k Q k s snlq

d

Ps o 1nan

§ FACTOR OUT S̈

q

d

k s:Snèu¹k t :T; Qt q

d

Ps o 1n

andtheright handside

Conv€k F r ¶Gn

§ EXPAND F,G,¶ ¨

d Conv
kak s:S © Psn

r

k t :T; q:Qt © Qt | qnan

æ

EXPAND Con
v

, SPLIT t
ç

d k l se�k t t sr t q sn :S u¹k t :T; Qt n ; k s:Snèu¹k Q k t t snH| t q s q

d

Psnan

§ FACTOR OUT S̈

q

d

k s:Sn•uÒk t :T; q:Qt; Qt | q q

d

Psn€e

Now by appealingto lemma4.1theisomorphismis established.
To show thatthis is anaturalbijection,it is instructive to chasethefateof id¶G throughthebijection

above to amorphismsF :Conv
k ¶G xzy

r Gn . First specialisetheexpansionof theright handtypeto

Convwk ¶G xzy

r Gn{q

d

k t0 :T; q:Qt0 n•u¹k t1 :T; Qt1 q

d

k Qt0 | qn�o×•�n

andthenwe cancomputesF
d l tq e�k t r Dq n on theright handsideof this isomorphism.Naturality then

followsby observingthattheisomorphismCon v
k F r ¶Gn"u Conv

k F xµy

r Gn is inducedby composition
with sF , takinga :Con vÃk F r ¶Gn to sF

Å(k a x×yÝn .

ÚÛ

6. Laws of Derivatives

Let usnow establishthat¶ satis�esthe laws we expect. Theargumentswe give hereextendreadily to
n-ary containers.Theproofswe presentall follow thesameplan:

1. expandde�nitions of thecontainers,containeroperationsand¶ onbothsides;

2. simplify theinstancesof P | p whicharisein eachcaseby therulesfrom Proposition4.4;

3. ensurethattheshapeson eachsidehave beenanalysedinto casescarryingthesameinformation,
andthatfor eachcase,thepossiblepositionsalsocorrespond.
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It is no idle coincidencethat theseproofscorrespondcloselyto theexecutableconstructionswhich
they precipitate. We give a step-by-steptreatmenteven to the simpler laws, by way of introductory
example.As we developeachside,we indicatewhatwe areexpandingor how we aresimplifying with
a directed § HINT ¨ . To reduceclutter, we shalloftenomit repeatedtypeannotationson variableswhere
they areunchangedfrom their previousexplicit usage.This maybeunusualmathematicalpractice,but
it is acommonplaceof programming.Its advantagehereover thepoint-freestyleis thatit keepsexplicit
thestructuraldependencieswhicharecrucialto this work, whilst leaving implicit only whathasalready
beenstated.Similarly, we shall often write k A | an asjust kN| an , if we have alreadyintroduceda: A.
Hence,for example,we mightwrite

¶ k s:S © Psn

§ EXPAND ¶ ¨

d k s; p:Ps ©µ| pnwe

When we have developedboth sides,we shall illustrate the intuition behindthe expandedforms
by drawing triangle diagramsfor the possibleforms of the structurebeing differentiated,and the
derivativesthey yield. Thelatterdiagramsindicatetheshapeandpositioninformationfor eachpossible
con�gurationwith thesameidenti�ers which appearin theproof. Onemaythenreadilycheckthat the
two sidescorrespondbothto theintuition givenby thediagramsandto eachother.

Proposition6.1.(ConstantRule)
¶ k

¶

C n{q

d

¶

Œ .

Proof:
Constantcontainershave shapesbut no positionsfor payload.

c
¶

C

ª

Henceweshouldexpectanemptyderivative. Developingbothsides:

¶ k

¶

C n

¶

Œ

§ EXPAND
¶

¨ § EXPAND
¶

¨

d ¶ k c:C ©]Œ
n d k‹Œ·©·Œ
n

§ EXPAND ¶ ¨

d k c; x: Œ•©€| xn

§ SIMPLIFY |â¨

q

d

k c; x: Œ•©•Œ
n

§ DISTRIBUTE Sr

Œ�¨

q

d

k‹Œ·©•Œ
n

ÚÛ
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Proposition6.2.(Identity Rule)
¶ y�q

d

¶

• .

Proof:
Theidentity containerhasoneshapeandoneposition.Its derivative is unique:

kKn

y

ª

s

yields

kKn

¶ y

s

ª

Developingbothsides:

¶ y

¶

•

§ EXPAND yÝ¨ § EXPAND yÝ¨

d ¶ kN•°©w•�n d kN•°©·Œ
n

§ EXPAND ¶ ¨

d kN• ; kKnâ©w|ÇkKnan

§ SIMPLIFY |â¨

q

d

kN• ; kKnâ©·Œ
n

q

d

kN•¸©]Œ
n

ÚÛ

In thenext threeproofs,we take F andG to betypical 1-arycontainersk s:S © Psn and k t :T © Qt n

respectively, whilst H is a typical 2-arycontainer, k u:U © R0 u r R1 un .

Proposition6.3.(SumRule)
¶ k F o Gn{q

d

¶F o ¶G.

Proof:
F o G yieldstwo typical forms,andthecorrespondingchoiceof derivative forms:

h••&„

s

F

ª

ps

or h••&…

t

G

ª

qs

yields h“•�„

s

¶F
pm

s

p s

ª

or h“•�…

t

¶G
qm

s

q s

ª



M. Abbott,T. Altenkirch, N. Ghani,C. McBride/ ¶ for Data 19

Developingbothsides:

¶ k F o Gn

§ EXPAND F r G̈

d ¶ kak s:S © Psn�o¡k t :T © Qt nan

§ EXPAND oé¨

d ¶

•

h“•�„ s © Ps
‘

h“•�… t © Qt ’

§ EXPAND ¶ ¨

d

•

h••&„ s; p:Ps ©ê| p
‘

h••&… t; q:Qt ©ê| q ’

§ DISTRIBUTE Sr

oÇ¨

q

d

•

h••&„ak sr pn=© pm : | p
‘

h••&…�k t r qnÍ© qm : | q ’

¶F o ¶G

§ EXPAND F r G̈

d ¶ k s:S © Psn�o ¶ k t :T © Qt n

§ EXPAND ¶ ¨

d k s; p:Ps ©w| p n&o¡k t; q:Qt ©µ| q n

§ EXPAND oà¨

d

•

h••�„�k sr pnL© pm : | p
‘

h••�…
k t r qn£© qm : | q ’

Wearrive at thesameanalysis.

ÚÛ

Proposition6.4.(Product Rule)
¶ k F p Gnbq

d

¶F p G o F p ¶G.

Proof:
Productshave one typical form, but with two typical kinds of position,hencea choiceof derivative
forms:

r

s

F

ª

ps

t

G

ª

qs

yields r

s

¶F
pm

s

p s

ª

t

G

ª

qs

or r

s

F

ª

ps

t

¶G
qm

s

q s

ª
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Developingtheleft-handside:

¶ k F p Gn

§ EXPAND F r G̈

d ¶ kak s:S © Psnlp]k t :T © Qt nan

§ EXPAND pÍ¨

d ¶ k s; t © Ps o Qt n

§ EXPAND ¶ ¨

d

•

s; t; h“•�„ p:Ps ©8k Ps o Qt n,|wh••&„ p
‘

s; t; h“•�… q:Qt ©8k Ps o Qt n,|wh••&… q ’

§ SIMPLIFY |â¨

q

d

•

s; t; h“•�„ p © pm : k Ps | pn&o Qt
‘

s; t; h“•�… q © Ps o qm : k Qt | qn ’

Developingtheright-handside:

¶F p G o F p ¶G

§ EXPAND F r G̈

d ¶ k s:S © Psn•p]k t :T © Qt n&o¡k s:S © Psn•p ¶ k t :T © Qt n

§ EXPAND ¶ ¨

d k s; p:Ps ©µ| p nlp]k t © Qt n�ozk s © Psnlp•k t; q:Qt ©€| q n

§ EXPAND pÍ¨

d k s; p; t ©€kN| p n&o Qt n�o¡k s; t; q © Ps o¡kN| q nan

§ EXPAND oà¨

d

•

h“•�„�k sr p r t nÎ©êkN| p n�o Qt
‘

h“•�…
k sr t r qnÔ© Ps o¡kN| q n
’

§ FACTORIZE ¨

q

d

•

s; t; h“•�„ p © pm : k Ps | pn&o Qt
‘

s; t; h“•�… q © Ps o qm : k Qt | qn

’

asrequired.

ÚÛ
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Wechooseto treatthe`localde�nition' instanceof theChainRulein detail,asit introducesthebasic
stepwhichwe iteratewhendifferentiating�x edpoints.

Proposition6.5.(Chain Rule—localde�nition)
¶ k H § G¿ën•q

d

¶0H § G¿�o ¶1H § G¿�p ¶G.

Proof:
H § G¿ containerscapturethisgeneralform

u

H § G¿

r1 Ä

u hr1

G

ª

qss

ª

r0
s

with two typicalpositionsfor payload—eitherat thetop level, correspondingto the�rst parameterof H,
or within a G containerlocatedat a positioncorrespondingto thesecondparameterof H. We shallsee
thisanalysisemergeaswe developtheleft-hand-side:

¶ k H § G¿ën

§ EXPAND H r G̈

d ¶ kak u:U © R0 u r R1 un(§ t :T © Qt ¿ën

§ EXPAND |Ç§È|É¿ë¨

d ¶ k u; h:R1 u u T © R0 u o¡k r :R1 u; Q k hr nanan

§ EXPAND ¶ ¨

d

•

u; h; h••&„ r0 :R0 u ©êk R0 u o¡k r; Q k hr nanan,|wh“•�„ r0
‘

u; h; h••&…�k r1 :R1 u r q:Q k hr1 nanŸ©êk R0 u o¡k r; Q k hr nanan,|wh“•�…
k r1 r qn
’

§ DISTRIBUTE h INSIDE o IN ORDER TO. . . ¨

q

d

•

u; h••&„�k h r r0 n ©êk R0 u ozk r; Q k hr nananH|wh••&„ r0
‘

u; h••&…�k r1 r h r qnL©êk R0 u ozk r; Q k hr nananH|wh••&…�k r1 r qn

’

§ . . . SPLIT h AT r1 ON SECOND LINE ¨

d ìí

í

í

íî

u; h••�„�k h r r0 n

©€k R0 u o¡k r; Q k hr nanan,|wh“•�„ r0
‘

u; h••�…
k r1 r

§ t :T r hm : kN| r1 n•u T ¿

r q:Qt n

©€k R0 u o¡k r; Q ka§ t r hm•¿ r nanan,|wh••&…
k r1 r qn

ï�ð

ð

ð

ð

ñ

§ SIMPLIFY |â¨

q

d

•

u; h••&„�k h r r0 n ©8k r m0 : | r0 n�ozk r1 :R1 u; q:Q k hr1 nan

‘

u; h••&…�k r1 r

§ t r hmÝ¿

r qnŸ©Bk r0 :R0 un�o¡k r m1 : | r1; q:Q k hm r m1 nan&o¡k qm : | q n

’

Theeffect of theabove is that,dependingon which parameterof H accountsfor thehole's position,
theremainingpositionscanavoid it in avarietyof ways,asshown below:
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holeon top holebelow

u

¶0H § G¿

r1 Ä

u hr1

G

ª

qss

r m0
s

r0
s

ª

u

¶1H § G¿

r1
s r1 Ä

u t
¶G qm

s

q s

ª

r m1 Ä

u hm r m1

G

ª

qss

ª

r0
s

If theholeis on top(r0 in the�rst case),adifferentpositioncanbeeitheradifferentr m0 on topor any
q below any r1. In thesecondcase,theholeis atq below r1, andmaybeavoidedin threeways—choose
r0 on top,chooseany q below adifferentr m1, or chooseadifferentqm underr1. This is theanalysiswhich
theright-handsidemakesexplicit:

¶0H § G¿�o ¶1H § G¿�p ¶G

§ EXPAND H r G̈

d

¶0 k u:U © R0 u r R1 un(§ t :T © Qt ¿

o ¶1 k u:U © R0 u r R1 un(§ t :T © Qt ¿�p ¶ k t :T © Qt n

§ EXPAND ¶0 r ¶1 r ¶ ¨

d

k u; r0 :R0 u ©€| r0 r R1 un(§ t © Qt ¿

o k u; r1 :R1 u © R0 u r

| r1 n(§ t © Qt ¿�p]k t; q:Qt ©µ| q n

§ EXPAND |Ç§È|É¿ë¨

d

k u; r0; h:R1 u u T ©¦kN| r0 n&o¡k r1 :R1 u; Q k hr1 nanan

o k u; r1; hm : kN| r1 n•u T © R0 u ozk r m1 : | r1; Q k hm r m1 nanan

p k t; q ©€| q n

§ EXPAND pÍ¨

d

k u; r0; h ©¦kN| r0 n&o¡k r1; Q k hr1 nanan

o k u; r1; hm ; t; q © R0 u o¡k r m1; Q k hm r m1 nan�ozkN| q nan

§ EXPAND oà¨

d

•

h••&„�k u r r0 r hn ©Bk r m0 : | r0 n&o¡k r1; q:Q k hr1 nan

‘

h••&…�k u r r1 r hm

r t r qnŸ©Bk r0 :R0 un�ozk r m1; qm :Q k hm r m1 nan�o¡k qm : | q n
’

Thetwo sides,sodeveloped,areisomorphicby applicationof basicalgebraiclaws.

ÚÛ

Thegeneralcaseis asfollows:

Proposition6.6.(Chain Rule)
If F is ann-arycontainer, and åG is ann-vectorof m-arycontainers,then,for 0 ò j ³ m, the jth derivative
of then-fold compositionk F Å

åGn is givenby

¶ j k F Å

åGn•q

d å
0 ó i ô n

k ¶iF n�Å

åG p ¶ jGi

The proof follows the sameplan asabove. A j-hole in an k F Å

åGn is a j-hole in someGi sitting at
ani-hole in theF. Its context mustthereforeexplain thecontentsof all theotherG's, togetherwith the
remainderof theGi whichcontainsthehole.
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7. Fixpoints of Containers

Givena2-arycontainerH d u:U © R0 u r R1 u andf is eithermor n wede�ne acontainerf H

f H d2k w : F ©wº�ƒ�i Hwn

whereF d f X e#k u:U; k R1 unlu X n is
ž

U R1 (   U R1 resp.)with

i�†�õ : k u:U n•uök R1 u u F n•u F

and º�ƒ�i H :F u Setis de�ned inductively by

r0 :R0 u
jNƒ�õ r0 : º�ƒ�i H këi�†&õ u f n

r1 :R1 u x: º�ƒ�i H k f r1 n

÷

‡�„ ƒ�ø r1 x: º�ƒ�i H këi�†�õ u f n

Weareableto derive anisomorphismh•• H d2k s r y n suchthat h“• H representstheconstructorin theinitial
algebracaseand h••

~

1
H thedestructorin theterminalalgebracase:

h•• H :H § f H ¿�q

d Con f H

by
s k u r f n=©°h••&„ r0

‘

s k u r f n=©°h••&…�k r1 r xn

¤

i�†�õ u f © y këj�ƒ�õ r0 n

‘

i�†�õ u f © y k

÷

‡�„ ƒ�ø r1 xn

usingthat
H § f H ¿&d?k u:U; f :R1 s u w:F © R0 u o¡k r1 :R1 u; º�ƒ�i H k f r1 nanan

In Abbott et al. (2005)we show that thenamesmH andnH arejusti�ed, i.e. containersareclosed
underconstructinginitial algebrasandterminalcoalgebrasof theirextension

Theorem7.1. GivenH asabove wehave:

1. ka« mH ¬ X r

«Nh“• H ¬ X n is theinitial « H ¬ X algebra.

2. ka« nH ¬ X r

«Nh••

~

1
H ¬ X n is theterminal « H ¬ X coalgebra.

Theassignmentis naturalin X.

Notethatalthoughthetheoremholdsin theinitial andterminalcase,it is not truefor any �xpoint.
All theingredientsof thisconstructioncanbederivedfrom

ž

-types:In (Abbott,2003;Abbottetal.,
2005)we showedthattheinductive family º�ƒ�i H is de�nableusing

ž

-typesandin (Abbottet al., 2005)
we show that   -typesarederivable from

ž

-types. In particularwe do not assumethe presenceof a
universe.

To calculatethederivative of �xpoints, wewill needa lemmato characterisecomplementsof º�ƒ�i H :

Lemma 7.1.

º�ƒ�i H këi�†�õ u f nH|8jNƒ�õ r0 q

d

k R0 u | r n&o¡k r1 :R1 u; º�ƒ�i H k f r1 nan

º�ƒ�i H këi�†�õ u f n,|

÷

‡�„ ƒ�ø r1 x q

d

k R0 un&o¡k r m1 :R1 u | r1; º�ƒ�i H k f r m1 nan

oÑkNº�ƒ�i H k f r1 nH| xn

Proof:
By expandingthe�xpoint andthenapplyingprop4.4.

ÚÛ
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8. Derivativesof Fixpoints

Let f beeithermor n. Let usnow differentiatethe�xpoint containerf H whereH d:k u:U © R0u r R1 un .

As above, let F be
ž

U R1 or   U R1, correspondingto thechoiceof f , andrecallthat

f H dVk w:F ©wº�ƒ�i H wn

Proposition8.1.(Fixpoint rule)
¶ k f H n q

d

mH m where

H m

d?kš¾ ¶0H § f H ¿ën&o¡kš¾ ¶1H § f H ¿ën•p•º 1

In effect,anX'scontext is a �nite sequenceof stepsrecordingthecontext of a sub-f H insidea f H,
leadingusto thenodewheretheX was,andterminatedby its context within thatnode.A typicalelement
thusresemblesthefollowing:

h••

Å

h••&…

¶1H § f H ¿

s

Ä

u

ÅaÅaÅ

h••

Å

h••&…

¶1H § f H ¿

s

Ä

u

h••

Å

h••&„

¶0H § f H ¿

s

ª

ª

ª

Wecansketchtheargumentby expanding�xpoints andapplyingthechainrule.

¶ k f H n•q

d

¶ k H § f H ¿ënbq

d

¶0H § f H ¿�o ¶1H § f H ¿#p ¶ k f H n

q

d

q

d

mH m q

d

¶0H § f H ¿�o ¶1H § f H ¿#p mH m

Thereis an obvious candidatefor a recursive isomorphismbetweenthe two, but doesit make sense?
Weshouldbeoptimistic: theshapesin ¶ k f H n includepositionsfrom f H whichareinductively de�ned
regardlessof whetherf is mor n, whilst mH m is clearlyinductive. Wenow make this intuition precise.

Proof:
Following our usualprocedure,we develop the left-handsideby expandingde�nitions andsimplifying
complements:
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¶ k f H n

§ EXPAND f ¨

d ¶ k w:F ©€º�ƒ�i H wn

§ EXPAND ¶ ¨

d w:F ; x: º�ƒ�i H w ©€| x

§ MATCH x¨

d

•

i�†�õ uh; j�ƒ�õ r0 :R0 u ©Bº�ƒ�i H këi�†�õ uhn,|¦këjNƒ�õ r0 n

‘

i�†�õ uh;
÷

‡�„ ƒ�ø r1 x ©Bº�ƒ�i H këi�†�õ uhn,|¦k

÷

‡�„ ƒ�ø r1 xn

’

§ ON SECOND LINE, SPLIT h AT r1 ¨

d

ìí
î

i�†�õ uh ; j�ƒ�õ r0 ©Bº�ƒ�i H këi�†�õ uhnH|¦këj�ƒ�õ r0 n

‘

i�†�õ u § wr hm : kN| r1 n{u F ¿ ;
÷

‡�„ ƒ�ø r1 x ©

º�ƒ�i H këi�†&õ u § wr hm
¿ën,|¦k

÷

‡�„ ƒ�ø r1 xn

ï�ð

ñ

§ SIMPLIFY |ß¨

q

d

ìíî

i�†�õ uh ; j�ƒ�õ r0 ©8k r m0 : | r0 n�ozk r1 :R1 u; y: º�ƒ�i H k hr1 nan

‘

i�†�õ u § wr hm
¿ ;

÷

‡�„ ƒ�ø r1 x ©¥k r0 :R0 unao

kak r m1 : | r1; z: º�ƒ�i H k hm r m1 nan�o¡k xm : º�ƒ�i H w | xnan

ï�ð

ñ

Remark—inthe stepwherewe split h at r1, we did not �rst apply algebraiclaws, permutingthe
patternsto move r1 left of h; we couldclearlyhave doneso,at thecostof someobfuscation.

As onemight expect,thehole is eitherat the top nodeor below it, whilst thepositionsexplain the
waysto avoid the hole. We illustratethe possibilitiesbelow, showing the componentsof the position
informationasnamedabove.

holeon top holebelow r1

i�†&õ uh; j�ƒ�õ r0

¶0H § f H ¿

r1 Ä

u hr1

f H

ª

yss

r m0
s

r0
s

ª

i�†&õ u § wr hm
¿ ;

÷

‡�„ ƒ�ø r1 x
¶1H § f H ¿

r1
s

Ä

u w

¶f H
x s

ª

xm

s

r m1 Ä

u hm r m1

f H

ª

zss

ª

r0
s

Observe that if the hole is on top (r0), anotherposition must either be elsewhereon top (r m0) or
anywhere(y) in any subtree(r1). If theholeis below (r2), anotherpositionmustbeeitheron top (r0), or
anywhere(z) in a differentsubtree(r m1), or in thesamesubtreeastheholebut elsewhere(xm ).

Wearrive at thesameanalysiswhenweexpandmH m .
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mH m

§ EXPAND H m“¨

d mkakš¾ ¶0H § f H ¿ën�o¡kš¾ ¶1H § f H ¿ënlp•º 1 n

§ EXPAND H r f ¨

d m

•

kš¾ ¶0 k u © R1 u r R2 un(§ w ©wº�ƒ�i H w¿ën

o kš¾ ¶1 k u © R1 u r R2 un(§ w ©wº�ƒ�i H w¿ën•p•º 1 ’

§ EXPAND ¶0 r ¶1 ¨

d m

•

kš¾Ók u; r0 :R0 u ©€| r0 r R1 un(§ w ©€º�ƒ�i H w¿ën

o kš¾Ók u; r1 :R1 u © R0 u r

| r1 n(§ w ©€º�ƒ�i H w¿ën•p•º 1 ’

§ EXPAND |¸§È|Î¿

r

¾

r

º 1 ¨

d m
ìíî

u; r0; h:R1 u u F ©µkN| r0 n&o¡k r :R1 u; º�ƒ�i H k hr nan

r

Œ

o

•

u; r1; hm : kN| r1 n•u F © R0 u o¡k r m : | r1; º�ƒ�i H k hm r m
nan

r

Œ

p •¸©]Œ

r

•

’

ï�ð

ñ

§ EXPAND p£¨

d m

•

u; r0; h ©µkN| r0 n&o¡k r; º�ƒ�i H k hr nan

r

Œ

o u; r1; hm
© R0 u o¡k r m : | r1; º�ƒ�i H k hm r m

nan

r

•
’

§ EXPAND oÇ¨

d m

•

h••�„�k u r r0 r hn;©BkN| r0 n&o¡k r; º�ƒ�i H k hr nan

r

Œ

‘

h••�…�k u r r1 r hmtnŸ© R0 u o¡k r m : | r1; º�ƒ�i H k hm r mánan

r

•

’

§ EXPAND m̈

d wm :
ž

U m Rm1 ©wº�ƒ�i�ù uú :U úšû Rú0 uú•ü Rú1 uúþý

wm

where

U m containstheshapeu of onenode,
theholer0 or astepr1 towardsit,
theshapesh or hm of thesubtreeswheretheholeis not

U mld

k u:U; r0 :R0 u; h:R1 u u F n holer0 on top

o k u:U; r1 :R1 u; hm : kN| r1 n{u F n holebelowr1

Rm0 explainshow to divergefrom thehole's pathat thetopnode

if holeon top go elsewhere on top,or below

Rm0 k”h“•�„#k u r r0 r hnan d k r m0 : | r0 n�o¡k r1; y: º�ƒ�i H k hr1 nan

if holebelow go on top,or belowto a differentsubtree

Rm0 k”h“•�…�k u r r1 r hm
nan•d k r0 :R0 un�o¡k r m1 : | r1;z: º�ƒ�i H k hm r m1 nan
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Rm1 explainshow to follow thehole's pathonestepbelow thetopnode

if holeon top youcan't follow its pathbelow

Rm1 k”h“•�„�k u r r0 r hnan d Œ

if holebelow youcan

Rm1 k”h“•�…�k u r r1 r hmtnan¥d •

Wheretheshapeof thederivativeabovecomprisedawholeshapew:F andapositionwithin º�ƒ�i H w,
we now have an inductively de�ned `shapecontext' w m :

ž

U m Rm1 representingboth thepathto thehole
andtheshapeinformationsurroundingit. For eachnodeonthepath,thelattercomprisesthelocalshape
u anda function(h or hm ) giving shapesto thesubtreesbranchingaway at thatpoint. A positionis thus
a pathwhich divergesfrom thepathto theholeat somepoint—eitherat thetop node,or following the
hole's pathinto asubtreer1 anddiverging later.

The following containerisomorphism k s r y n converts betweenthesetwo representations.This
recursive de�nition is terminating: s and y ~

1 are structurallyrecursive on the position of the hole,
whilst s ~

1 andy arestructurallyrecursive on thewhole`shapecontext'. Again,we arecarefulto keep
namesconsistentwith thediagram.

s këi�†�õ uh r

jNƒ�õ r0 n ¤Ìi�†�õLk”h••&„#k u r r0 r hn

r

kKnan

©
Õ

h“•�„ r m0

h••&…�k r1 r yn

¤ © y Õ

jNƒ�õÔk”h••&„ r m0 n

j�ƒ�õÔk”h“•�…�k r1 r ynan

s këi�†�õ u § wr hm
¿

r

÷

‡�„ ƒ�ø r1 xné¤Þi�†&õLk”h••�…�k u r r1 r hm
nan�k s k wr xnan

©Rÿ �

�

��

h••&„ r0

h••�…
k”h“•�„#k r m1 r znan

h“•�…�k”h••&…�k y xm
nan

¤ © y ÿ�

�

��

jNƒ�õÔk”h••�„ r0 n

jNƒ�õLk”h••�…ak r m1 r znan

÷

‡�„ ƒ�ø€kKn xm

ÚÛ

9. Conclusions

Thepresentpaperintroducesandanalysesa differentialcalculusof datatypeswith clearapplicationsin
genericprogrammingandconstructive reasoning.While ourconferencepaper(Abbottetal.,2003b)and
thework presentedin (Abbott,2003)presentedderivativesin category-theoreticterms,thepresentpaper
givesanaccountusingthelanguageof constructive settheory. Weemploy patternmatchingnotationand
containerdiagramsto provide anintuitive accountof theconstructions.

Already in the conferencepaperwe discussedextendingthe underlyingnotion of datatypes,i.e.
containers,to includequotientsof positionsto encompasstypelikethetypesof bagsor multisets.Indeed,
multisetsresemblethe exponentialfunction, and remain the sameunder differentiation. Including
quotientsshouldmake it possibleto usetheequivalentof Taylor's theoremto analysedatatypes.Dueto
reasonsof time andspacewe do not develop this topic herebut leave it to furtherwork to presentthe
developmentof quotientcontainersandtheirusein thedifferentialcalculusof datatypes.It seemslikely
thatwecanexploit existing work on combinatorialspecies,suchas(Fiore,2004).

Currently, we only use the speci�cation of derivatives to derive the concreteimplementationof
differentiationfor containers. We hopeto be able to prove the laws of differentiationdirectly from
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theuniversalproperty, this genericapproachwould thenalsoextendto quotientcontainersdirectly and
wouldnotneedtheprerequisiteof decidability.

An obviousasymmetryin our currentpresentationis thatweusedependenttypesin theexplanation
of datastructureshowever, wedonotanalysedependentlytypedstructures.Wehopeto beableto extend
ourwork in thisdirectionwhichwouldalsoprovideanimportantsteppingstonetowardsanalysinghigher
ordertypes.

Finally, theconstructionspresentedin thispaperareidealcandidatesfor thedevelopmentof alibrary
within a dependentlytypedprogramminglanguagewhosecorrectnesscanbeveri�ed by typechecking.
We plan to implementthe conceptspresentedin this paperin Epigram(McBride andMcKinna, 2004;
McBride,2005+),a proofandprogrammingdevelopmentsystembasedonTypeTheory.
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