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Abstract

Polymorphicregular typesare tree-like datatypesgen-
eratedby polynomialtypeexpressionsover a setof free
variablesandclosedunderleastfixedpoint. The‘equal-
ity types’of CoreML canbeexpressedin thisform. Given
such a typeexpression

�
with � free, this papershowsa

way to representthe one-holecontexts for elementsof �
within elementsof

�
, togetherwith an operation which

will plug an elementof � into theholeof such a context.
One-holecontexts are givenas inhabitantsof a regular
type ��� � , computedgenericallyfromthesyntacticstruc-
ture of

�
by a mechanismbetterknownas partialdiffer-

entiation. Therelevantnotionof containmentis shownto
beappropriatelycharacterizedin termsof derivativesand
plugging in. Thetechnology is thenexploitedto give the
one-holecontextsfor sub-elementsof recursivetypesin a
mannersimilar to Huet’s ‘zippers’[Hue97].

1 Introduction

GérardHuet’s delightful paper‘The Zipper’ [Hue97] de-
finesa representationof tree-like datadecomposedinto a
subtreeof interestandits surroundings.He shows us in-
formally how to equipa datatypewith anassociatedtype
of ‘zippers’—one-holecontexts representinga treewith
onesubtreedeleted.Zipperscollect thesubtreesforking
off stepby stepfrom thepathwhichstartsat theholeand
returnsto theroot. This typeof contexts is thusindepen-
dentof theparticulartreebeingdecomposedor thesub-
treein the hole. Decompositionis seennot asa kind of�
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subtraction, anoperationinherentlytroubledby theneed
to subtractonly smallerthingsfrom larger, but asthe in-
versionof akind of addition(seefigure1).

= +

Figure1: a treeasa one-holecontext ‘plus’ a subtree

Thispaperexhibitsasimilar technique,definedmorefor-
mally, which is genericfor a largeclassof tree-like data
structures—the‘regulardatatypes’.Theseareessentially
the ‘equality types’of coreML, presentedaspolynomial
typeexpressionsclosedunderleastfixedpoint. In partic-
ular, I will defineandcharacterizetwo operations:

� on types, computing for each regular recursive
datatypeits typeof one-holecontexts;� on terms, computinga ‘big’ term by plugging a
‘small’ terminto a one-holecontext.

Thefirst of theseoperationsis givenby recursionon the
structureof thealgebraicexpressionswhich‘name’types.
As I wrote down the rules correspondingto the empty
type, the unit type, sumsandproducts,I wasastonished
to find thatLeibnizhadbeatenmeto themby severalcen-
turies: they wereexactly therulesof differentiationI had
learnedasa child.
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1.1 Motivating Examples

How can we describethe one-holecontexts of a recur-
sive type?Huetsuggeststhatwe regardthemasjourneys
‘backwards’from holeto root,recordingwhatwepassby
ontheway. I proposeto follow hissuggestion,exceptthat
I will startat theroot andwork my way ‘forwards’to the
hole. Both choiceshave their uses:‘backwards’ is better
for ‘treeediting’applications,but the‘forwards’approach
is conceptuallysimpler.

Considersuchjourneyswithin binarytrees:

btree � leaf 	 node btree btree

At eachpoint, we areeitherat the hole or we muststep
further in—our journey is a list of steps,list btree 
 for
someappropriatesteptype btree 
 , but what? At each
step,we must recordour binary choiceof left or right,
togetherwith thebtree wepassedby. We maytake

btree 
�� bool � btree

We candefinethe‘plugging in’ operation asfollows1

��� btree 
 � � btree��� � � btree�
true ����� � ���� node ����
false ��� � � ���� node ���!"!#� list btree 
 � � btree!"! $� � btree% & $���� �� �(')'*!"! �+$���� �,� � !"! -���

We might define btree more algebraicallyas the sum
(i.e. ‘choice’) of the uniqueleaf with nodespairing two
subtrees—powersdenoterepeatedproduct:

btree � 1  btree2

Correspondingly, wemightwrite

1Huetwouldwrite .0/+12143537698;:=<>?353@8A.0/+B�:C6

btree 
@� 2 � btree

Now imagine similar journeys list ttree 
 for ternary
trees:

ttree � 1  ttree3

Eachstepchoosesoneof threedirections,andremembers
twobypassedtrees,so

ttree 
�� 3 � ttree2

It looksremarkablylike thetypeof stepsis calculatedby
differentiatingtheoriginaldatatype.In fact,this is exactly
whatis happening,asweshallseewhenweexaminehow
to computethe descriptionof the one-holecontexts for
regulardatatypes.

2 Presenting the Regular Types

In order to give a precisetreatmentof ‘dif ferentiatinga
datatype’,wemustbepreciseabouttheexpressionswhich
definethem. In particular, theavailability of fixedpoints
requiresusto considerthebindingof freshtypevariables.
Thereis muchactivity in this areaof research,but this is
not the placeto rehearseits many issues.The approach
I take in this paperrelativizesregulartypeexpressionsto
finite sequencesof availablefree names. I thenexplain
how to interpretsuchexpressionsrelative to an environ-
mentwhich interpretsthosenames.

I chooseto give inductive definitionsin naturaldeduc-
tion style. Although this requiresmore spacethan the
datatypedeclarationsof conventionalprogramminglan-
guages,they allow dependentfamilies to be presented
much more clearly: even ‘nested’ types[BM98, BP99]
mustbe defineduniformly over their indices,whilst the
full notion of family allows constructorsto apply only
at particular indices. I also give type signaturesto de-
fined functionsin this way, preferringto presenttheuni-
versalquantificationinherentin their typedependency via
schematicuseof variables,ratherthanby complex andin-
scrutableformulae.
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2.1 Sequences of Distinct Names

Let uspresumetheexistenceof aninfinite2 setName of
names,equippedwith adecidableequality. Wemaythink
of Name asbeing‘string’. ThesetNmSeq maythenbe
definedto containthefinite sequencesof distinctnames.
Eachsuchsequencecanbeviewed‘forgetfully’ asaset.

Name � Set

D � NmSeqD � Set

E � NmSeq

D � NmSeq � � Name �GF� DD=H � � NmSeq

I shallalwaysusenamesin a well-foundedmanner. The
‘explanation’of somename� from somesequence

D
will

involveonly ‘prior’ names—intuitively, thosewhichhave
alreadybeenexplained.It is thereforeimportantto define
for any suchpair, therestriction

DGI � , beingthesequence
of namesfrom

D
prior to � .

D � NmSeq � � DDGI � � NmSeqD=H � I � �� DD=H �KJML �N� I � �� DGI �
As equality on namesis decidable,I shall freely allow
namesto occur nonlinearly in patterns. In order to re-
cover thedisjointnessof patternswithout recourseto pri-
oritizing them,I introducethenotation

JML � to mean‘anyJ
except � ’. Correspondingly, eachclauseof sucha defi-

nition holds(schematically)asanequation.I nonetheless
write �� to indicateadirectedcomputationrule,reserving� for equationalpropositions.

2.2 Describing the Regular Types

Theregulartypesovergivenfreenames,or rather, theex-
pressionswhichdescribethemaregivenby theinductive

2By ‘infinite’, I meanthatI canalwayschooseafreshnameif I need
to createa new binding.

family Reg
D

in figure2. Firstly, we embed3 typevari-
ables

D
in Reg

D
, thenwe give the building blocksfor

polynomialsandleastfixedpoint.

D � NmSeq
Reg

D � Set� � D� � Reg
D

0 � Reg
D O � � � Reg

D
O  � � Reg

D
1 � Reg

D O � � � Reg
D

O � � � Reg
DP � Reg

D=H �Q � .
P � Reg

DP � Reg
D=H � O � Reg

DP 	 � = O � Reg
D � � Reg

D� � � Reg
D=H �

Figure2: descriptionsof regular types

The last two constructorsmay seemmysterious. How-
ever, the redundancy they introducewill save us work
when we cometo interpret thesedescriptionsof types.
We couldchooseto interpretonly Reg E , theclosedde-
scriptions,keepingthe open types underwater like the
dangerousbits of an iceberg. This would requireus to
substitutefor freenameswheneverthey becomeexposed,
for example,whenexpandinga fixedpoint. We would in
turnbeforcedto takeaccountof theequationalproperties
of substitutionsandproveclosurepropertieswith respect
to them.I dispensewith substitution.

ThealternativeI haveadoptedis to interpretopendescrip-
tionsin environmentswhichexplaintheir freenames.The
two unusualconstructorsaboveperformtherôlesof defi-
nition andweakening, respectivelygrowing andshrinking
the environmentwithin their scope. Definition replaces
substitutionandweakeningaddsmorefreenameswithout
modifying‘old’ descriptions.Thisavoidsthepropagation
of substitutionsthroughthesyntacticstructureandhence
concernsaboutcapture—weshallonly ever interpretthe
‘value’of a variablein its binding-timeenvironment.

3In factI amabusingnotationby suppressingaconstructorsymbol.
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2.3 Type Environments

A type environmentfor a given namesequence
D

asso-
ciateseach� in

D
with a typedescriptionover the prior

names,
DGI � .

D � NmSeq
Env

D � SetE � Env ED=H � � NmSeq R � Env
D O � Reg

DR H � = O � Env
D=H �

Wemayequipenvironmentswith operatorsfor restriction
(extractingtheprefixprior toagivenname)andprojection
(lookingupaname’sassociatedtypedescription).R I � is
theenvironmentwhichexplainsthefreenamesin RTSU� .

R � Env
D � � DR I � � Env

DGI � R � Env
D � � DRTSV� � Reg

DGI �
R H � = O I � �� RR H �CJWL ��� = O I � �� R I �
R H � = O SV� �� OR H �KJML �N� = O SV� �� RTSV�

2.4 Interpreting the Descriptions

Now that we have the meansto describeregular types,
we mustsaywhich dataarecontainedby the type with
agivendescription,relative to anenvironmentexplaining
its freenames—wemustgive a semanticsto the syntax.
Figure3 definestheinterpretationR % % � & &

inductively.4

NotethatI have not suppliedconstructorsymbolsfor the
embeddingrulescorrespondingto variable-lookup,def-
inition and weakening. Theseapparentconflationsof
types,e.g. R H � = O % % � & &

with R % % O & &
, areharmless,as the

typestell uswhichembeddingsareoperative.

4The ‘semanticbrackets’ do not representa meta-level operation;
they areintendedto bea suggestive object-level syntaxfor a dependent
family of types.

R � Env
D � � Reg

DR % % � & & � Set� � R I � % % RTSU� & &� � R % % � & &��� R % % O & &
inl ��� R % % O  � & & � � R % % � & &

inr � � R % % O  � & &
XZY � R % %

1
& & �#� R % % O & & � � R % % � & &X � H � Y � R % % O � � & &
� � R % % P 	 � = Q � .

P & &
con � � R % % Q � .

P & &
� � R H � = O % % P & &� � R % % P 	 � = O & & � � R % % � & &� � R H � = O % % � � & &
Figure3: thedatain regular types

2.5 Examples of Regular Types

Let usbriefly examinesomefamiliar typesin thissetting.
We have the unit type 1, so we can use  to build the
booleans:[]\^\�_ �� 1  1

� � Reg
D � any

D �`�a7bMc �� inl
X Y � � R % % []\+\@_ & & � any Rd�eCf�g0h c �� inr
X Y � � R % % []\+\@_ & & � any Rd�

WemayuseQ to build recursivedatatypeslike thenatural
numbersandour treeexamples,againfor any

D
and R , as

a freshboundvariable( � below) canalwaysbechosen:

idjWk �� Q � . 1 -�l cVa�m �� con
�
inl

X Y �h bMnpo �� con
�
inr

o �
[ kVq*r�r �� Q � . 1 s�t�u�v g c f*e �� con

�
inl

XZY �vWw m�xWc ���y�� con
�
inr

X � H � Y �
kVkzq{r�r �� Q � . 1 s�]� � �t�|���` g c f�e �� con

�
inl

X Y �` w m�xWc ��}~� �� con
�
inr

X � H X } H � Y�Y �
4



Wemayuseweakeningto defineanoperationwhichcom-
puteslist types:_ �C� k � �� Q � . 1  � � �p�wW� g �� con

�
inl

XZY �� '�'{��! �� con
�
inr

X � H ��! Y �
Thefinitely branchingtreesmaythusbegivenby� kVq*r�r �� Q � .

_C� � k �e w m�xWc,� ! �� con
� !

2.6 Subterm Orderings for Regular Types

Let usnow definean inductive relation, ���(�� � for � �R % % � & &
and� � R % % � & &

, characterizingthesubtermsof aterm
in

�
accountedfor by � ’s in

�
. Thisrelationcharacterizes�

’s rôle asa containerof � ’s. I omit the obvious ‘well-
formedness’premises.

� � R % % � & &�T� �� �
�T���� ������9�^�� inl � �T�(�� ��T���9�^�� inr �
������ ��T�������� X � H � Y ���(�� ��T�������� X � H � Y

���(�|� � = � � . �� ���� � � . �� con �
��� �� ��T� �]� � = �� � �T���� � � � �� ���� �|� � = �� � ���(�� ���� � �� �

Observethatsubtermsaccountedfor by an � in acompos-
ite typearecharacterizedby arule for eachcomponentof
that type. In particular, the rulesfor a definition

P 	 J = O
find subtermsdueto � ’s in

P
and � ’s in O respectively,

thelatteroccurringwithin subtermsdueto
J
’s in

P
. Note

that the latter rule exploits the fact that we maysee � as
inhabitingboth R % % O & &

and R H J
= O % % J9& &

.

Theeffect of local typevariablesis thusreflectedat their
placeof binding, ratherthanat theirplacesof use.5

The significanceof the phrase‘accountedfor by the � ’s
in

�
’ is shown by thissimpleexample:

If we take R�� E H � =
v m�m g H J

= �
wecanderive

`�a7bWc � � � �� X `�a7bWc H eCf�g)h c Y
but not

eCf�g)h c � � � �� X `7a�bWc H eCf�g0h c Y
The point is that

eCf�g0h c
hastype � on accountof the � in

thisparticularR ’sdefinitionof
J
, whereas,irrespectiveofR , wecanalwaysderive� � � � �� X � H � Y

However, dischargingthedefinitionof
J

in ourexample:

Taking R�� E H � =
v m�m g

wecanderive
`�a7bWc � � � ��� � = �� X `7a�bWc H eCf�g0h c Y

and
eCf�g)h c � � � ��� � = �� X `7a�bWc H eCf�g0h c Y

Both � ’s areaccountedfor by theindicatedtype,andthe
derivationsfollow respectivelyby thetwo definitionrules.

A similar phenomenonoccursif we try to specializethis
orderingto the � ’s containedby a

_C� � k � , thatis, to deter-
minewhen

�t� � � . 1 � � ��� �� � !
Only therulefor fixedpointsapplies,showingthisderived
rule to becomplete:

����� 1 � � � � �U��� � = � � . 1 � � � � �� �Z� !���(� � ¡5¢ �� con
� � !

Thepremisecanonly befurthersimplifiedby thedefini-
tion rules: thedirectrule findsonly theheadof thelist in� ; theindirectrule’ssecondpremisefindsonly thetail inJ
, andthefirst demandsthatwesearchfor an � within that

tail. Wethusderive(andshow complete)thetwo ruleswe
mighthavehopedfor:

5It would be interestingto investigatea notion of subtermwith a
single rule for definitionscapturing‘ £ -subtermswithin ¤ -term : , re-
memberingthat ¥ really means¦ ’: however, we would paywith extra
complexity in the rule for variables,and with the needto carry extra
environmentalinformationexplicitly.
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���(� �2¡5¢ �� � � ')' � ! � �t� �§�2¡5¢ �� � !���(� �2¡5¢ �� � ��'�' � ! �
We may exploit this ‘containment’relationto definethe
usualsubtermrelationfor recursive types,namely � � � . �for R % % Q � .

P & &
, asfollows:

�T� � � . � � �T� � � . � � � � �� ��T� � � . � con �
Thatis, to find asubtermof con � � R % % Q J

.
P & &

, eitherstop
whereyouare,or movedown onelevel to an � contained
by

P
andrepeat. � �� cannotgo further thanone level,

because� is freein
P

!

With alittle work,wecanspecializetheserulesfor
[ kzq{r�r

to

���,¨ ¢ª©¬«"« �
�t� ¨ ¢5©�«�« ��t�,¨ ¢5©�«�« � vWw m�xWc �9�*� �t� ¨ ¢5©�«�« ����,¨ ¢ª©¬«"« � vWw m�x�c �9���

3 One-Hole Contexts

Let usnow turn to thegenericrepresentationof one-hole
contexts for recursiveregulartypes.We shallfirst needto
seewhat‘onestep’is.

The immediate recursive subtermsin some con � of
type R % % Q � .

P & &
arethosesubtermsof � which correspond

to the occurrencesof � in
P

—recall that � has typeR H � = Q � .
P % % P & &

. We thereforeneedto describethe one-
holecontexts for � ’s in

P
’s. Since

P
may itself contain

fixedpoints,theprimitiveoperationweneedto definewill
computefor

P
thetypeof one-holecontextsfor any of its

freenames.This operationis exactly partial differentia-
tion.

3.1 Partial Differentiation

Thepartialderivativeof a regulartypedescription
�

with
respectto a freename� is computedby structuralrecur-

sionover thesyntaxof
�

.6 It is definedin figure4.

� � D � � Reg
D� � � � Reg

D
����� �� 1��� �CJML ����� 0��� 0 �� 0� � � O  � �®�� � � O ¯� � �� � 1 �� 0� � � O � � �®�� � � O � �  O �°� � �� � � Q J
.
P ��� Q^± . � � P 	 J = Q J

.
P ² � � P 	 J = Q J

.
P ² � ±� � � P 	 J = O ��� � � P 	 J = O ¯� � P 	 J = O ��� � O� � � � �� 0� � � �z³ � �� � � � �

Figure4: partial differentiation

Thefirst six linesarefamiliarfrom calculus.For one-hole
contexts,they tell usthat

� an � containsone � in trivial surroundings� a
J

otherthan � containsno �� constantscontainno �� wefind an � in an O  �
in eitheran O or a

�
� wefind an � in an O � �

either(left) in the O , passing
the

�
, or (right) in the

�
passingthe O

Notethatpartialdifferentiationis independentof environ-
ments:it is definedon thesyntaxof typesalone.Justlike
thesubtermordering,it takesno accountof thepossibil-
ity thatsome

J
might, for someR , expandin termsof � .

However, partialdifferentiationis thebasictool by which
totaldifferentiationis constructed,andthisis exactlywhat
weneedwhenwegoundera binderandbecomeliable to
encounterlocal nameswhichpotentiallydoconceal� ’s.

The rule for definitionsagainhandleslocal variablesat
their placeof binding, summingthetypesof contexts for

6It is depressinghow few mathematicsteachersdeignto impart this
vital clueto calculusstudents,giving themrulesbutnomethod. I learned
differentiationfrom thepatternmatchingalgorithmgivenin [McB70].
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� ’s occurringdirectly in
P

, andindirectly in an O buried
within a

J
. In conventionalcalculus,this is effectively the

‘chain rule’ extendedto functionsof twoarguments´´ ��µ � ¶ ��·U�|� � ´´¹¸ µ � �º��»�� ´{¼´ �  ´´¹½ µ � �º��»�� ´{¾´ � �z	 � ¸�¿ ½ �KÀ � ¼¹¿ ¾ �
in thespecialcasewhere

¶
is � .

Oncewe know how to differentiatedefinitions,we can
maketheleapto fixedpoints.If weexpandthefixedpoint
andapplythe‘chain rule’, weobtain:

� � � Q J
.
P �� � � � P 	 J = Q J

.
P �� � � P 	 J = Q J

.
P � � P 	 J = Q J

.
P �°� � � Q J

.
P �

It is temptingto solve this recursiveequationwith a least
fixedpoint,but doesthisgive thecorrecttypeof one-hole
contexts? Yes:every � insidea Q J

.
P

mustbea pieceof
‘payloaddata’attachedto some

J
-nodeburiedat a finite

depth. Henceour journey takesus either to an � at the
outermostnodeand stops—hencethe � � P

in the ‘base
case’—orto a subnodeandonwards—hencethe � � P in
the‘stepcase’:it muststopeventually. We mustweaken
at ± , for ± is not freefor

P
. Our journey is clearly linear:

thebodyof thefixedpoint is syntacticallylinearin ± . In-
deed,the following setisomorphismholds,showing that
our journey is a list of ‘steps’with a ‘tip’:

R % % Q^± .
� ²  O ² � ± & &^Á� R % %)� _ �C� k O �*� � & &

Therulesfor differentiatinganexplicit weakeningsimply
short-circuittheprocessif thenameweseekis thatbeing
excluded.

3.2 Examples of Derivatives

Beforewedevelopany moretechnology, let uscheckthat
partialdifferentiationis giving usthekind of answerswe
expect.Of course,thetypeswe getbackwill containlots
of ‘0  ’ and‘1 � ’, but theusualalgebraiclawswhichsim-
plify suchexpressionsholdassetisomorphisms.It is also
not hardto show thata recursive typewith no basecases
is empty:

If R % % P 	 � =0
& & Á� 0 then R % % Q � .

P & & Á� 0

Writing
��Â

for the
o

-fold productof
�

’s and
o

for the
sumof

o
1’s, we cancheck(by inductionon

o
), that foroÄÃ�Å

R % % �9��� Â & & Á� o �p� Â�Æ^Ç
Viewedasa one-holecontext for � Â

, the
o

tells uswhich� theholeis at,while the � Â�Æ�Ç
recordstheremaining� ’s.

A moreinvolvedexamplefindsan � within a list of � ’s

��� _ �C� k � Á� ��� � Q J
. 1 s�t� J �Á� Q^± .

� � � �
1 s�t� J ���V	 J =

_ �C� k � ² � � � �
1 s�]� J �7�V	 J =

_C� � k � ² � ±Á� Q^± .
J 	 J =

_C� � k � ² -�p	 J =
_C� � k �t� ± ²Á� � _C� � k ����� � _ �C� k ���

We would indeedhopethat a one-holecontext for a list
elementis a pairof lists—theprefixandthesuffix!

Amusingly, thefollowing powerseriesresembles
_ �C� k � ,

È $�;-��Ét$�@ÊtËSVSzS9� ÈÈ,Ì � �
for 	 �p	�Í È �

andconventionalcalculustellsusthat

��@� Î ÈÈ,Ì �tÏ � Î ÈÈ,Ì ��Ï É
3.3 Plugging In

Givena one-holecontext in � � �
andan � , we shouldbe

ableto constructa
�

by pluggingthe � in thehole. That
is, weneedanoperationwhichbehavesthus:

Ð � � �^ÑÒ �R % % � � � & & R % % � & & R % % � & &
Ò ���
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ÒÓ� R % % ��� � & & � � R % % � & &Ò Ð � � �^Ñ�� � R % % � & &
X YÔÐ � � �^Ñ�� �� �

inl Ò Ð O  � � �^Ñ�� �� inl
� Ò Ð O � �^Ñ����

inr Ò Ð O  � � �^Ñ�� �� inr
� Ò Ð � � �^Ñ��N�

inl
X Ò H � YÔÐ O � � � �^Ñ�� �� X Ò Ð O � �^Ñ�� H � Y

inr
X � H Ò YÔÐ O � � � �^Ñ�� �� X � H Ò Ð � � �^Ñ°� Y

con
�
inl Ò � Ð Q J

.
P � �^Ñ�� �� con

� Ò Ð P � �+Ñ;���
con

�
inr

X Ò H{Õ ! Y � Ð Q J
.
P � �^Ñ�� �� con

� Ò Ð P � J Ñ � Õ ! Ð Q J
.
P � �^Ñ°�N�7�

inl Ò Ð P 	 J = O � �^Ñ�� �� Ò Ð P � �+Ñ°�
inr

X Ò � H Ò � YÖÐ P 	 J = O � �^Ñ�� �� Ò � Ð P � J Ñ � Ò � Ð O � �+Ñ;���Ò�× � �V³ � � �uØ-� �� Ò Ð � � �+Ñ°�
Figure5: plugging in

How arewe to definethis operation?
�

shouldtell usthe
shapeof the termwe aretrying to build; Ò shouldtell us
which path to take and also supply the subtermscorre-
spondingto the‘off-path’ componentsof pairs. In effect,
theoperationproceedsby structuralrecursionon Ò , but its
flow of controlinvolvesa primarycaseanalysison

�
. Of

course,we needonly considercaseswhere � � � is not 0.
Thedefinitionis in figure5.

3.4 Subtrees in Recursive Regular Types

The � � operationpicksout � ’sfromcontainersfor � ’s. As
suggestedabove,thisgivesusthetool weneedto pick out
subtreesfrom our tree-like recursivedatatypes,interpret-
ing � asa containerfor the immediatesubtreesof con � .
Henceour intuition thatcontexts for recursive type

�
in-

habit list
� 
 canbe maderigorous. The ‘step type’ for

treesin Q � .
P

is

� � P 	 � = Q � .
P

Theone-holecontexts for Q � .
P

thusinhabit
�¹Ù+[ Q � .

P
givenby7

7Abuseof notation—Ú�Û�Ü is reallyanoperationon ¤

Q � .
P � Reg

D�¹Ùd[ Q � .
P � Reg

D
�zÙd[ Q � .

P �� _C� � k � �9� P 	 � = Q � .
P �

Informally, aninhabitantof
�¹Ù+[ Q � .

P
lookslike

Ò Ç ')' Ò É ')'|ÝVÝzÝ Ò Â '�' wW� g

A few brief calculationsreassureusthat

R % % �¹Ùd[ � _ �C� k ��� & & Á� R % % _C� � k � & &
henceR % % �¹Ù+[ � �zÙd[ Q � .

P � & & Á� R % % �zÙd[ Q � .
P & &R % % �zÙd[Þ[ kVq*r�r & &ßÁ� R % % _C� � k � à � [ kzq{r�r � & &R % % �¹Ù+[ kzkVq*r�r & & Á� RGá2á _ �C� k �Câ � kzkVq*r�r É �5ã§ãR % % �¹Ùd[ä� kVq*r�r & & Á� R á2á _ �C� k � _C� � k � kzq{r�r �¬É ã ã

Thecorrespondingnotionof ‘addition’ hasthesignature

Õ !#� R % % �¹Ùd[ Q � .
P & & � � R % % Q � .

P & &Õ !  � � . � � � R % % Q � .
P & &
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For the ‘
Õ ! ’ depictedabove and an appropriate‘ � ’, we

expect
Õ !  � � . � � to be

con Ò Ç con Ò É con ÝVÝVÝ Ò Â �
Of course, � � . � is definedby iterating

Ð P � �^Ñ overthe
list8: wW� g  � � . � � �� �� Ò�'�' Õ ! �  � � . � � �� con

� Ò Ð P � �^Ñ � Òz�  � � . � �����
Observe,for example,that {å�æ ¢ reallybehaveslike‘plus’,
whilst  � � ¡5¢ � is effectively ‘append’.It is nothardto show
in generalthat

�¹Ù+[ Q � .
P

is amonoidunder‘append’and
that  � � . � is anactionof thatmonoidon Q � .

P
.

3.5 Subterms and Derivatives

The relationshipbetweenthe containmentorderingsand
derivativesis an intimateone,andsotoo is thatbetween
thesubtreeorderingsandthetypescomputedby

�¹Ù+[
. In

effect, the containmentorderingis exactly that induced
by pluggingin, while thesubtreeorderingon Q � .

P
is in-

ducedby  � � . � . Whatwehavedoneis to giveaconcrete
representationfor the witnessesto theserelationalprop-
erties.We mayprovethefollowing theorems:

Theorem (containment)
For � � R % % � & &

and � � R % % � & &
:���(�� �äç è ÒÓ� R % % � � � & & Ý¹Ò Ð � � �+Ñ;�é�ê�

Theorem (subtree)
For �º��� � R % % Q � .

P & &
:��� � � . � ç è Õ !#� R % % �zÙd[ Q � .

P & & Ý Õ !  � � . � �ä�ê�
The proofs of thesetheoremsare easy inductions, on
derivationsfor the ë direction,and on the structureof

8Again,Huetwouldwrite.)ì^121Uí�3�6 8ªîzï . ð,ñ <>òì7/ 8¬îVï . ð . con .0ì(ó�¤(Bu£�ô ñ 6C6

Ò or
Õ ! for the õ direction. It is moreover the casethat

distinct Ò ’sor
Õ ! ’son theright giveriseto distinctderiva-

tions on the left, and vice versa. I omit the detailsfor
reasonsof space.

4 Towards an Implementation

Recentextensionsto the HASKELL typesystem,suchas
Janssonand Jeuring’s POLYP have begun to realisethe
potential of generic programming for the development
of highly reusablecode,instantiablefor a wide classof
datatypesandcharacterisedby equallygenerictheorems
[JJ97,BJJM98].However, thesesystemsshow nosignof
allowing operationslike � � which computetypesgener-
ically by recursionover a closedsyntaxof type expres-
sions,crucially regardingtype variablesasconcreteob-
jects.

In a dependenttype theorysupportinginductive families
of datatypes[Dyb91], syntaxessuchasReg

D
canberep-

resentedasordinarydatawhichcanthenbeusedto index
the families like R % % � & &

which reflectthem. ��� becomes
merely an operationon data, requiring no extensionto
the computationalpower of the theory. A programming
languagebasedon sucha type theory, as envisagedin
[McB99], wouldseemto bea promisingsettingin which
to implementthetechnologydescribedin thispaper. This
work is well underwayin theComputer-AssistedReason-
ing GroupatDurham.

Thepayoffs from suchan implementationseemlikely to
besubstantial,extendingfar beyondapplicationsto edit-
ing trees.A library of generictoolsfor workingwith con-
texts would allow usto definefunctionsin termsof these
higher-levelstructures,manipulatingdatain largechunks,
ratherthanoneconstructorat a time. Furthermore,in a
dependentlytyped setting,a richer structureon data is
ipsofactoa richerstructureon theindicesof datatypes.

It also seemshighly desirableto extend the class of
datatypesfor whichone-holecontextscanbemanipulated
genericallybeyond the regular types,perhapsto include
indexed families themselves. A concreterepresentation
of one-holecontexts for a syntaxwith bindinghasmuch
to offer bothmetaprogrammingandmetatheory.
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5 Conclusions and Future Work

This paperhasshown that the one-holecontexts for ele-
mentscontainedin apolymorphicregulartypecanberep-
resentedasthe inhabitantsof the regular type computed
from theoriginal by partial differentiation. This technol-
ogy hasbeenusedto characterizedatastructuresequiv-
alentto Huet’s ‘zippers’—one-holecontexts for thesub-
treesof treesinhabitingarbitraryrecursive typesin that
class. The operationswhich plug appropriatedatainto
theholesof suchcontextshavealsobeenexhibited.

While thisconnectionseemsunlikely to beamerecoinci-
dence,it is perhapssurprisingto find a usefor the laws
of the infinitesimal calculusin such a discretesetting.
Thereis no obvious notion of ‘tangent’ or of ‘limit’ for
datatypeswhich might connectwith our intuitions from
schoolmathematics.Neithercan I offer at presentany
sensein which ‘integration’ might meanmore than just
‘dif ferentiationbackwards’.

Oneobservationdoes,however, seemrelevant: the syn-
tactic operationof differentiatingan expressionwith re-
spectto � generatesan approximationto the changein
value of that expressionby summingthe contributions
generatedby varyingeach of the � ’s in theexpressionin
turn. Thederivative is thusthesumof termscorrespond-
ing to eachone-holecontext for an � in the expression.
Perhapsthe key to the connectioncan be found by fo-
cusingnot on whatis beinginfinitesimallyvaried,but on
what,for thesake of a linear approximationto thecurve,
is beingkeptthesame.

Apart from the implementationof this technology, and
the developmentof a library of related generic utili-
ties, this work opensup a hostof fascinatingtheoretical
possibilities—oneonly hasto openone’sold schooltext-
booksalmostat randomandask‘what doesthismeanfor
datatypes?’.

There must surely also be a relationshipbetweenthis
work andJoyal’s generalcharacterizationof ‘speciesof
structure’in termsof their Taylor series[Joy87]. For reg-
ular types,�NÉ� � makesaholefor asecond� in aone-hole
context from ��� � . More generally, � Â� �

givesall the
o

-
holecontexts for � ’s in

�
’s in eachof the

ouö
orderswith

whichthey canbefound.Thisstrongresonancewith Tay-

lor seriesseemsworthyof pursuitandis anactivetopicof
research.

In summary, theestablishmentof theconnectionbetween
contextsandcalculusis but thefirst stepona longroad—
whoknowswhereit will end?
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