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Abstract

Researchin dependenttypetheories[M-L71a] has,in thepast,concentratedon its use

in thepresentationof theoremsandtheorem-proving. This thesisis concernedmainly

with theexploitationof thecomputationalaspectsof typetheoryfor programming,in

a context wherethepropertiesof programsmayreadilybespecifiedandestablished.

In particular, it developstechnologyfor programmingwith dependentinductive fami-

liesof datatypesandproving thoseprogramscorrect.It demonstratestheconsiderable

advantageto begainedby indexing datastructureswith pertinentcharacteristicinfor-

mationwhosesoundnessis ensuredby typechecking,ratherthanhumaneffort.

Type theory traditionally presentssafe and terminatingcomputationon inductive

datatypesby meansof eliminationruleswhich serve asinductionprinciplesand,via

theirassociatedreductionbehaviour, recursionoperators[Dyb91]. In theprogramming

languagearena,theseappearsomewhatcumbersomeandgiverisetounappealingcode,

complicatedby the inevitable interactionbetweencaseanalysison dependenttypes

andequationalreasoningon their indiceswhich mustappearexplicitly in the terms.

Thierry Coquand’s proposal[Coq92] to equip type theory directly with the kind of

patternmatchingnotationto which functionalprogrammershave becomeusedover

thepastthreedecades[Bur69, McB70] offersa remedyto many of thesedifficulties.

However, thestatusof patternmatchingrelative to thetraditionaleliminationruleshas

until now beenin doubt. Patternmatchingimplies the uniquenessof identity proofs,

whichMartin Hofmannshowedunderivablefrom theconventionaldefinitionof equal-

ity [Hof95]. This thesisshows that the adoptionof this uniquenessasaxiomaticis

sufficient to makepatternmatchingadmissible.

A datatype’s eliminationrule allows abstractiononly over the whole inductively de-

finedfamily. In orderto supportpatternmatching,theapplicationof suchrulesto spe-

cific instancesof dependentfamilieshasbeensystematised.Theunderlyinganalysis

extendsbeyonddatatypesto otherrulesof asimilarsecondordercharacter, suggesting

they mayhaveotherrolesto play in thespecification,verificationand,perhaps,deriva-

tion of programs.Thetechniquedevelopedshiftsthespecificityfrom theinstantiation

of thetype’s indicesinto equationalconstraintson indicesfreely chosen,allowing the

eliminationrule to beapplied.



Elimination by this meansleaves equationalhypothesesin the resulting subgoals,

which must be solved if further progressis to be made. The first-orderunification

algorithmfor constructorforms in simple typespresentedin [McB96] hasbeenex-

tendedto cover dependentdatatypesaswell, yielding completelyautomatedsolution

to aclassof problemswhichcanbesyntacticallydefined.

The justificationandoperationof thesetechniquesrequiresthe machineto construct

andexploit a standardisedcollectionof auxiliary lemmasfor eachdatatype.This is

greatlyfacilitatedby two technicaldevelopmentsof interestin theirown right:

� amoreconvenientdefinitionof equality, with arelaxedformulationruleallowing

elementsof different typesto be compared,but nonethelessequivalent to the

usualequalityplustheaxiomof uniqueness;

� atypetheory, OLEG, whichincorporatesincompleteobjects,accountingfor their

‘holes’ entirelywithin thetyping judgmentsand,novelly, not requiringany no-

tion of explicit substitutionto managetheirscopes.

A substantialprototypehasbeenimplemented,extendingthe proof assistantLEGO

[LP92]. A numberof programsaredevelopedby way of example. Chiefly, the in-

creasedexpressivity of dependentdatatypesis shown to capturea standardfirst-order

unificationalgorithmwithin theclassof structurallyrecursiveprograms,removing any

needfor a terminationargument.Furthermore,theuseof eliminationrulesin specify-

ing thecomponentsof theprogramsimplifiessignificantlyits correctnessproof.
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Chapter 1

Intr oduction

‘The philosophershavemerelyinterpretedtheworld in variousways.The
point,however, is to changeit.’ (Marx andEngels)

Computerprogramsarenot expectedto makesense.In fact,they areseldomexpected

to work, which is asmuchasto saythat computerprogrammersarenot expectedto

makesenseeither. This is understandable—programmingis primarily aform of giving

orders.

Nonetheless,thereare groundsfor optimism. This is becauseprogrammersdo not

really want genuinelystupidordersto be obeyed, andwe understandthat the more

senseweareableto make,theshorterourordersneedbe.Thebenefitcomesby taking

thesensewithin theprogrammer’smindandmanifestingit explicitly in theprogram.

From namedvariablesand looping constructsthroughto functionalabstractionand

methodencapsulation,theevolutionof programminglanguageshasgreatlyfacilitated

the programmerwho actively seeksto make sense.In particular, type systemsnow

allow so muchsenseto be madethat they are even becomingcompulsoryin some

industrialprogramminglanguages.Wherethepurposeof typing in C is to indicatethe

numberof bits left anarraysubscriptshouldbeshifted,stronglytypedlanguageslike

Javagenuinelyreducethegullibility with whichmachinefaceshuman.

It is with theobjectiveof promotingsensein programsthatI havepursuedtheresearch

documentedin this thesis.Its mainpurposeis to show theadvantageadependenttype

systemlendsto thecauseof principledprogramming.

Briefly, theprincipalcontributionsarethese:

� OLEG, a type theorywith ‘holes’ (or ‘metavariables’)standingfor themissing
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partsof constructionsexplainedentirelywithin thejudgmentsof thecalculus—

thestateof a theoremprovermaythusberepresentedasa valid judgment

� the identificationof whatmustbeaddedto conventionaltype theories(suchas

thoseunderlyingLEGO or COQ) to facilitate patternmatchingfor dependent

types(asimplementedin ALF)

� a systematicview of eliminationrules,leadingto theuseof derivedelimination

rules to characteriseand indeedspecifyprogramsin a compactand powerful

way

1.1 overview

This thesisrecordsmy developmentof technologyto supportfunctionalprogramming

overdependentdatatypesby patternmatchingandstructuralrecursionin anintensional

type theory. This technologyalsosuggestsnovel tools andtechniquesfor reasoning

aboutsuchprograms.Let megiveanoverview, identifying theinnovations.

I openwith anaccountof a theoremproving in a typetheory, OLEG,1 which is based

on Luo’s ECC[Luo94], but includesanaccountof ‘holes’2 in terms.Thereis a lot of

theoremproving in this thesis.Someof it is doneby hand.Much of it is doneby ma-

chines,manufacturingandexploiting standardequipmentfor working with datatypes

andequationalproblems.I thereforefeel obligedto give a precisetreatmentnot only

of theoremsbut alsotheoremproving.

The novelty is that holesarehandledmuchasothervariablesandaccountedfor by

bindingentirelywithin thejudgmentsof thesystem.This systemis workablebecause

the corecalculusof termsis embeddedin a ‘developmentcalculus’,which is where

thehole-bindingsareto befound—acoretermin thescopeof aholemaynonetheless

refer to that hole. The effect of the separationis to prevent troublesomeinteraction

betweencomputationandholes. Consequently, terms(called‘partial constructions’)

in the developmentcalculusenjoy the propertythat one may safelybe replacedby

anotherof thesametype—remarkablygoodbehaviour for adependenttypesystem.

As a result, theoremproving in OLEG consistsexactly of editing OLEG judgments

in wayswhich areguaranteedto preserve their derivability. Although OLEG is more

1The name‘OLEG’ is a tribute to RandyPollack’s proof assistantLEGO. The new treatmentof
partialproofsrequiredonly a minor rearrangement.

2alsoknown as‘metavariables’,‘existentialvariables’,‘questionmarks’andmany othernamesbe-
sides
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restrictive thansystemswith explicit substitution,thoserestrictionswill not hinderus

in theslightest.

The inductive datatypeswe shall be concernedwith are much like thoseof LEGO,

COQ[Coq97] or ALF [Mag94]. Theirelementsareintroducedby constructorsymbols

whoserecursiveargumentssatisfya strictpositivity condition.Recursivecomputation

and inductive proof areprovided in the old-fashioned‘elimination rule’ style. This

necessitatedthe innovationof principledtacticalsupportfor suchrules,documented

in chapterthree.However, thetechnologyis not restrictedto eliminationrulesarising

from datatypes.

The contribution from this thesisto the methodologyof programverificationlies in

the useof derived eliminationrulesto capturethe leverageexertedby a givenpiece

of informationon an arbitrarygoal. The abstractionof the predicatein an induction

principleor the returntype in a datatypefold operatorpoint the way. Givena piece

of information,we have beenindoctrinatedto askwhat we candeducefrom it—we

shouldratheraskhow we candeducewhat we want from it. The tacticsof chapter

threeweredevelopedto supportdatatypeeliminationrules,but they allow usto exploit

a wide classof rules which similarly abstractthe type of their conclusions. I give

numerousexamplescapturingthe behaviour of programsin this way, andI believe I

demonstratetheefficacy of thepolicy.

Once we understandelimination rules, we may give proper attentionto inductive

datatypes.In particular, we may usechapterthree’s technologyto derive from each

‘conventional’eliminatora pair of alternative eliminatorswhich usefullyuntanglethe

treatmentof caseanalysisandrecursionon structurallysmallerterms. This givesef-

fectively the samepresentationasthe Case andFix constructswhich areprimitive

notionsin COQ. The equivalencewasestablishedby EduardoGiménez[Gim94]—

only minor adaptationsare requiredto mechanisehis construction. Chapterfour is

reassuringlyunremarkable.

Caseanalysison a restrictedinstanceof aninductive family (hencefortha subfamily)

inevitably involvesequationalreasoning.For example,we may definethe family of

lists indexedby their length—whenanalysingtheinstanceconstrainedto containonly

nonemptylists, we rule out the ‘nil’ constructorbecausethe list it generatesdoesnot

satisfythatconstraint.More generally, for eachconstructor, we mustrepresentat the

object-level theconstraintthat its returntypeunifieswith thesubfamily underanaly-

sis.Theseconstraintsaresimilar to theunificationproblemswhicharisein ‘unfolding’

transformationsfor logic programs[TS83,GS91]. My MSc work involveda system-

atic solutionfor simply typedproblemsin constructorform, implementedin theform
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of a tactic[McB96].

Chapterfive extendsthe treatmentto dependenttypes. Of necessity, this requiresus

to comparesequencesof termswherelater elementsmay have propositionallyequal

but computationallydistinct types,anareawhich hasalwaysprovedtroublesomefor

intensionaltype theory. I presenta new, slightly morerelaxed definition of equality

which scalesup to sequenceswithout significantattendantclumsiness.It turnsout to

beequivalentto themoretraditionalinductivedefinitionaugmentedby theaxiomthat

identityproofsareunique.Soequipped,wemayeasilyprovefor eachdatatypeits ‘no

confusion’property—constructorsareinjective anddisjoint—in the form of a single

eliminationrule. I alsogive a systematicproof thateachdatatypecontainsno cycles.

It is theselemmaswhich justify thetransitionsof theunificationtactic.

In [Coq92],ThierryCoquandcharacterisesaclassof ‘patternmatching’programsover

dependenttypeswhich ensurethat patternscover all possibilities(deterministically)

and that recursionis structural. This is the classof programsmadeavailable (with

unrestrictedrecursion)in theALF system[Mag94]. Chaptersix containstheprincipal

metatheoreticresultof this thesis,confirmingthat thesameclassof programscanbe

constructedfrom traditionaldatatypeeliminationrules,given uniquenessof identity

proofs.Themeta-level unificationin Coquand’spresentationis performedat theobject

level by thetacticdevelopedin chapterfive.

By way of illustration, if not celebration,thework of the thesiscloseswith two sub-

stantialexamplesof verifieddependentlytypedprograms.Bothconcernsyntax:

� substitutionfor untyped" -terms,shown to have thepropertiesof amonad

� astructurally recursivefirst-orderunificationalgorithm,shown to computemost

generalunifiers

It is well understood,at leastin the type theorycommunity, that we may only really

make senseof termsrelative to a context which explains their free variables. Both

of theseexamplesexpressthat sensedirectly in their datastructures,a gainwhich is

reflectedin thecorrectnessproofs.

Neitherexampleis new to theliteratureof programsynthesisandverification.Substi-

tutionhasbeentreatedrecently[BP99,AR99]viapolymorphicrecursion,andI include

it simply to show thatdependenttypeseasilyoffer thesamefunctionality, without re-

courseto counterfeitingindex dataat thetypelevel.

Theexisting treatmentsof unificationturn on theuseof anexternally imposedtermi-

nationordering. Thenovelty hereis thatby indexing termswith thenumberof vari-
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ableswhich mayoccurin them,we gainaccessto computationover that index—this

is enoughto capturetheprogramfor structuralrecursion.Witnessthebenefitfrom a

programwhichcapturesmuchmorepreciselythesenseof thealgorithmit implements.

Bothdevelopmentsadoptthemethodologyof characterisingthebehaviour of theirsub-

programsby meansof eliminationrules. Establishingprogramcorrectnessbecomes

sufficiently easythatin presentingtheproofs,I cutcornersonly whereto dootherwise

wouldbemonotonousin theextreme.

I would like to apologisefor the lengthand linearity of this thesis. I hopeit is not

nearlyasmuchtroubleto readasit wasto write.

1.2 this thesisin context

‘I do pressyou still to give me an accountof yourself,for you certainly
did notspringfrom a treeor a rock 67676 ’ (Penelope.Odyssey, Homer)

I sprangfrom a little-known Belfastpattern-matcherin 1973. I have spentmy whole

life surroundedby patternmatching,I have implementedpatternmatchingalmostev-

ery year since1988, and now I am doing a PhD aboutpatternmatchingwith Rod

Burstall.Fortunately, my motherwasnot acomputerscientist.Enoughaboutme.

Martin-Löf’stypetheory[M-L71a] is awell establishedandconvenientarenain which

computationalChristiansare regularly fed to logical lions—until relatively recently,

muchmoreemphasishasbeenplacedon typetheoryasa basisfor constructive logic

thanfor programming.Comparatively boringprogramshave beenwritten; compara-

tively interestingtheoremshave beenproven. This is a pity, astheexpressivenessof

typetheorypromisesmuchbenefitfor both.But thingshavechanged.

Inductiononthenaturalnumberswaspresentedexplicitly in differentguisesby Pascal

andFermatin the seventeenthcentury, althoughit hasbeenusedimplicitly for a lot

longer. FregeandDedekindindependentlygaveinductivedefinitionsanexplanationin

impredicativesettheory. ‘Structuralinduction’hadbeenwidely usedin mathematical

logic [CF58,MP67] by thetime Burstall introducedthenotionof inductive datatypes

to programming,with elementsbuilt from constructorfunctionsand taken apartby

caseanalysis[Bur69].

Inductive datatypeshave escapedfrom programminglanguages[McB70, BMS80]3

and arrived in type theory [M-L84, CPM90]. Sincethen, they have becomemore
3My father’s LISP-with-pattern-matchingwasa programminglanguagewhich escapedfrom anin-

ductivedatatype.
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expressive,with theindexing powerof dependenttypetheorygiving anaturalhometo

inductive familiesof types[Dyb91]. For example,ashintedabove, the polymorphic

datatype�������98 , with constructors

� ���:8<;=�������>8
? ;78 @�;=�������>8� � � � ? @A;=�����B�>8

canbepresentedin ausefullyindexedwayasvectors—listsof a givenlength:

�)� ��� CD; �
	�� �ECGF
? ;7H @A; �
	�� �ICKJ�)� � � � ? @A; �
	�� �ICL�(J

Typing is strongenoughto tell whena vectoris empty, so potentiallydisastrousde-

structiveoperationslike ‘head’and‘tail’ canbesafelydefused.

However, there are significant ways in which dependentdatatypesare more

troublesome—thequestionis ‘what datatypesshall we have andhow shall we com-

putewith them?’.Thedatatypesandfamiliesproposedby ThierryCoquand,Christine

Paulin-MohringandPeterDybjer have beenintegratedwith type theoryin a number

of variations.

ZhaohuiLuo’s UTT [Luo94] is closestto thetraditionalpresentation,equippingfam-

ilies basedon safe‘strictly positive’ schematawith eliminationconstantsdoublingas

inductionprinciplesandrecursionoperators.Thisis aconservativetreatmentfor which

theappropriateformsof goodbehaviour wereestablishedby Healf Goguen[Gog94].

Unfortunately, recursionoperatorsmakesomewhatunwieldyinstrumentsfor program-

ming,asanyonewhohaseveraddednaturalnumbersin LEGO[Pol94] will tell you.

ThierryCoquand’s1992presentationof patternmatchingfor dependenttypes[Coq92],

implementedin theALF systemby LenaMagnusson[Mag94], wasshown to benon-

conservativeoverconventionaltypetheoryby HofmannandStreicher, sinceit implies

uniquenessof identity proofs[HoS94]. Patternmatchingfor the full languageof in-

ductivefamiliesis contingentonunification,whichis neededto checkwhetheragiven

constructorcanmanufactureanelementof a givenfamily instance.Unification,once

it escapesfrom simplefirst-ordersyntaxes,becomesfrighteningto anyonewith awell

developedinstinctfor survival, althoughsomedosurvive.

Subsequentsystemsin theALF family, suchasAgda[Hal99], have beenmuchmore

cautiousaboutwhatdatatypesthey will allow, in orderto bemuchmoregenerouswith

facilitiesfor workingwith them.In particular, thequestionof unificationis avoidedby

forbiddingdatatypeconstructorsto restricttheir returntypesto aportionof thefamily
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(eg, emptyvectors,nonemptyvectors).Familiesaredeclaredin a similar mannerto

datatypesin functionalprogramminglanguages:

��M5�&MN#EM5,.����OQPSRT67676UPWVYX � � �GZ RT676[6 Z
\^] 67676

TheindicesPTR_6[676(P`V aredistinctvariables,indicatingthateachconstructor
� � � , what-

everits domaintypes
Z R_6[676 Z
\ , its rangeis overtheentirefamily Patternmatchingover

aninstantiatedsubfamily just instantiatesthe P ’s in thetypesof theconstructors,rather

thangeneratinganarbitrarilycomplex unificationproblem.

This is a sensiblerestrictionwith a soundmotivation. It is alsoa seriousone, for-

bidding,for example,theformulationof the identity type—thereflexivity constructor

restrictsits returntypeto thesubfamily wheretheindicesareequal.As wedecompose

elementsof thesedatatypes,their indicescanonly becomemoreinstantiated—Agda

datatypeindicesonly ‘go up’.

Someof thepower lost in this way is recapturedby computingtypesfrom data. For

example,the typeof vectors,althoughnot a datatypein Agdacanbecomputedfrom

thelengthindex:

�
	�� �aC F X b b�
	�� �aC �&J X 8.c�d �
	�� �aCeJ+f

This kind of computedtypeis goodfor datawhich arein someway measuredby the

indices—elementsarefinite, not becausethey containonly finitely many constructor

symbolsper se, but because,as we decomposethem, their indicesrecursively ‘go

down’ somewell-foundedordering. Thereis no place,in this setting,for inductive

familieswhoseindices,like thoseof thestockexchange,cangodown aswell asup.

Thepracticallimitationsof this systemrequirefurtherexploration. Certainly, the re-

moval of unification from the patternmatchingprocessmakes it considerablymore

straightforward to implementattractively and to grasp. It hasbeeneven beenim-

plementedoutsidethe protective environmentof the interactive proof assistant—in

LennartAugustsson’s dependentlytypedprogramminglanguage,Cayenne[Aug98].

Cayenneallowsgeneralrecursion,henceits typechecker requiresaboredomthreshold

to preventembarrassingnontermination.Of course,theprogramswhich make sense

do typecheck,andsomeinterestingexamplesarebeginningto appear[AC99].

On theotherhand,two recentexamples—bothimplementationsof first-orderunifica-

tion, asit happens—cannotbeexpressedasthey standin this restrictedsystem.Ana
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Bove’s treatment[Bove99] shows thata standardHaskell implementationof thealgo-

rithm canbe importedalmostsystematicallyinto type theory. However the general

recursionof theoriginal is replacedby ‘petrol-poweredrecursion’4 overaninductively

definedaccessibilitypredicate[Nor88] which can be expressedin ALF, but not its

successors.

My implementation,in chaptersevenof this thesis,is dependentlytyped,andexploits

thepowerof ‘constrainingconstructors’to representsubstitutionsasassociationlistsin

awaywhichcapturestheideathateachassignmentgetsrid of avariable.Variablesare

from finite setsindexedby size, � � J , andtermsaretreesover a numberof variables,

�&� 	�	 J . Associationlists, M���������ghJ , representsubstitutionsfrom g variablesto terms

over J :

M � ��� i�;=M5�������>JjJ Pk;=� � �&g @A;=�(� 	�	 g lm;=M������B�>gYJM � � � �nPj@olm;=M������B�W�&gYJ
Havingsaidthat,I amquitesurethat‘gravity-powered’unificationcanbeimplemented

in Agdausingthe restrictedtypesystem.I only useassociationlists becausemy ap-

plicationof substitutionsis delayedandincremental.If youarehappy to applysubsti-

tutionsstraightaway, a functionalrepresentationsuffices. Nonetheless,the M�������� type

standsasa usefuldatastructure—a‘context extension’—whichonemight reasonably

hopeto representasadatatype.

The COQ system[Coq97] has inductive families of types with strictly positive

schemata[P-M92, P-M96]. However, they have moved away from the traditional

‘one-step’eliminationoperator, following a suggestionfrom Thierry Coquand:they

now divideeliminationinto aCase analysisoperatorandaconstructor-guardedFix -

pointoperator. EduardoGiménez’s conservativity argument[Gim94] is bolsteredby a

strongnormalisationprooffor thecaseof lists[Gim96]—hehasrecentlyprovedstrong

normalisationfor thegeneralcase[Gim98]. BrunoBarrashasformalisedmuchof the

metathoryfor thissystem[Bar99], includingthedecidabilityof typechecking.

This Case-Fix separationis a sensibleone,and it makespracticalthe technology

in this thesis—working in what is effectively Luo’s UTT [Luo94], I start from the

traditional‘one-step’rule,but I have mechanisedthederivationof Case andFix for

eachdatatype.Everythingwhich thenfollowsappliesasmuchto COQ asto LEGO.

Thereis, though,a noticeablegapbetweenprogrammingby Case with Fix in COQ

andprogrammingby patternmatchingin ALF or Cayenne.This gaphasbeenad-

dressedby the work of CristinaCornes[Cor97]. Sheidentifiesa decidableclassof

4my phrase
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second-orderunificationproblemswhich capturesmany patternmatchingprograms

viewedascollectionsof functionalequations.Solving theseproblemsmechanically,

shehasextendedCOQ with substantialfacilitiesfor translatingsuchprogramsin terms

of Case andFix .

This takestheform of amacroCases whichallowspatternmatchingstyledecompo-

sitionof multipletermsfrom unconstrainedinductivefamilies(eg
�
	�� �4J —vectorsof

arbitrarylength)andcombineswith Fix to yield recursive functiondefinition in the

style of ML. Although the full gamutof dependentfamiliescanbe defined,shehas

adoptedanAgda-likesolutionto theproblemof computingwith them.

Thetaskof implementingpatternmatchingfor constrainedinstancesof inductivefam-

ilies (or ‘subfamilies’,eg
�S	�� �2�(J —nonemptyvectors)sheleavesto thefuture.Where

sheleavesis whereI arrive. I have not attemptedto duplicateher machineryfor the

translationof equationalprograms.Rather, I haveconcentratedontheproblemof case

analysisfor subfamilies,thelastgapbetweenherwork anddependentpatternmatching

in ALF.

As I have alreadymentioned,we have known for sometime that dependentpattern

matchingis notconservative—it impliestheuniquenessof identityproofs,whichdoes

nothold in Hofmann’sgroupoidmodelof typetheory[HoS94,Hof95]:


 �5p � � � / 	 ;rqs8t;vu[wyxTz(6{qs|5;a8}6~qs��;E|>!W|`6 ��!�� 	�� |
 �5p � � � / 	 8 | d$� 	�� |sf�X�� 	�� d$� 	�� |sf
Thispointsto averyrealconnectionbetweenpatternmatchingandthepowerof equal-

ity in typetheory. Caseanalysison inductive subfamilies(alsoknown as‘inversion’)

necessarilyinvolvesequationalreasoning—foreachconstructor, wemustcheckthatits

returntypeunifieswith thesubfamily weareanalysing.Theseunificationproblemsre-

semblethosewhicharisein unfold/foldprogramtransformation[BD77, TS83,GS91].

They aretreatedat themeta-level in ALF [Coq92,Mag94].

CristinaCornesmadesomeprogressin this areawith her tacticsfor inverting induc-

tively definedrelationsoversimply typeddatain COQ[CT95]. My MScprojectwasto

import this technologyfor LEGO. I madeexplicit theseparationbetween,on theone

hand,the splitting of the family into its constructors,with the subfamily constraints

becomingobject-level equations,and on the other hand,the simplificationof those

constraints.I implementedacompletefirst-orderunificationalgorithmfor object-level

equationsoverconstructorformsin simpletypes[McB96].

The uniquenessof identity proofs contributesdirectly to the extensionof this first-

orderunificationalgorithmto dependenttypes,yieldingexplicit object-level solutions
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to thesameclassof unificationproblemswhichALF handlesimplicitly.5 Thelastgap

betweenprogrammingwith datatypesin LEGO or COQ andpatternmatchingin ALF

hasnow beenbridged.

Building thatbridgehasinvolvedmany engineeringproblemsandthedevelopmentof

some,I feel,fascinatingtechnology. In particular, thetacticwhichI built for deploying

theeliminationrulesof inductive datatypeshasa potentialfar beyondthatpurpose.I

havebegunto exploretheuseof rulesin thatstylefor specifyingandprovingproperties

of programs:this thesiscontainsseveralexamples.

1.3 implementation

I haveimplementedaprototypeversionof thetechnologydescribedin this thesisasan

extensionto LEGO. It contributedto, ratherthanbenefitingfrom thefull analysisset

outhere.Nonetheless,let meemphasiseat thisstagethatalthoughtheprototypecould

work better, it doeswork.

Enoughtechnologyhasbeenimplementedto supportall the exampleprogramsand

proofs in this thesis. They have all beenbuilt with OLEG’s assistanceandchecked

with LEGO—coreOLEG is asubsetof LEGO’s typetheoryfor whichRandyPollack’s

typechecker runsunchanged.SometimesI have hadto hand-cranktechniquesI have

subsequentlyshown how to mechanise,but the developmentsdescribedin the thesis

areanhonestaccountof realmachineproofs.

5In fact,ALF rejectscyclic equationsasunificationproblemswhichare‘too hard’,while I disprove
them,sofour years’work hasbeengoodfor something.
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Chapter 2

OLEG, a type theory with holes

Althoughyou have just startedreadingthis chapter, I have nearlyfinishedwriting it.

WhenI started,a long time ago, I intendedit to be an unremarkablesummaryof a

familiar type theory, presentlargely out of theneedto presentthenotationalconven-

tionsusedin thisthesis.However, despitemy bestintentions,thischapterdoescontain

originalwork—it describesatypetheory, OLEG, whichgivesanaccountof incomplete

constructionsquitedifferentfrom thosein existinguse.

Let me say from the outsetthat I did not set out to invent sucha thing. For some

yearsI havebeenwriting programswhichconstructLEGO proofsof standarddatatype

equipment—constructorinjectivity andsoforth—togetherwith tacticsto deploy them.

I began,in my MScwork, with directsynthesisof proof termsin theabstractsyntax—

this was,frankly, ratherpainful. However, astime wenton, the tools I wasbuilding

myselflookedmoreandmorelikea theorem-prover. Eventually, thepenny dropped—

syntheticprogrammingandproof is only for clever peoplewith nothingbetterto do;

busypeopleandstupidmachinesneedananalyticframework with a soundtreatment

of refinement.Whathadpreviously been‘voodoo’,anadhocassortmentof syntactic

trickery, becameOLEG, a typetheoryfor machinesaswell aspeople.

OLEG was thus manifestin codelong beforeit was rationalisedin this chapter. I

put it togetherwith the help of many sparepartsfrom RandyPollack’s LEGO code.

LEGO’s treatmentof ‘metavariables’is remarkablein whatit allows—tooremarkable,

in fact. Scopeis not quitemanagedproperly, so that the reliability of LEGO still lies

in the final typecheckof the completedterm. I did not considerit my businessto

repair this problem—Iwas looking for a moreconvenientway to representproofs-

with-holesfor mechanicalmanipulation. I hit uponthe ideaof binding holesin the

context becauseit requiredverylittle alterationof thetermsyntax,andbecauseit made

operationslikerefinement’s ‘turn theunknown premisesinto subgoals’justamatterof
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turning q sinto � s. Thistreatmentof holesresonatesstronglywith DaleMiller’ sexplicit

bindingof existentialvariablesin the‘mixed’ quantifierprefixof unificationproblems

[Mil91, Mil92].

At the time, explicit substitutionwas not even an issue. If I had wantedto main-

tain the scopeof holesvia suchtechnology(asis found in the ALF family [Mag94]

andTypelab[vHLS98]), I shouldhave hadto re-engineerthewholeLEGO syntax,re-

ductionmechanismandtypechecker. As it turnedout, my adaptationswereminimal.

Thereis a profoundreasonfor this—whereexplicit substitutionrelieson ingenuity,

OLEG relieson cowardice.Insteadof repairingthetroublesomeinteractionsbetween

holesandcomputationby propagatingbits of stackthroughthetermstructure,OLEG

simply forbidsthem.

However, let me keepyou in suspenseno longer. OLEG consistsof a computational

core—Luo’sECC[Luo94] with localdefinition[SP94]but without � -types—wrapped

in a developmentcalculus,in muchthesameway thatExtendedML [KST94] wraps

coreStandardML [MTH90]. My reasonfor theseparationis preciselytheaforemen-

tionedcowardicewith respectto holesandcomputation.

ExtendedML’s treatmentof holesprofitsfrom thefactthat,in simpletypesystems,it

is alwayssafeto replaceaterm(eg, theplaceholder‘?’) with anotherof thesametype.

Althoughthereis nowaythatcoretermsin adependenttypetheorycouldeverhopeto

have sucha replacementproperty(for a counterexampleseesection2.2), it doeshold

for the terms(or ‘partial constructions’)of OLEG’s developmentlayer. This single

metatheoremdoesmostof thework in OLEG’s successfulreconstructionof refinement

proofasweknow it.

2.1 the OLEG core

DEFINITION: universes,identifiers, bindings, terms

universes �Y;E;�X��'���ax ] u[wyxTz��
where� is anaturalnumber

identifiers ��;E;�X�P ]+��] 67676
Let usallow ourselvescountablymany identifiers.

I definefamiliesof bindingsandtermsindexedby thefinite setof variables�^� � permittedto appearfree in them. My motivation is to ensurethat
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identifiersareonly usedwherethey aremeaningful.1

For any set
�

of variables,andany P not in
�

thesets��� � of bindings of �
extending

�
and u � of terms over

�
aredefinedinductively2 asfollows:

�}� u �
qsP�; ��� ��� �

��� u �
">P�; ��� ��� �

�>� ��� u �� P�X � ; ��� ��� �
� � �� � u �

  � �  � u �
¡ �(� � u �¡ � � u �

¢ � � � � @ � u �S£4¤¦¥[§¢ 6¨@ � u �

Binding is themeansof attachingto anidentifierpropertiessuchas‘type’, ‘value’and

any otherbehavioural attributesin which we maybe interested.A structurallinguist,

following Saussure[Sau16],mightpointoutthatidentifiers,likewords,havenointrin-

sicsignificance.Variables, ontheotherhand,aresigns.Bindingcreatesasign,linking

signifierandsignified.

Syntactically, a binding is a bindingoperator, followedby an identifier, followedby

a sequenceof propertieseachintroducedby a specialpieceof punctuation,eg ‘:’ for

‘type’ or ‘=’ for ‘value’. The binding operatordeterminesthe computationalrole of

thevariable.I wouldencourageyouto think of bindingsasimportantsyntacticentities

in their own right, andthe ‘.’ asa combinatorwhich attachesa binding to its scope

which,by convention,extendsrightwardsasfar aspossible.

OLEG’s corebinding operatorscomprisethe usual q (often written © ) for universal

quantificationand " for functionalabstraction,togetherwith
�
(pronounced‘let’) rep-

resentinglocal definition. I describethosebindingswherethe boundvariableoccurs

nowherein its scopeasfatuous.

As usual,applicationis indicatedby juxtapositionandassociatesleftwards. I shall

denoteby P � Z
that variable P occursfree in term

Z
. When P«ª� Z

, I shall freely

abbreviate qsPG; � 6 Z by
�D¬ Z

. Further, otherwiseidenticalconsecutive bindingsof

distinct variablesmay be abbreviatedwith commas,">P­; � 6W" � ; � 6 Z , for example,

becoming"=P � � ; � 6 Z .

® -convertibletermsareidentified,with ¯ representingtheconsequentnotionof syn-

tactic identity . Let ° �n± P`² Z denotetheresultof substituting
�

for freeoccurrencesof

P in
Z

. Formally, we mightpreferto live in a deBruijn-indexedworld [deB72];infor-

mally, let usgrantourselvestheluxury of namesandtheassociatedluxury of ignoring

theissueof variablecapture.
1My ulterior motive is to preparethe groundfor the applicationof dependentlytyped functional

programmingto syntaxin chapterseven.
2Naturaldeductionis thebeststyleI havefoundfor presentingindexedinductive families.
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Having introducedall this syntax, let us abuseit wherever it suits us. We are not

machines,andwecansuppressinferrableinformationwhichmachinesmightdemand.

To besure,themachinesarecatchingup, with work on implicit syntaxfrom [Pol90]

and beyond. I do not proposeto give any mechanisticaccountof the argumentsI

shallomit, theparenthesesI shalldropandtheadhocnotationsI shall introduce—the

purposeis purelypresentational.

DEFINITION: contextsand judgments

Theset ³�´¶µ2´ of contextsis definedinductively:

·v¸ � ³s´¶µ=´¹ � ³s´¶µ=´ ��� u>º P»ª� ¹¹�¼ P�; ��� ³s´¶µ=´
¹ � ³�´¶µ2´ �=� ��� u2º P»ª� ¹¹A¼ P�X � ; �}� ³�´¶µ2´

Notethatwe maytreata context ‘forgetfully’ asa setof variables,hence

u=º is thesetof termsover
¹

.

If
¹ � ³s´¦µ2´ , then ½ º is thesetof

¹
-judgments. If ¾ � ½ º , we mayassert

that ¾ holdsby writing

¹À¿ ¾
½ º containscontext validity andtyping judgments:

valid
� ½ º @ � Z � u>º@�; Z � ½ º

In many presentations,a context is anassignmentof typesto identifiers.Here,value

assignmentsarealsopermitted.Let usalsoindulgein a slight abuseof notationand

write wholebindingsin thecontext, effectively annotatingentrieswith bindingoper-

atorsandperhapsadditionalproperties.3 Seenasa datastructure,for examplein the

implementationof LEGO, acontext is astackof bindings.Wecanrecover the‘formal’

contextsdefinedabovesimplyby forgettingtheextraannotations.Weshalloftenneed

to checkwhetheragivenvariablehasaparticularproperty, whetheror not it mayhave

others.Let us,for example,write
¹�¼ PQ; Z ¼y¹SÁ for acontext whereP hasthepropertythat

its typeis
Z

, regardlessof otherannotations.

As we explorea term,eachvariablewe encounteris givenits meaningby thestackof

bindingsunderwhich we have passed.A variableis not a name;it is a referenceto a

3It is oftenusefulto know whatcoloura variableis.
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binding.Namesariseasasocialphenomenon—justasin thestoryof Rumpelstiltskin,

namingthingsgivesuspowerover them.

Let usnow definecomputationwith respectto acontext. Weshouldfeelnoapprehen-

sionat this. Quite thereverse,syntaxonly makessenserelative to thecontext which

explainsits signs.Goguen’s typedoperationalsemanticsfor typetheory[Gog94]nec-

essarilyandnaturallyinvolvesthecontext, significantlyreducingthecostof metathe-

ory. Although the contextual informationhe requiresis active in typing andpassive

in computation,this is moreanaccidentof ECCthanan inevitablerestriction.Com-

pagnoniandGoguen’s morerecenttypedoperationalsemanticsfor higher-ordersub-

typing [CG99]exploits thepotentialto thefull.

MANTRA:

¹
is with me,wherever I go.

I, too,feelstronglyprovokedto exploit thepotentialherevealsby increasingtheactiv-

ity of thecontext in computation.Realprogramminglanguageimplementationskeep

valuesin stacks.

We may still employ the usual techniqueof supplying a numberof contraction

schemeswhich indicatetheactualcomputationsteps,togetherwith a notionof com-

patible closurewhichallowscomputationto occuranywherewithin a term.

DEFINITION: contraction schemes

OLEG’s contraction schemesareshown in table2.1.

Subtermssusceptibleto the Â , Ã or
�
contractionschemesare,respectively, Â -, Ã - and�

-redexes. Notethatthepropertyof beinga Ã -redex is implicitly context-dependent.A

termis in normal form if it containsno redexes.

It is perhapshelpful to think of ÄÆÅ and ÄÈÇ as‘work’, while ÄÊÉ is ‘wastedisposal’.

As a fanof Fritz Lang’s 1926classicsilentfilm, ‘Metropolis’, I like to imaginewhat

computationsoundslike: Â -reductionsoundslike paper-shuffling; Ã -reductionsounds

likefiling cabinetsandphotocopiers;
�
popslikesuddensuction.

DEFINITION: compatibleclosure

If ÄÊË is a contractionscheme,its compatibleclosure,Ä Ë , is givenby 2.2
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Â ¹«¿ dv">PÌ; � 67@&f � ÄÆÅ � PLX � ; � 6Í@
Ã ¹�¼ PLX � ; � ¼y¹SÁÎ¿ PÏÄÈÇ �� ¹À¿ � PGX � ; � 6¨@ÐÄÊÉ�@ P.ª� @

Table2.1: contractionschemes

¹Ñ¿ � ÄÊË � Á¹Ñ¿ � Ä Ë �
Á

¹Ñ¿ � Ä Ë �
Á¹À¿ � @ÒÄ Ë �
Á @

¹«¿ @ÒÄ Ë @
Á¹À¿ � @ÒÄ Ë � @
Á

¹À¿ � Ä Ë
� Á¹Ñ¿ qsPÓ; � 6 Z Ä Ë qsPÌ;

� Á 6 Z
¹À¿ � Ä Ë

� Á¹«¿ "=PÌ; � 6Ô@ÐÄ Ë ">PÌ;
� Á 6Ô@¹À¿ � Ä Ë �

Á¹À¿ � PLX � ; � 6¨@ÐÄ Ë
� PGX � Á ; � 6Í@

¹À¿ � Ä Ë
� Á¹À¿ � P�X � ; � 6�@ÒÄ Ë
� PGX � ; � Á 6Í@¹�¼y¢ �º ¿ @ÐÄ Ë @

Á
¹«¿Õ¢ �º 6�@ÒÄ Ë

¢ �º 6¨@ Á

Table2.2: compatibleclosure

¹«¿ �×ÖX Z¹À¿ ��Ø Z
¹À¿hÙ ØÏ� ¹«¿ �}Ø Z¹Ñ¿ÚÙ Ø Z

¹À¿ �'���ax Ø u[wyxTz�� �Û�YÜ¹Ñ¿ u[wyxTz¨� Ø u[wyxTz \
¹À¿ �ÝÖX � Á ¹�¼ qsP�; � Á ¿ Z Ø Z Á

¹À¿ qsPÓ; � 6 Z Ø qsPÌ; � Á 6 Z Á

Table2.3: cumlativity
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empty ·(¸ ¿
valid

declare

¹Ñ¿ � ;Ìu[wyxTz��¹�¼y¢ PÌ; � ¿
valid

¢ �.Þ q � "Sß

define
¹À¿ � ; �¹�¼ � PGX � ; � ¿

valid

prop
¹À¿

valid¹À¿ �'���axÈ;Ìu[wyxTzaà

type
¹À¿

valid¹À¿ u[wyxnz � ;Qu[wyxnz �Bá R

var
¹�¼ PQ; � ¼y¹ Á ¿ valid¹�¼ PQ; � ¼y¹SÁ�¿ PÑ; �

imp
¹�¼ qsP�; � ¿Úâ ;Ì�'���ax¹Ñ¿ qsPÌ; � 6 â ;Q�'���ax

all

¹À¿ � ;�u[wyxTz�� ¹�¼ qsP�; � ¿ Z ;Ìu[wyxTz¨�¹À¿ qsPÌ; � 6 Z ;Qu[wyxTz��

abs
¹�¼ "=P�; � ¿ @}; Z¹Ñ¿ "=PÓ; � 6Ô@�;�qsPÓ; � 6 Z

app
¹À¿ ¡ ;ãqsPÌ; � 6 Z ¹À¿ � ; �¹À¿ ¡ � ; � P�X � ; � 6 Z

let
¹�¼ � PLX � ; � ¿ @�; Z¹À¿ � P�X � ; � 6Í@�; � PGX � ; � 6 Z

cuml
¹À¿ @�; �¹À¿ @�; Z

¹À¿ ��Ø Z

Table2.4: OLEG coreinferencerules
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METATHEOREM: Church-Rosser
¹À¿ � ÖX @

impliesexistenceof acommonreduct ä suchthat
¹À¿ ��å ä ¹À¿ @ å ä

METATHEOREM: strengthening
¹�¼ � �º ¼�¹ Á ¿ @�; Z P�ª� ¹ Á � @ � Z

implies
¹�¼y¹SÁÎ¿ @�; Z

METATHEOREM: subject reduction
¹À¿ � ; Z ¹À¿ ��å @

implies
¹À¿ @�; Z

METATHEOREM: strongnormalisation
¹À¿ @�; Z

ensuresthat @ is stronglynormalising.

METATHEOREM: cut
¹�¼ � PGX � ; � ¼y¹SÁÎ¿ @�; Z

implies
¹�¼ ° � ± P`² ¹SÁÎ¿ ° � ± PW²�@};K° � ± PW² Z

Table2.5: metatheoreticproperties
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Henceforth,I shallelidethecontext in casualdiscussion.I write Ä for theunionof the

labelledcompatibleclosures,and å for its finite transitiveclosure.A termis strongly

normalising if admitsonly finite sequencesof reductions.Thesmallestequivalence

relationclosedunderå is calledconversionanddenoted
Ö X .

Observethat
�
-bindingallowsusto avoid meta-level substitutionin describingcompu-

tation.Explanationsof identifiersareactivatedby puttingtheminto thecontext, notby

propagatingthemthroughterms.Thetraditional Â -contraction

d("=PQ; � 6Í@(f � Ä ° � ± PW²I@
becomesa ‘noisier’ reductionsequence

d("=PQ; � 6Í@(f � Ä Å � PLX � ; � 6Í@�Ä Ç�æÍæÍæ
� PGX � ; � 69° � ± PW²I@�Ä É ° � ± P�²�@

Following Luo, I combinethenotionsof conversionanduniverseinclusionin a type

cumulativity preorderwith respectto
ÖX :

DEFINITION: cumulativity

Thecumulativity relation,
Ø

, is definedinductively in table2.3.

In [Luo94], Luo shows that
Ø

is antisymmetricandhencea partialorderwith respect

to
Ö X . In fact,everywell-typedterm @ (under

¹
) hasaprincipaltype

Z
in thesensethat

¹Ñ¿ @�; Z Á ç�è ¹À¿ Z Ø Z Á
.

Consequentlyit will be my habit to omit the index in u[wyxTz whereuncontroversial—

thisphenomenonis known astypical ambiguity [HP91]. In practice,thecumulativity

constraintsrequiredto ensureconsistency of any developmentcanbestoredasafinite

directedgraphandcheckedfor offendingcycles.

Thesystemof inferencerulesfor thevalidity of contexts andtyping judgmentsin the

OLEG corecalculusis given in table2.4. The formulationis slightly unusualin that

it involvesno meta-level substitutionin types—thesamejob is doneby thecomputa-

tionalbehaviour of localdefinition,asperformedby thecuml rule.

All theusualmetatheoreticproperties(seetable2.5)holdaswe mightexpectthemto.

They contributeno insight unavailablefrom the Luo’s treatmentof ECC in [Luo94].

Severi andPoll have shown how to extenddependenttypesystemswith local defini-

tions [SP94]. The Church-Rosserpropertyfollows by the ‘parallel reduction’argu-

mentof Tait andMartin-Löf, asmodernisedby Takahashi[Tak95]. Subjectreduction,
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strengtheningandcut follow by inductionon typing derivations,differing only in mi-

nordetailsfrom theproofsfor ECC.I haveomittedweakeningfrom thelist becauseit

is aspecialcaseof themonotonicity propertywhich I shallprove in section2.2.2.

Strongnormalisationfor theOLEG coreisadirectconsequenceof strongnormalisation

for ECC. In the style of Severi and Poll, a type-preservingtranslationmapsOLEG

termsto ECC termsaddingapparentlypointlessÂ -redexes4, so that eachstepin an

OLEG reductionsequencecanthenbesimulatedby a stepin anECCreductionof its

translation.Consequently, aninfinite reductionsequencefor a well-typedOLEG term

becomesaninfinite reductionsequencefor a well-typedECCterm,andwe know that

nosuchthingexists.

Theinterestingaspectof OLEG is its developmentsuperstructure.Let usnow giveour

attentionto that.

2.2 the OLEG developmentcalculus

‘Youcan’t putaholewhereaholedon’t belong.’ (BernardCribbins)

Holesstandfor thepartsof constructionswehavenotyet invented.Everyholeshould

tell ustwo thingsaboutthecandidateswhichmayfill it:

� their type,
Z

� thecontext,
¹

, of variablesthey mayemploy

We mayascribethesepropertiesto theholeitself, by way of convenientabbreviation.

Thepoint is that it mustbesafeto fill sucha hole with any @ suchthat
¹ ¿ @h; Z .

Solutionsmustbe locally checkableif workingwith holesis to bepracticable.

As I havealreadymentioned,thetreatmentof holesfor simpletypesystemsis greatly

helpedby the fact that termsdo not ‘leak’ into types. Consequently, any subterm

maysafelybereplacedby anotherof thesametype,without affectingthe typeof the

containingterm—localcheckabilityof hole solutionsis just onespecialcase.Holes

maysafelybe representedby unlabelled? symbols,astyping placesno dependency

betweenthem.
4It may help to think of the translationto ECC astying old tin cansonto termsto make the ECC

reductionasnoisyastheOLEG reduction.
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However, theapplicationof adependentlytypedfunctionsmugglestheargumentterm

into theresulttype—thisis why thereplacementpropertyfails. Considerthefollowing

example,in acontext defininganequalitysymbolfor naturalnumbers:

"�!êé ; � � ¬ � � ¬ �'���ax
"2ë7ì{í�éÑ;rqsJÒ; � � 6�J
!)é'J
"WîðïWñ é ;rqsg � Jj; � � 6Bgò!êé
J ¬ J
!)é)g

It maybereasonableto infer that

îðïWñ é ���Ód¦ë[ì~í5éN�Ôfó;Ô�[!+é5�

but we may not instantiateany of the ?sandretainthis typing unlesswe instantiate

themall— îðïWñ é ’s first two argumentsappearin therequiredtypeof d¦ë[ì~í5é��Ôf .
Somehow we mustrepresentthe informationthat the three?sin îôïWñ é �Ó�jd¦ë[ì~í5é��Ôf
signify the same,andwhat morenaturalway could we choosethan to give thema

singlesign?

Hence,let usinventa new bindingoperator‘?’ (pronounced‘hole’) to introducevari-

ablesstandingfor holesin a proof whichmustbeinstantiatedby a commoncandidate

of anappropriatetype.We maynow addto thecontext

�BP�; � �

andinfer

îðïWñ é PQPGd¶ë7ì{í�éÛPofó;APW!)é)P

Whenwe think of a suitablecandidate,we may ‘solve the hole’ by changingthe � -
bindingto, say,

� PGX^FÌ; � � , andthetypingwill stand.

However, thedangerhasnotgoneaway. We couldquitereasonablyinfer

îðïWñ é d(�BJÒ; � � 6BJêf�dv��JÒ; � � 6BJêf�d¦ë[ì~í5éN�BJj; � � 6BJ+fó;Í��JÐ; � � 6õJÛ!)éN�BJÐ; � � 6BJ

sinceonebinding �BJG; � � 6~J is syntacticallyidenticalto another, evenif we regardthe

boundvariablesasdistinct (indeed,not in thesamescope).We arenot free to solve

onewithout theothers,sowemustavoid thissituation.

Thepoint is thatalthoughthereis nothingwrongwith holesleakinginto types,disas-

ter strikesif we permit � -bindingsto do so. TheOLEG developmentcalculusensures
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that � -bindingsarealwaysin safeplaces—ie,thatthey mayalwaysbesolvedindepen-

dently. Indeed,this arisesasa corollaryof a moregeneralreplacementproperty, just

like in thesimply typedcase.

By introducinganexplicit bindingoperatorfor holes,OLEG followsDaleMiller’ slead

[Mil91, Mil92] in representingthestateof thesystemasa judgmentwhosecontext or

‘mixedprefix’ explainsthevariouslyquantifiedvariablesinvolved.

The OLEG developmentcalculusrepresentsthe storeof a theoremprover directly at

thejudgmentlevel. Theoremproverstendto containfour kindsof information:

� assumptions

� provedtheorems

� unprovedclaims

� partialproofsof claims

Thesefour componentsareeachrepresentedby a form of binding—respectively, the

four givenin thedefinitionbelow. A state is a context of suchbindings.Thetermsof

thedevelopmentcalculusarecalledpartial constructions.

DEFINITION: states,componentsand partial constructions

states ö�´U÷~´vz

·&¸ � ö�´U÷r´Uz
ø«� ö�´v÷~´vz ù � ³ � �ø ¼ ù � ö�´v÷~´Uz

components ³ � � for P � �Sú �

��� u �
"=P�; �}� ³ � �

�=� ��� u �� P�X � ; ��� ³ � �
��� u �

�BP�; �}� ³ � �
û � � � �}� u �
�BP�ü û ; ��� ³ � �

partial constructions � �

@ � u �
@ � � �

ù � ³ � � ý � � �S£4¤¦¥r§
ùÎ6 ý � � �
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Observe thatpartialproofs,or ‘guesses’areattachedto holeswith a ‘ ü ’ symbol,indi-

catingthat they have not thecomputationalforceof
�
-boundvaluesattachedwith ‘=’.

Indeed,wemayview any state
ø

asacorecontext by forgettingall but the‘:’ and‘=’

propertiesof eachvariable.This, in particular, meansthatguessesareinvisible to the

core.

States
ø

in the developmentcalculusare equippedwith
ø

-judgmentforms þ�z&ÿ$½��
correspondingto thoseof the core. If ¾ � þ�z&ÿ$½�� , we may assertthat ¾ holds by

writing
ø � ¾ .

þ�z&ÿ$½�� is givenby

valid
� þ�z(ÿ$½ � ý � � � Z � u �ý ;=u � � þ�z(ÿ$½ �

Even the abstractform of the typing judgment contains an important piece of

information—thedevelopmentcalculusdoesnotextendthetypesystem,only thelan-

guageof terms. Holes arenever boundto the right of the ‘:’. This only serves to

emphasisethe analyticview that typescomebeforeterms—wedo not explain terms

with types,wesearchfor termsinsidetypes.

Table2.6showsthenew inferencerules.Notethatcorejudgments
ø ¿ ¾ onlyvalidateø

viewedforgetfully asa corecontext—any guessesin
ø

will not bechecked. This

accountsfor theextra
ø �

valid premisesappearingin somerules.

The analogousmetatheoreticpropertiesfrom table2.5 continueto hold for this ex-

tendedsystem.Theparallelreductiontreatmentfor Church-Rosserandthederivation

inductionsfor subjectreduction,strengtheningandcut caneasilybeadapted.Strong

normalisationfor the developmentcalculusreducesto strongnormalisationfor the

coreby atranslationargumentwhichaddstheassumption�vgj|���� JW�Ð;4qs8t;vu[wyxnz(6�8 at the

rootof thecontext andturning � -bindingsinto
�
-bindings:every holewithouta guess,

��P�; � , becomes��PGü	�(gÐ|���� JW� � ; � , thenthetranslatedguessesbecome
�
-boundvalues.

Thecoretermsareembeddedin thepartialconstructions.Theforgetful interpretation

of statesas corecontexts allows variablesto appearin partial constructionsvia the

term rule. Theeffectof thecore/developmentseparationis thusto restrictwhereholes

maybebound. A partialconstructioncontainingno � -bindingsis saidto bepure, that

is, expressibleasa coreterm.Puretermsmay, of course,referto variables� -boundin

theircontext.

In particular, � -bindingscannotoccur insideapplicationsor
�
-boundvalues. This is

enoughto ensurethatthey haveno interactionwhateverwith computation.� -bindings
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statevalidity

empty ·&¸ �
valid

declare

ø �
valid

ø ¿ � ;�u[wyxTz �ø ¼ ù�PQ; �
� valid ù �­Þ " � �2ß

define
ø �

valid
ø ¿ � ; �ø ¼ � PGX � ; ��� valid

construct
ø � ý ; �ø ¼ �BPLü ý ; �
� valid

typingpartialconstructions

term
ø �

valid
ø ¿ @�; Zø � @}; Z

abs
ø ¼ "=Pk; �
� ý ; Zø � ">PÌ; � 6 ý ;ãqsPÓ; � 6 Z

let
ø ¼ � PLX � ; ��� ý ; Zø �m� PLX � ; � 6 ý ; � P�X � ; � 6 Z

hole
ø ¼ �BPk; ��� ý ; Zø � ��PÌ; � 6 ý ; Z P�ª� Z

guess
ø ¼ ��PLü û ; ��� ý ; Zø � �BPLü û ; � 6 ý ; Z P.ª� Z

cuml
ø � ý ; �ø � ý ; Z

ø ¿ ��Ø Z

Table2.6: developmentcalculusinferencerules
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areallowedto appearin ‘guesses’—partialconstructionsattachedto holesaspotential

solutions.However, unlike
�
-bindings,guessesaremerelytypecheckedannotations—

they havenocomputationalbehaviour andhencenoeffectonsubsequenttyping.

In fact, the only contractionschemeat the partial constructionlevel is
�
-contraction

removing spentvaluebindings.

ø �t� PGX � ; � 6 ý Ä É ý P.ª� ý

All the othercomputationsoccurwithin embeddedtermsvia the closurerulesgiven

below. Of courseÃ -reductionin termscanexploit
�
-componentsin thecontext.

ø ¿ @ÒÄ Ë @
Áø � @ÒÄ Ë @
Á

ø ¿ � Ä Ë
� Áø � "=PQ; � 6 ý Ä Ë ">PÌ;

� Á 6 ý
ø ¿ � Ä Ë

� Áø � �BPÌ; � 6 ý Ä Ë �BPÌ;
� Á 6 ýø ¿ � Ä Ë �

Áø �D� PGX � ; � 6 ý Ä Ë
� P�X � Á ; � 6 ý

ø ¿ � Ä Ë
� Áø �m� PLX � ; � 6 ý Ä Ë
� PGX � ; � Á 6 ýø � û Ä Ë û

Áø � �BP�ü û ; � 6 ý Ä Ë �BP�ü û
Á ; � 6 ý

ø ¿ � Ä Ë
� Áø � ��PLü û ; � 6 ý Ä Ë �BP�ü û ;

� Á 6 ýø ¼ ù �� � ý Ä Ë ý
Á

ø � ù �� 6 ý Ä Ë ù �� 6 ý Á
A crucialrole is playedby theside-conditionsin theholeandguessrules.Theseinsist

thatalthoughthetermundera � -bindingmayexploit theboundvariable,its typemay

not. Without them,we shouldhave to allow � -bindingsin types. Furthermore,these

restrictionssimply reflectthenaturalwaysin which holesarise—ina refinementstyle

proof,we only makeclaimsmotivatedby theneedto constructaninhabitantof a type

whichwealreadyknow.

The inability to leak into typesis somethingpartialconstructionssharewith termsin

simply typedsystems.We shouldexpectthe replacementpropertyto follow easily,

andin exactly the samemanner—replacingthe typing subderivationfor the replaced

term.

2.2.1 positionsand replacement

Thepositions �
�
� � areformedfrom thepartialconstructions� � by deletingonesub-

partial construction.A position
â � �
�
� � ‘forgetfully’ inducesa context extension
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�â
which collectsthe componentsunderwhich the deletionpoint lies. If ý � � ������ ,

then
â ° ý ² denotesthepartialconstructionobtainedby insertingý at

â
’s deletionpoint.

Positionsaredefinedinductively asfollows

DEFINITION: positions

For P � �Sú �� � �S�
� � â � �S�
� �_£2¤¦¥~§
³ � � 6 â � �
�
� � â � �
�
� � �}� u � û � � �S£4¤¦¥r§

�BPGü â ; � 6 û � �
�
� �� ° ý ²9X ý ø ¼ �� X ø
dõ³ � � 6 â fr° ý ²9Xh³ � � 6 â ° ý ² ø ¼ ³ � � 6 â X ø ¼ ³ � � ¼ �â

d(�BPGü â ; � 6 û fr° ý ²9Xm�BP�ü â ° ý ²7; � 6 û ø ¼ �BPLü â ; � 6 û X ø ¼ �â
Crucially, any derivation of

ø � â ° ý ²Ê; Z follows from a subderivation of someø ¼ �â � ý ; � .

We maycomposepositions,writing
âÌ¼(â Á

for thepositionobtainedby replacingthe �
in
â

by
â Á

. Clearly d âQ¼(â Á fr° ý ²KX â ° â Á ° ý ²E² and
âQ¼(â Á X �âÌ¼ �â Á

.

METATHEOREM: replacement

If
ø � â ° ý ²Û; Z

followsfrom
ø ¼ �â � ý ; Ù

and
ø ¼ �â � ý Á ; Ù

then
ø � â ° ý Á ²�; Z

PROOF

Theproof is by inductionover thederivationof
ø � â ° ý ²G; Z , thencaseanalysison

theposition.

In all caseswherethepositionis � , ie
â ° ý ²ÛX ý , thetyping derivationsfor

â ° ý ² andý
mustbethesame,yielding that

Ù
is
Z

—theconclusionis exactly thetypingof ý Á .
Weonly needthestrengthof theinductionwhenthepositionis nontrivial.

� term— � is theonly position

� abs
Wehave

ø � ">PÌ; � 6 â ° ý ²�;�qsPÌ; � 6 Z
sowemusthave

ø ¼ "=P�; ��� â ° ý ²Û; Z
following from

ø ¼ "=P�; � ¼ �â � ý ; Ù
Suppose

ø ¼ "=P�; � ¼ �â � ý Á ; Ù
Inductively

ø ¼ "=P�; ��� â ° ý Á ²�; Z
Hence

ø � ">PÌ; � 6 â ° ý Á ²ò;ãqsP�; � 6 Z
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� let, hole

Wegounderthecomponentin thesamewayasfor abs.

� guess

If the positiongoesunderthe component,the above argumentapplies. If the

positiongoesinto theguess:

Wehave
ø � �BPGü â ° ý ²7; � 6 û ; Z

sowemusthave
ø � â ° ý ²�; �

following from
ø ¼ �â � ý ; Ù

Suppose
ø ¼ �â � ý Á ; Ù

Inductively
ø � â ° ý Á ²Û; �

Hence
ø � �BPGü â ° ý Á ²[; � 6 û ; Z

Note that the typing of û andthe side-conditionP ª� Z
arenot affectedby the

changeof guess. �
To claim that the simplicity of this theorembeliesits utility is to misunderstandthe

pragmaticsof theory. Thereis noutility withoutsimplicity.

2.2.2 the stateinformation order

Weshallneedalittle moremetatheoreticalapparatusbeforewearereadyto reconstruct

theoremproving in OLEG. In particular, we shallneeda notionof ‘progress’between

OLEG states.The ideais thata state
ø Á

‘improves’
ø

if it containsat leastasmuch

information—
ø Á

mustsimulatethebehaviour of everyvariablein
ø

.

DEFINITION: stateinformation order

For valid states
ø

and
ø Á

, wesay
ø��hø Á

, if

� For eachP �Nø , if
ø ¿ PÕ; Z then

ø ÁÒ¿ PÕ; Z .

� For eachP �Nø , if
ø ¿ PYÄÈÇ � then

ø Á�¿ P Ö X � .�
is clearlyapreorder.

Noticethatinsertingnew componentsinto
ø

movesit uptheorder. Sodoesreplacinga

type-onlybindingor � -with-guessby a
�
-bindingof anappropriatelytypedvalue.Fur-

thermore,guessesmaybeaddedto holes,removedor modifiedatwill, solongastheir
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intendedtypeis respected—thereplacementpropertyhelpsusto checkmodifications.

On theotherhand,oncea variablehasa computationalbehaviour, we maynot take it

away.

If
ø��hø Á

then,viewedasvariablesets
ø � ø Á

, so þ�z&ÿ$½ � � þ�z&ÿ�½ ��� . As theordering

preservesall theobservablebehaviour of astate,weshouldexpectto find thefollowing

holds

METATHEOREM: monotonicity

If
ø��Ïø Á

, thenfor all ¾ � þ�z&ÿ$½ � ,
ø�� ¾ implies

ø Á � ¾
PROOF

Wemustfirst generalisea little:

If
ø R �Ïø Á R

then
ø R � ø���� ¾ implies

ø Á R � ø �!� ¾
and

ø R ¼y¹Ñ¿ ¾ implies
ø Á R ¼�¹«¿ ¾

provided
ø Á R capturesnovariablesfrom

ø��
or
¹

This allows us an easyinductionon derivations. From the definition of
�

, we shall

acquireexactly the componentswe needto replacethosesubderivationswhich look

up typesfrom
ø R , perform Ã -reductionsfrom

ø R or simply validate
ø R . That is, the

interestingcasesare

� thevar rule

If thevariablebeingtypedliesin
ø R , thedefinitionof

�
tellsushow toderivethe

sametypefrom
ø Á R . Otherwise,theresultfollowsfrom theinductivehypothesis,

which replacesthe prefix in the premise,andthe var rule, which recoversthe

typefrom theunchangedsuffix.

� thevalidity rules

If the context beingvalidatedis
ø R , replacethe entirederivation with that ofø Á R ¿ valid. Otherwise,thecontext strictly contains

ø R , sothepremisecontext

contains
ø R , hencetheinductivehypothesisapplies.

� thecuml rule

The inductive hypothesissuppliesthe modifiedpremise. As for the computa-

tionalsidecondition,thedefinitionof
�

enablesusto replaceevery Ã -reduction

for variablesin
ø R with anequivalentconversionvalid in

ø Á R .
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�
2.3 life of a hole

I now presentfour basicreplacementoperationswhichactasa basisfor workingwith

holes.

claim (birth)
ø � ý ; Z ø ¿ � ;Qu[wyxTzø � �BPÓ; � 6 ý ; Z

try (marriage)
ø � �BPÌ; � 6 ý ; Z ø � û ; �ø � �BP�ü û ; � 6 ý ; Z

regret (divorce)
ø � �BP�ü û ; � 6 ý ; Zø � �BPÓ; � 6 ý ; Z

solve (death)
ø � �BP�ü û ; � 6 ý ; Zø �m� PLX û ; � 6 ý ; Z û pure

It is clearthat eachof theserulesis admissible.We may readthemasjustifying the

replacementat any positionof the constructionin the premiseby the constructionin

theconclusion.Monotonicityjustifiesthecorrespondingstepswhichinsertandmodify

new � -componentsin thestate.

Effectively, claim allows us to inserta new hole at any position. Holesarenaturally

born this way—weclaim that
�

holdsin orderto develop our proof of
Z

. The side-

conditionon thehole typing ruleholdsasamatterof course.

Thetry andregret stepsallow usto attachanddiscardguessesrepeatedly—hopefully

our judgmentimproves as we go round the cycle. Oncethe guesscontainsno � -
components,it hasbecomea coreterm—deathis not the endof the journey, but the

transitionby whichaholeis solved, becominga localdefinition.

Thesefour rulesallow usto extendthenotionof ‘informationorder’ to positions. This

givesusthemeansto relateoperationswhicharefocusedataparticularpositionto the

amountof informationavailableat thatposition.

DEFINITION: position information order

For valid states
ø

and
â � â Á � �
�
� � , theposition information order

ø �
â � â Á

is giveninductively by thefollowing rules:
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refl ø � â � â

trans
ø � â � â Á ø � â Á � â Á Áø � â � â Á Á

claim
ø ¼ �â�¿ � ;Ìu[wyxTzø � âÓ¼vâ Á � âÌ¼ �BPÌ; � 6 â Á

try
ø ¼ �â � û ; �ø � âÌ¼ �BPÌ; � 6 â Á � âQ¼ �BPGü û ; � 6 â Á

regret ø � âÌ¼ �BPLü û ; � 6 â Á � âQ¼ ��PÌ; � 6 â Á

solve ø � âÌ¼ �BPLü û ; � 6 â Á � âÌ¼ � PLX û ; � 6 â Á û pure

Theadmissibilityof thefour basicreplacementoperationsgivenaboveensuresthatifø � â � â Á
, then

� if
ø ¼ �â �

valid then
ø ¼ �â Á �

valid and
ø ¼ �â �Ïø ¼ �â Á

� if
ø � â ° ý ²�; Z then

ø � â Á ° ý ²�; Z

We may now reconstructthe familiar tools of refinementproof asoperationswhich

manipulateOLEG states,preservingtheir validity. Moreover, we canmake assurance

doublesureat any stageby rederiving thestate’s validity judgment.This directcorre-

spondencebetweenjudgmentsof the type theoryandstatesof themachine,andthus

betweenadmissiblerulesandtactics,is quitea solid basison which to build a proof

assistant.

2.4 displaying an OLEG state

Theprototypeimplementationof OLEG waswritten for useby otherprograms,rather

thanby people. However, this thesisis full of OLEG proofs,so we shall needsome

way to seewhatwearedoing.Let usthink how wemightdisplayanOLEG state.

I proposeto list the componentsof a statevertically, so that the morelocal bindings

areliterally aswell asmetaphoricallyunderthemoreglobalones.For eachbinding,

we shouldgive thebindingoperator, the identifier, thena tableshowing theproperty

indicators(‘:’ or ‘=’) with theassociatedterms(typesor values).It will servethecause
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of brevity if we sometimesrelax vertical alignment,combiningbindingswhenmore

thanoneidentifieris beinggiventhesametreatment.

Now, any term canbe viewed asa subtermundera context of binders—letus allow

ourselvesto format thesecontexts in the sameway asthe ‘main’ stateandwrite the

subtermdirectlyunderneath.For example,wemighthavethestateshown ontheright.

The initial four assumptionsintroducea

type
� �

of naturalnumbers,its two con-

structorsanda primitive recursionopera-

tor. Following this, I have shown a par-

tial developmentof theadditionfunction.

Observe thecompletedsuccessorcasein-

troducedby a
�

binding, while the zero

caseis still an unknown boundwith a � .
The partial proof is boundwith a � , in-

dicating that it still contains � -bindings

which mustnot beduplicated.Notealso

that
�
-bindingenablesus to inspectterms

suchas "5��/'�$# which would otherwisebe

stuckbeneaththeapplicationof � 	�� .

" � � ;ãu[wyxTz
"`F ; � �
"`� ; � � ¬ � �
"`� 	�� ;5q&%D;7u[wyxTz

q&')({;�%
q&')*{;�% ¬ %
qsJÆ; � �%

�+"���/'�yüY��"5��/'�-,ã; � � ¬ � �
� "5��/'�$#{Xm"."���/'� � ; � � ¬ � �

" � ; � �
�Ôd/"���/'� � � f;0q&''; � � ¬ � �
q � ; � �� �

� 	�� d � � ¬ � � f0"���/'� , "���/'�1#
; � � ¬ � � ¬ � �

In general,then,a stateis displayedasa treewhoseforking nodesarebindings.From

eachbinding,oneedgepoints‘underneath’to its scope,andotherspoint ‘sideways’

into the termsattachedby the propertyindicators‘ ; ’, ‘ X ’ and‘ ü ’. The sequenceof

componentswhich make up a stateform a spineof the tree,vertically alignedat the

left handside,startingat the root andfollowing the ‘underneath’edgesuntil the last

componentis reached.In the above example,the spineconsistsof the bindingsfor� �
, F , � , � 	�� and "���/'� . The subtreesreachedby going ‘sideways’ from this spine

(representing,for example,the type of � 	�� , or the incompletedevelopmentof "���/'� )
have termsor partialconstructionsat theleaves.As we have seen,whereverwe find a

partialconstruction,wemayreplaceit by anotherof thesametype.

It is unlikely that we shouldalwayswant to seethe whole treeof a large statefully

expandedasabove. You can,perhaps,imagineusinga mouseto draw cloudsround

uninterestingpartsof proofs,introducinga cloudsymbolin thestatedisplay. Perhaps

wecandouble-clickon thecloudto restoretheexpandedtree.
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Let us expandin detail only wherewe are interested,

keepingconnectedsubtreesof uninterestingproof ob-

scuredby clouds. For instance,if we are simply in-

terestedin unsolved goals,the above examplecanbe

reducedto thispicture.

�+"���/'�{üY�+"5��/)� , ;~q � ; � �� �

I like this interfacefor obscuringirrelevant detailsbecauseI canfocuson a subtree

withoutdisplayingthefull pathbackto theroot. Further, if weallow subtreescontain-

ingcloudstobeobscuredbybiggerclouds,wecanstructureourlackof interest—when

weexpandthelargercloudto returnto thatpartof thedevelopment,thebitsmarkedas

dull remainhidden.

Now thatwecanvisualisethestate,letusvisualisetacticsasdirectmanipulationsof the

displayedimage.Eachsymbolis givena tangiblepresenceby its binding.Operations

which affect a symbolshouldbeaddressed,by mouseor whatever, to its binding. We

shallsoonfind ourselvesdraggingbindingsabouttheplace,andsoforth. It is,perhaps,

anadvantageof making � -bindingsexplicit thatthey afford suchvisualmetaphors.

2.5 basiccomponentmanipulations

I shallpresenttacticsasqualifiedstatetransitions.Thevalid-

ity of thefinal statemustfollow from thatof theinitial state,

giventheside-conditions.

Table2.7showssomebasictacticsfor manipulatingcompo-

nentsat theouterlevel of the OLEG state.Thesetacticsare

justifiedby monotonicity, exceptfor cut andabandonwhich

arestandardmetatheoreticproperties.

before
è

after

side-conditions

Wemayalsorepresentreplacementasatactic,

instantiatingit to acquiretacticswhich work

at any position in the development. Conse-

quently, we may apply claim, abandon, try ,

regret, solve and cut within guesses.How-

ever, we arenot freeto createanddestroy " s,

asthesewouldnotpreservethetypeof thepar-

tial construction.

ø
�BPGü â ° ý ²7; �ø Á

è
ø
�BP�ü â ° ý Á ²[; �ø Á

ø ¼ �â � ý ; Ùø ¼ �â � ý Á ; Ù

Of course,we will wantto operatewith a little moresophisticationthanto edit partial

constructionsdirectlywith try andregret. Whatwehaveestablishedis themachinery
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assume justify claim

ø
ø Á è

ø
"=P�; �ø Á

ø
"=P�; �ø Á

è
ø
�BP�; �ø Á

ø
ø Á è

ø
�BPk; �ø Á

ø ¿ � ;Ìu[wyxTz ø ¿ � ;Ìu[wyxTz
try regret solve

ø
�BP�; �ø Á

è
ø
�BPLü ý ; �ø Á

ø
�BPLü ý ; �ø Á

è
ø
�BP�; �ø Á

ø
�BPGü ý ; �ø Á

è
ø
� PLX ý ; �ø Á

ø � ý ; � ý pure
cut abandon postpone

ø
� PGX � ; �ø Á

è ø
° � ± PW² ø Á

ø
�BP�; �ø Á

è ø
ø Á

ø
�BP�; �ø Á

è
ø
"=Pk; �ø Á

P»ª�kø Á

Table2.7: basiccomponentmanipulations
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attack intr o-q intr o-
�

�BP�; �
è ��PnüY�BP'; �

P
; �

�BP';~q � ; �Z
P

è " � ; �
�yPS; Z
P

�BP'; � � X � ; �Z
P

è � � X � ; �
��PL; Z
P

retreat raise-q raise-
�

� � ü �BP'; �
@

; Z
è ��P�; �

� � üt@A; Z
" � ; �
�BP
; Z
@

è �BP
;rq � ; �Z
" � ; �
° P � ± P�²�@

� � X � ; �
�BPG; Z
@

è �BPG; � � X � ; �Z
� � X � ; �
@

Table2.8: moving holesthroughtheir types

for makingholesappearanddisappearin a givenplace. Justlike the cinema,if we

work thismachineryfastenough,wecreatetheillusion of movement.

2.6 moving holes

Traditionally, we may‘introduce’ a termof functionaltypeby filling a holewith a " -

bindingwhosebodyis anew hole—thecontext of thenew holecontainstheargument

of the function. We may ‘animate’ this manoeuvreby pretendingthat the � -binding

hasmovedundertheargumentandshortenedits type.

Anotherfamiliarmanoeuvreundoestheeffectof introduction,generalisingaholefunc-

tionally over the assumptionsfrom which it wasto beproven. The � -bindingmoves

outwardsthroughthebindingof theassumption,andits typegetslonger. Miller calls

this ‘raising’ [Mil91]. Wemayalsoshuffle holesin andout through
�
-bindingsappear-

ing in their types.

Thesemovesarecollectedin table2.8.

Noticethatthetwo introductiontacticsonly replaceconstructionsof theform �BPÓ; � 6&P .

If thebodywassomearbitrary @ , theintroductionswouldaffect the P ’s in @ , ratherthan

the whole expression.Fortunately, any hole not of this form canbe madereadyfor
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introductionby theattack tactic.

Theraisingtactics,however, havenosuchrestriction.They allow usto moveholesout

throughassumptionsanddefinitions,becomingmorefunctionalasthey go, until they

areoutermostin aguess.Theretreat tacticmaythenbeusedto extractthemfrom the

development.A partialconstructioncanalwaysbemadepureby raisingandretreating

its remaining� -bindings.

2.7 refinementand unification

The intr os-q tacticmakesprogressby filling a holewith a " -term.Thissectionbuilds

tacticsto fill holeswith applications.

Let usbegin with a very simplemotivatingexample,say, de-

velopingthe �5��/325� 	 function for naturalnumbersin terms

of "���/'� . �Í�5��/325� 	 ;~q�JA; � �� �

Wemayintroducetheargumentby attack, thenintr os- " .
�[����/42�� 	 üY"=JA; � �

�65A; � �5
At this point, we might decideto solve for 7 by adding

two numberstogether. We cando this, even if we have

not yet decidedwhich two numbers,by insertingholes

for thenumbers.Thatis, wefirst claim 67676

�[�5��/325� 	 üY"=J ; � �
�BP � � ; � �
�65 ; � �5

67676 thensolve 5 with "���/'�98�ï andcut.

We have filled oneold hole, 5 , with "5��/'� appliedto two

new holes—thatis, wehave ‘refined 5 by "���/'� ’. �[����/425� 	 ü ">J ; � �
��P � � ; � �"5��/'�nP �

To completethedevelopment,refineeachof P and
�

by

J .
� ����/425� 	 Xm";:ã; � �"���/'�9:�:
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Thetacticnäıve-refinesolvesoneholeby agivenfunc-

tion appliedto unknownsrepresentedby new holes. It

is acombinationof claim, try andsolve.

NotethatI have not explainedhow thelengthof thear-

gumentsequence<P is to be chosen.We could leave it

to the user. However, sinceconvertability is decidable,

wecansimply try thesuccessively longersequencesaf-

fordedby the q s in the typeof
¡

until eitheroneworks

or werunout of arguments.

näıve-refine

� � ; Z
è

�=<PG; <�� � X ¡ <P
; Z

¡ ;�q><PÌ; <� 6 Z
Hence,in theabove example,we effectively solved 5 by näıve-refinewith "���/'� , then

eachof P and
�

by näıve-refinewith J .

While näıve-refineis goodfor simpletypes,asonemight

expect,it is not sufficiently powerful to beof realusein

thedependentlytypedsetting.Considerthis (admittedly

somewhatartificial) problem.

We have to find a
�

suchthat g !)é � . Carefulexami-

nationshows that J will do, with a derivationvia J � � g .

However, wecannotsimplydonäıve-refineon gj� � with

J � � g , becauseJ � � g provesPÐ!)éÛJ , not gÈ!)é � .

">J ; � �
">J � � g�;rqsP ; � �

qsJW��P';õJÛ!)éÛP
PÒ!)éÛJ

">g ; � �
">JW�Bg ;�Jò!+é�g
� � ; � �
��gÐ� � ;�gÆ!+é �

Wecan,however, startby building anapplicationof J � � g in

a
�
-binding.

If we could solve P and
�

so that the typesof P>��J and gj� �
becameconvertible,wecouldcompletetherefinement.That

is, we needto unify the two types. Note that it is unifica-

tion weneed,not justone-sidedmatching—weneedto infer

valuesfor holesin thegoal,not justunknown arguments.

��P ; � �
��JW��P×;êJò!êéòP� P>��JLX�J � � g PÌJW��P

;êPÒ!)é�J
��gj� � ;êgÆ!+é �

This thesisis not the placefor a discussionof unificationfor proof search—thereis

much work on this in the literature[Pym90]. For my purposes,somethingsimilar

in power to first-orderunificationon normalisedtermswill prove adequate.OLEG’s

explicit bindingsof holesandassumptions,andits supportfor variousoperationswhich

permutethem,suggestthatMiller’ s technologyfor unification‘undera mixedprefix’

[Mil92] couldbeimportedveryeasily.

Let usthereforeimagine‘buying in’ a pre-existing unificationtool anduseit to drive

thetacticshown below.
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unify

ø

� � ü â
?@ � P Á X � ; �
�BPÊ; Zý

AB
è

ø Á
� � ü â Á�C � PTX � ; Z° P ± P Á ² ý D

ø ��ø Á
ø Á � â � â Á
ø Á�¼ �â Á ¿ �}Ø Z

Theideais thatunify solvesholesuntil enoughnew Ã -reductionshave beenaddedto

give
�}Ø Z

. At thatpoint, thedesired� , temporarilystoredin a
�
-binding,canbefilled

in asthevaluefor P .

Notethatthereis nothingto stopunify creatingnew holes,althoughthis is unusualfor

first-orderalgorithms.Nor do I requiretheunificationprocessto terminate,although

thissometimeshelps.

Wemaynow build a two-phasetacticwhich incorporatesunificationin therefinement

process.

unify-r efine

1.

ø
� � ü â C �BP'; Zý D è

ø

� � ü â
?EE@ � <F ; <Ù� P Á X ¡ <F ; �
�BPÊ; Zý

AHGGB

¡ ;ãq�<F ; <Ù 6 �
2. unify P Á andP (atposition

âÌ¼ � <F ; <Ù )

As with näıve-refine, it is notnecessaryto specifyhow many arguments
¡

shouldhave

in advance.Providedwearewilling to wait for theunificationattempts,wemaysimply

startwith noneandkeeptrying successively until eithertheunificationsucceedsor we
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runout of q s. This is exactly thebehaviour of LEGO’s notorious‘Refine ’ tactic.5

An alternative to this searchbehaviour is a moreprecise‘drag-and-drop’technique.

We canimaginea mouseactionpicking up a hypothesisby a suffix of the functional

partof its typeanddroppingit on a hole. Theargumentsof thehypothesisbeforethe

pointwe selectedwouldbetheonesmadeholesby unify-r efine.

Perhapsyou arefamiliar with thechildren’s toy which consistsof a postboxwith var-

iousholesof differentshapesin thetop. Thetoy comeswith a numberof blocks,and

theobjectof theexerciseis to posteachblock throughthecorrecthole. In orderto do

this, thechild is givena refinementtacticwhich takestheform of a blueplasticham-

mer. Thereis aninitial phasewheretheconnectionbetweentheshapeof theblockand

the shapeof the hole hasnot yet beenmade—aphasecharacterisedby violent ham-

meringandtantrums.Everyonewho hasever learnedLEGO hasundergonea similar

experience.

2.8 dischargeand other permutations

Let me completethis reconstructionof basictheorem-proving in OLEG with some

moretechnologyfor shuffling componentsaround.It is fairly clearthatwe mayper-

mutecomponentsin the statein any way which preservesthe dependenciesbetween

them.

Wheredependency doesarise,we may still reorderthe components,but we have to

accountfor it by introducingappropriatefunctionalbehaviour. In particular, thisallows

usto dischargeanassumptionby makingeverythingwhich followsfrom it functional

over it. LEGO implementsthis transformationby its ‘Discharge ’ tactic. We may

reconstructit piecewiseby thefour manipulationsgivenin table2.9.

Althoughwemayreadeachof the‘four discharges’aspulling thebindingof P through

thebindingof
�
, thisis justacinematicillusion. They are,of course,provenbycreating

anearlierbindingfor
�
, thenexpressingthelateronein termsof it. By monotonicity,

wemaymake thesamepermutationsfor � -componentsaswecanfor " -components.

We may also make permutationsand deletionsin the argumenttypesof functional

holes,solongaswedonotbreakany dependencies.Seetable2.10.If webracketsuch

moveswith raisingandintroduction,we canmake similar permutationsanddeletions

in argumentswhichhavealreadybeenintroduced.

5LEGO triesquitehardto keepgoing,applyingweakhead-normalisationat eachstep,in anattempt
to reveala fresh I -binding.
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" -through- " " -through-
�

ø
">P�; �
" � ; Zø Á

è
ø
" � ;4qsPÓ; � 6 Z
"=P�; �
° � P ± � ² ø Á

ø
"=Pk; �� � X^@=; Zø Á

è
ø
� � Xt">PÌ; � 6Ô@
;0qsPÌ; � 6 Z

">PL; �
° � P ± � ² ø Á

�
-through- " �

-through-
�

ø
� PGX � ; �
" � ; Zø Á

è
ø
" � ; � PLX � ; � 6 Z� P�X � ; �ø Á

ø
� P�X � ; �� � X^@=; Zø Á

è
ø
� � X � PGX � ; � 67@
; � PGX � ; � 6 Z� PTX � ; �ø Á

Table2.9: thefour discharges

swap-independent delete-unused

�KJE;~qL<P'; <�
q � ;NM
q F ;6OZ è �KJ Á ;0qP<P'; <�

q F ;6O
q � ;NMZ

� J2Xm" <P � � �
F 6=J Á <P F �
�KJE;rqP<P'; <�
q � ;NMZ è �QJ Á ;AqP<P
; <�Z

� J Xm"R<P � � 6QJ Á <P
� ª� O � ª� Z

Table2.10:permutinganddeletingarguments
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2.9 systemswith explicit substitution

Now seemsa good time to compareOLEG’s treatmentof holeswith that of other

systems.

Thekey issueis how to copewith holesleakingout of thescopeof their explanation.

LEGO ignoresthis issueandreapstheconsequentfrightful harvest—althoughinstanti-

ationsaretypechecked,they mayinvolveout-of-scopevalueswhichareonly detected

oncethe completed‘proof’ is beingverified. OLEG dealswith the problemby for-

biddingit—a holemaynot escapeits scope,but its scopemaybewidenedby raising,

keepingthedependency informationexplicit andintact.

The real comparisonlies with systemswhich treat this problemvia explicit substi-

tution, suchas TypeLab[vHLS98] and ALF [Mag94]. Holes appearin the calculi

underlyingboth systemswithout explicit binding. Instead,the context andtype of a

hole arerecordedin an externalledger. By gooddesign,this context coincideswith

thecollectionof boundvariablesunderwhichtheholemakesits initial appearance,but

computationmaydestroy this coincidence,soexplicit substitutionis requiredto fix it

up.

[vHLS98] illustratesthis with a simpleexample.Suppose� is definedto have type S
in context �k;;S . Thatis, its ledgerentryis ��;;S ¿ �Ð;;S . Now considertheterm

d("`�k;TSQ6��Ôf�U
We aretold that the " -abstracted� is ‘the sameobject’ asthe � in the ledger. On the

onehand,we may instantiate� with � and Â -reduceto get U . On the other, we may

Â -reduceto get � which we cantheninstantiatewith � . Thetwo do not commute,as

they show in thisdiagram:

Þ �Ð; XY�
ß
d("`�k;TSQ6��Ôf�U V d("`�k;TSQ6 �Tf�U

Â W W(Â
� V � UÞ �Ò;�X^�
ß

Thetroubleis thatperformingthe Â -reductionfirst introducesadiscrepancy—theterm

no longer containsa binding occurrenceof � correspondingto the � in the ledger,
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hencethesubsequentinstantiationis atouchanachronistic.In fact,thesubstitutionim-

plicit in the Â -reductionhaspassedthrough� withoutstoppingto considerthefactthat

some� ’s might appearwhenit is instantiated,hencethesolutionis to delayexplicitly

the applicationof the substitutionto � . When � is instantiated,the substitutionmay

proceed.Thatis, werepairtheleakin scopeby attachinganexplicit substitutionto the

hole:

Þ �Ò;�X^�
ß
d("`�k;TSQ6��Ôf�U V d("`�k;TSQ6 �Tf�U

Â W W(Â
�9° �k;�XXUô² V UÞ �Ò;�X^�
ß

The extra ° �Ý;�XYUô² is really a kind of binding which maintainsconsistency with the

ledger, so that � remainsa ‘function’ of � . That is, the problemremains‘think of aS ¬ S function’, andthevalueremains‘whatever-it-is appliedto U ’.
The OLEG approachto this problemis total cowardice—sincesuchsituationscause

trouble,they areforbidden.In particular, wemaynotbindholesinsideanapplication,

sothereis norelationshipwith Â -reductionto untangle.

We can, of course,have the stateshown on the right. However,

the guessfor J hasno computationalforce. We cannotreduce J�@
unlesswe widen J ’s scopeby raisingandretreating,undoingthe

introductionof the " andleaving us with an explicitly functional

hole.

"o@+; Z
�KJaüY"=P
; Z

� � ; Z�JÔ@
Is this anunbearablerestriction?I canassureyou that it will give usno troublein the

courseof this thesis. The point is that OLEG offers a genuinecompromisebetween

theingenuityof explicit substitutionandthepainof representingholesas,say, skolem

functionsover theentirecontext—holesneedonly bekeptfunctionalasfarasthey are

usedcomputationally.

2.10 sequences,telescopes,families, triangles

Finally, for this chapter, let medigressfor a momentto introducean importantnota-

tional conveniencewhich will serve both to abbreviateandclarify what follows. We

will frequentlyencountersequencesof terms,often asargumentsto functionsor in-
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dicesof typefamilies.I wish to avoid thetraditional @ðR_6[676�@$V for anumberof reasons:

� it’ s too wide

� it introducesasubscriptwhich is frequentlyirrelevant

� our binding syntax involves significantdots—throwing more dots around(in

threes,no less)canonly causeconfusion

Forswearthereforethe pointillist sequencein favour of de Bruijn’s telescopenota-

tion [deB91]. A sequence< @ , indicatesa finite, perhapsemptysequenceof terms,and,

following that primitive monoidalurge, we have compositionoperator
¼

and empty

sequenceZ .
deBruijn explainshow to givesuchasequencea ‘type’. In a simply typedsetting,we

couldjust write <Z , but thingsarea little morecomplicatedfor us: in our dependently

typedworld, thevaluesof earliertermsin asequencecanaffectthetypesof laterterms.

Wecannotafford to losethisdependency information,hencewemustincorporatesome

kind of placeholderinto thetypesequencenotation.

DEFINITION: telescope

If
�

is asetof variablesnotcontainingPSRT67676UPWV , and
Z&[ � u �S£4¤¦¥N\^]_]_] ¥1`Ha \ § forb�cedfceg

, then <Z is an <h -telescope(where <P abbreviatesPSR ¼ 67676vPWV and <Z
abbreviates

Z R ¼ 67676 Z V ).
Thatis, we definea sequenceof typesrelative to a sequenceof identifiers

which becomeboundin turn andstandasplaceholdersfor earliervalues

in latertypes.

For example,the <P -telescope

PSR P � P9ij�k+l�mu[wyxTz ¼ j k+l mPSR ¬ �'���ax ¼ j k+l mq � ;EPSR~6õP � �
representsa triple of, respectively, a type PSR , apredicateP � over PSR , andaproof P9i that

all elementsof PSR satisfyP � .
We maynow exploit telescopesin all sortsof circumstances.For example,if <Z is an<P -telescope,thejudgment

¹À¿ < @�; <Z abbreviatestheconjunctionof thejudgments
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¹Ñ¿ @ðR�; Z R¹Ñ¿ @ � ;j° @ðR ± PSRô² Z �
...¹Ñ¿ @UVh;K° @UV�nWR ± PWVonWR&²>676767° @ôR ± P_Rð² Z V

Further, thebinding " <� ; <Z abbreviatesthesequenceof
g " -bindingsgiving

� [
thetypeZ3[

with
�
’s for the P ’s,while

� <� X < @4; <Z abbreviatesthecorresponding
g �

-bindings,and

similarly for theotherbindingoperators.

We may thus speakof a sequenceof boundvariablesas having a telescopewhere

we would speakof a single boundvariableas having a type. I shall glibly omit a

telescope’splaceholdingvariables,unlessthey arenecessaryto avoidambiguity. When

essentialfor clarity, I shallattachtheplaceholdervariablesto thetypesin situ, rather

thannamingthembeforehand,makingtheaboveexample

P_R�;=u[wyxTz ¼ P � ;7PSR ¬ u[wyxTz ¼ P9iÌ;4q � ;aPSR~6BP � �
The term ‘telescope’comesfrom its notation-shrinkingpower, inspiredby the kind

of collapsibletelescopethatHoratioNelsononcefamouslyput to his blind eye. It is

a moreappropriatemetaphorfor abbreviating a dependenttype sequencethanother

collapsiblestructuressuchasaccordionsor operahatsbecauseeachof theconcentric

cylinderswhichmakesup thetelescopehasa lip whichconstrainsthenext (andhence

all thefollowing cylinders).

The optical behaviour of telescopesis helpful also. Broadly speaking,the longeran

opticaltelescope,thesmallerthefield of view andthegreaterthemagnification.Sim-

ilarly, asyou extenda type telescope,eachnew typeactsasa new constraint,so the

collectionof inhabitingsequences‘visible throughthetelescope’becomessmallerbut

moreinformative.6

Thereis anothersensein which typetelescopesarecollapsible—ifwe instantiatethe

first placeholder, weacquirea morespecifictelescopeshorterby one.

DEFINITION: telescopeapplication

If <Z is the P_R ]_]_] V -telescope
Z R ¼ Z � ¼ 6[676 Z V and @�; Z R , thentheapplication<Z @

is the P � ]_]_] V -telescope

6deBruijn talksof sequences‘fitting into’ telescopes,but I preferto avoid themixedmetaphor.
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° @ ± PSRô² Z � ¼ 67676Í° @ ± PSRô² Z V
Observe thatif @ ¼ < @�; <Z then < @�; <Z @ .
This notionof applicationfor telescopesmay be iteratedover a term se-

quencein thesamewayasfunctionapplication,shorteninga telescopeby

instantiatingany prefix. Thatis, if <� is an <P -telescopeand <� ; <� then d <� ¼ <Z f�<�
is just °p<� ± <P`² <Z .

Note that theusesemicolonfor sequentialcompositionleavesthecommafreefor its

usualrole,indicatingmultipleinhabitationof thesametypeor telescope.Thatis, <P � <� ;<Z meansthateachof <P and <� inhabits <Z , where <P ¼ <� ; <Z meansthat theconcatenation

of <P and <� inhabits <Z .

Let usalsointroducea notationfor makingmultiplecopiesof a telescope.

DEFINITION: iterated sequenceor telescope

If < @ is asequenceof termsor a telescope,thenq < @sr V
is thesequentialcompositionof

g
copiesof < @ .

If < @ [ is a sequenceof termsor telescopecontaininga freesubscript
d
, thenq < @ [ r V[

is thesequentialcomposition< @ðR ¼ 67676 < @$V
Theemptysequenceor telescopeis thus

Þ ß à .

Hencewe maysaythat "���/'� hastype
Þ � � ß

� ¬ � �
andstill intendthecurriedform of

thefunction.

Observe thatif < @ðR � 676[6 < @UVK; <Z then
q < @ [ r V[ ; q <Z r V .

Similarly
q ¡ < @ [ r V[ abbreviates d ¡ < @ðRBf ¼ 67676Íd ¡ < @vV=f .

Now thatwehavethetelescopenotationfor expressingtypesof indices,wemaydefine

thenotionof anindexedfamily.

DEFINITION: indexedfamily
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If <� is a telescopeand
Z

is a type,thenan <t -indexed u -family is aninhab-

itantof q <PÌ; <� 6 Z .

For example,if for all J»; � � wedefine� � J tobethefinitedatatypewith J elements,we

maysaythat � � is
� �

-indexed u[wyxnz -family. Or, perhapsperversely, wemaydescribethe

functionwhichdecidesequalityon thenaturalnumbersasa
Þ � � ß

�
-indexed v v -family.

For any u[wyxTz -family (henceforth‘type family’), wemaydefinethefollowing telescope:

DEFINITION: fr eetelescopefor a type family

If <Z is an <P -telescopeand 8 is a <Z -indexedtype family then, 8 , the fr ee

telescopefor 8 , is<Z ¼ d¦8w<PTf
For example,� � is just J.; � � ¼ Pk;4� � J .

Whatis visiblethroughthistelescope?Everymemberof thefamily 8 , of course!That

is, if |�;[8 < @ , then < @ ¼ |Û; 8 . Notealsothat 8 < @ is thesameasoneelementtelescope8 < @ !
Finally, let usconsiderhow to abstractoverarbitrarytelescopes.Simply taking

q <Z ;1x=u[wyxTzzy V 6�67676
doesnotcapturethepotentialfor typedependency within thetelescope:

Z �
maydepend

ona valueof type
Z R andsoon. We mayrepresentthis by taking

Z � ; Z R ¬ u[wyxTz . We

thenhavenota telescopeof types,but a telescopeof typefamilies:

Z R�;2u[wyxnz ¼Z � ; Z R ¬ u[wyxTz ¼Z i�; q_@ðRs; Z R~69d Z � @:Rõf ¬ u[wyxTz ¼
...Z V ;4q < @2; q Z&[ Þ @ � ß [� r V�nWR[ 6[u[wyxTz

This is a very special <Z -telescopewhich I call { V u[wyxTz , andany sequencewhich in-

habitsit is a triangle of length
g

. That is, a triangleis a sequencewhich representsa

telescope.

It is nothardto convertan <P -telescope<Z into atriangle:wesimplyturntheabstractions

implicit in thetelescopenotationinto " -bindingswhich capturetheearlierP ’s in laterZ
’s. Theresultingtriangleis
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Z R ¼
">PTR�; Z R{6 Z � ¼
">PTR�; Z R{6 ">P � ; Z � 6 Z i ¼
...

"R<PQ; Þ Z&[ ß VonWR[ 6 Z V

Correspondingly, if <� is a triangle,the <P -telescopeit representsis

P_R�; � R ¼
P � ; �)� PSR ¼
P9iÌ; � iWPSR�P � ¼
...

P`V ; � V Þ P [ ß VonWR[
Thereis no ambiguitybetweentrianglesandthe telescopesthey represent.You can

easilyspotwhichis whichby whichsideof thecolonthey appear. I shallhappilywrite

q <Z ;z{ V u[wyxTzv6 here <Z is a triangle
q < @2; <Z 6 here <Z is therepresentedtelescope

Whatcould <Z meanasa trianglein a typeposition?Its elementsaretypefamiliesand,

apartfrom thefirst unindexedone,thesetypefamiliesarenot types.

Observe that if
Z ¼ <� is the

g}|eb
lengthtrianglerepresentingtelescope

Z ¼ <Z and @Q; Z ,

thenthe trianglerepresentingd Z ¼ <Z fê@ is
Þ � [ @ðß V[ . Telescopeapplicationis thusrepre-

sentedin thetrianglecodingby functionapplications.

Thesenotationalformsgiveusthesyntacticpowerto manipulatedependenttypefami-

liesandtheir inhabitantscleanlyandwith hardlyany moreeffort thanfor simpletypes.

Sincedependenttypefamiliesfeaturestronglyin this thesis,we aresureto begladof

theconvenience.
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Chapter 3

Elimination Rulesfor Refinement
Proof

Introductionrulestell us how to establishnew information. Elimination rulestell us

how to exploit what we know. This chapteridentifiesa particularlyuseful classof

eliminationruleanddevelopsa tacticto deploy themin refinementproof.

My first encounterwith thingsdescribedas‘elimination rules’ waswhenI wasbeing

taughtnaturaldeductionasan undergraduatemathematician.In particular, I learned

eliminationrulesfor thepropositionalconnectives ~ and � :

� ~��� � ~��� � � � ° � ²
...% ° �Û²

...%%
I recallthinkingthetwo ~ -elim rulesuncontroversial,whilst beingsomewhatconfused

by theconvolutedbehaviour of � -elim. It wasonly whenI caughtmy supervisorbuild-

ing a proof from the bottomof theblackboardupwardsthat I beganto seethepoint.� -elim tells us how to exploit a disjunctive hypothesisto gain leverageon whatever% it is we aretrying to prove. The ~ -elim rulesseemsomewhatundermotivatedby

comparison—they projectoutoneor otherconjunct,sowehaveto arrangeto wantthe

conjuncts.

Wecanreformulatethe ~ -elim rulesasasinglerule in thestyleof � -elim:
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� ~��
° � ²
° �Û²
...%%

This rule (oftencalled‘uncurrying’) makesexplicit the ‘seeif you canprove it from

theconjuncts’techniquewhich theoriginalpair of rulestacitly requirethereasonerto

apply. And that is the key point. Elimination rulesshouldsupplya proof technique

which analysesthe hypothesisin questionto give leverageon whatever theobjective

maybe. The‘projective’ rulesonly manageto bebothapplicableandmotivatedif we

arelucky enoughto betrying to proveoneor otherof theprojections.

MANTRA:

Theendmotivatesthemeans.

It is only because~ is a pretty boring connective—thereis no choiceabouthow to

prove
� ~�� —that we canget away with projective eliminationrules. A disjunctive

hypothesisyieldsno definiteconclusion,soforwardsynthesisis blocked—wehave to

work analytically, reasoningby cases.� -elim helpsusprove % from
� �}� by splitting the taskinto two subtasks,decom-

posingthehypothesis.However, this is not theonly way a well-designedelimination

rule canmake analyticalprogress.We canalsodecomposethe objective (or ‘goal’)

into morespecificcases,our favourite examplebeingthe ‘principle of mathematical

induction’:

%NF °�%�J
²
...%��vJ

qsJÒ; � � 6�%LJ
Thisruleexplainshow to proveanarbitrarygoal % indexedby anaturalnumberJ : we

mustshow thatproofsof % aremadethesamewaythatnumbersare.Thesubgoalsin-

stantiatetheindex with morespecificnaturalnumbers.This instantiationmayprovide

uswith theconcretedataweneedto performsomecomputationor simplification,and

this is, by andlarge,how inductiveproofswork.

Henceforth,I shall intendby ‘elimination rule’ only this kind of rule whoseconclu-

sionis anarbitrarygoal,possiblyabstractedover indices.Thischaracterisationis very
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broad,including ruleswherethereis nothingbeingeliminated.This may seemodd,

but it is sometimesusefulto characterisewhatprogresswe canmake towardsanarbi-

trary goalwithout exploiting any further information.Goodexamplesto bearin mind

aretheimpredicativeencodingsof thetruepropositionandtheabsurdproposition,re-

spectively q&%­;��'���axn6T% ¬ % and q&%.;��'���axn6T% . Theformerexploits no informationin

thecauseof proving its arbitrary % , andconsequentlyexertsno leverage,leaving % as

asubgoal.Thelatteris only derivablein thecontext of acontradiction,andit indicates

thatwealreadyhaveall weneedto establishwhatever % wewant.

In orderto exploit eliminationruleswhoseconclusionis abstractedover indices,we

needto make thecorrespondingabstractionsfrom thegoalwe aretrying to prove. It

is, of course,obvious how to do this whenthe goal alreadylooks like qsJ�; � � 6K%­J .

This chapteris largely devotedto explaininghow to make theabstractionsunderless

obviouscircumstances.

3.1 propositionalequality (definition deferred)

Oneof the tools we shall shortly requireis a propositionalnotion of equality. The

conventionalformulationsbecomeawkwardoncetypedependency entersthepicture.

Thetroubleis thattwo instancesof atypefamilywith indiceswhicharenotconvertible,

just propositionallyequal,arenot thesametype. Thefamiliar definitionspermitonly

equationswithin onetype—they forbid usevenfrom statingtheequalityof elements

drawn from thetwo instancesof thefamily.

HuetandSäıbi encountera similar problemin their formalisationof category theory

[SH95]—they needto statetheequalityof arrowswhosedomainsarenot necesssarily

computationallyequal.Their solutionis to relaxtheformulationrule for equationson

arrows whilst still supplyingonly the reflexive constructor. With care,this approach

maybeextendedto thecommonplacepropositionalequality, andthatis whatI propose

to do.

Ratherthanpresentingmy definition at this stage,with slendermotivation and less

context, I shalldeferthetreatmentuntil wehavemoreideaof whatits propertiesshould

be,andmorelanguagewith which to describethem.

SinceI donotuseafamiliarequality, I shallnotpresumetousethefamiliar‘ ! ’ symbol.

InsteadI shallwrite ‘  ’. Experiencedreaderswhodislikesuspensewill find its defini-

tion in chapter5. Otherwise,readon here—letuslook out for therequiredbehaviour

of  aswego.
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3.2 anatomyof an elimination rule

Let us first establishnotationfor elimination rules and give namesto their compo-

nents. Presentingeliminationrulesasraw types,or even in the conventionalnatural

deductionstyle is relatively uninformative,asI have found in thepastto my cost. In

thissection,I shallmotivatewhatI hopeis aclearerpresentation(arisingfrom ablack-

boardconversationwith RodBurstall). It is importantthatwecometo somesystematic

understandingof theserules,for weshallneedto teachmachinesto usethem.

In orderto makesenseof any eliminationrule,weneedto know

� whatit eliminates—itstarget

� whatfamily of arbitrarygoalsit proves—itsscheme

For example,mathematicalinduction(right) eliminatesa nat-

ural number, J , andprovesgoalsof theform %�J , where % is

a family of propositions(ie, apredicate)over
� �

.

� � 
 � �5/ � �&��� �%h; qsJÐ; � � 6r�'���ax

%�F %�J6[6[67676r6%k�&J
q J»; � � 6�%�J

I markthetargetwith a box. We cantell % is theschemebecauseit standsat thehead

of therule’s returntype.

If we want to apply this rule, the target marker tells us that we mustselecta natural

numberto eliminate,whichwill standin theplaceof J . Having doneso,we will need

to abstractit from thegoalto makeanappropriateschemefor % . It is importantto type

theschemeprominently. The index typesarenot alwayssoobviousashere.Further,

wemayneedto bepreciseaboutwhich typeuniversethegoalmustinhabit: the‘ �'���ax ’
in the above rule makesit suitableonly for propositionalgoals—thisrule cannotbe

usedfor programming.

Schemesalwayshave typesof form q9<�S; <�76n� . I call the < � the rule’s indices, andthe

indexedtelescope<� therule’s aperture. Laterwe shall seeeliminationrulesfor the

samething,but with differentapertures.We shallalsoseehow to changetheaperture

of arule. In conventionalproofsby mathematicalinduction,theschemeis oftencalled

the ‘induction predicate’. However, we shall have needof schemeswhich are not

predicatesandruleswhicharenot inductive.

Wherever % is applied,its argumentsarecalledpatterns. Theuniversallyquantified

variablesappearingin patternsarepattern variables. Targetselectionmustinstantiate

all the patternvariablesin the conclusionof the goal—otherwisewe will not know
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what to abstractto build the scheme.For mathematicalinduction, the only pattern

variableinvolvedis thetargetitself, sothis requirementis clearlyfulfilled.

Abovethesolid line aretherule’scases, eachof whichproves % appliedto somecase

patterns (suchas F and �vJ above). Any subgoal-specificassumptionsappearabove a

dottedline, thehorizontalcousinof naturaldeduction’s verticalellipsis. Thosewhich

donot involve % arecasedata. Thosewhichdoaredescribedasinductivehypotheses

or recursive calls.

Thevisualaspectof thispresentationis intendedto convey theideathatthecasesof an

eliminationrule aretheghostsof thecorrespondingintroductionrules. Prawitz’s ‘in-

versionprinciple’ capturesthis relationshipbetweenthe introductionandelimination

rulesof naturaldeduction[Pra65]—heattributestheideato Gentzenwho in [Gen35]

expressesthepropertyasfollows:

In eliminating a symbol, we may usethe formula with whoseterminal

symbolwearedealingonly ‘in thesenseaffordedit by theintroductionof

thatsymbol’.

In essence,eliminationrulesshow ushow to mimic thestructureof thehypotheseson

which they act.Mathematicalinductionshowsusto how to make %�J imitate J�; � � . I

will freelysuppressimplicit assumptions(suchasthe J.; � � in the‘successor’subgoal

above) in orderto strengthenthis resemblance.

MANTRA:

Decompositionis theexpositionof construction.

BeforeI describehow to work with eliminationrulesin moredetail, let meplacethe

discussionin context by exhibiting anumberof variationson thetheme.
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3.3 examplesof elimination rules

Parameteriseddatastructureslike lists have pa-

rameterisedeliminationrules.

In particular, we say that an eliminationrule’s

parametersarethosehypotheseson which the

scheme’s andcases’typesdepend. They may,

whereinteresting,belistedatthetopof therule.

�����B� � ����,
8 ;=u[wyxTz%Ï;nd$�������>8Ûf ¬ u[wyxTz

%md � ���ð8Lf
? ;78 %ó@676[6[676[676[6[67676[6[6%td � � � � ? @(f

q �S;=�������>8 6�%!�
NotethatI supplythecasedatum

? ;28 explicitly, despiteits appearancein the
� � � �

casepattern,in orderto emphasisetheimitationof theconstructor.

A classof eliminationrulewhichwewill constructanduseoverandoveragainin this

thesisis thecaseanalysisor inversionprinciple.For any notiongivenby introduction

rules, the correspondinginversionprinciple assertsthat thoseintroductionrules are

exhaustive. Thereis onecasefor eachintroductionrule, andthereareno inductive

hypotheses.1

Consider, by wayof example,
c

for
� �

, presentedherein its

‘suffix’ variant.
g c g g c Jg c �&J

Thetraditional‘Clark completion’[Cla78] presentationrepresentsthechoiceof deriva-

tionsasadisjunctionof existentiallyquantifiedequations.

qsg � J56
g c J ¬� � g Á 6 g� ãg Á ~kJê �g Á� g Á � J Á 6Bg� ãg Á ~òJ+ ��&J Á ~òg Á c J Á
Thereis onedisjunctfor eachintroductionrule—theschematicvariablesbecomeex-

istentiallyquantifiedoverequationsdemandingthattheconclusionprovestheinverted

hypothesisandthat thepremiseshold. This constructionis somewhatmechanical,in

that it explicitly constrainseachargumentof the hypothesiseven if the constraintis

redundant,like the � g Á 6[676vgL Qg Á in eachcase.

In [McB96], I gave a standardised‘elimination rule’ presentationof inversion,essen-

tially curryingtheClarkcompletion.For example,thegenericclassof hypothesisg c J
wouldbeinvertedthus:

1In fact,it is goodto think of inductionasinversionaugmentedwith recursiveinformation.
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c�� ��M�� *n
 ���%Ï;=�'���ax
gG �g Á J+ �g Á6[676[676[6[67676r6767676r676% gL Qg Á Jê ��&J Á g Á c J Á6r67676r6767676r67676[6[676[676[676[676[6[67676%

g c J ¬ %
g and J areparametricto thewholerule. Oncethey have beeninstantiated,theequa-

tions in the subgoalsmay be simplified automatically. This approachis somewhat

clumsy, but it is very easyto apply, asthescheme% maybeany proposition—noab-

stractionis necessary. We shall shortly develop the abstractiontechnologyrequired

to exploit a morestreamlinedversion,with anindexedschemeremoving theneedfor

equationalconstraintson theparameters:

This inversionprinciplediffers from theClark rule

only in its aperture.They are,of course,interderiv-

able, suggestingthat theremight be a systematic

way to changethe apertureof an eliminationrule.

In fact, that is theessenceof the tactic this chapter

develops.

c 
 ���
%Ï;4qsg � JÒ; � � 6r�'���ax

%�g g g c J676[676[676[676%GgÈ�(J
qsg � JA6 g c J ¬ %GgYJ

Theprocesswhich simplifiestheconstraintsarisingfrom inversionmakescritical use

of thefactthatconstructorsareinjectiveanddisjoint(the‘no confusion’property).For

naturalnumbers,wemightplausiblychooseto derive two of Peano’s postulates:

� qsg � Jj; � � 6[�&gL Î�(J ¬ gL QJ
� qsJÒ; � � 67F�ª ��&J

The above formulationof injectivity is essentiallyprojective after the fashionof the

awkward ~ -elim rules—directlyusefulonly if it is gG �J we aretrying to prove. For

non-unaryconstructors,
� � � � for example,the problemgetsworse—weeitherhave

separateheadandtail injectivity theorems,or a singleresultwhich yields a tuple of

equationswhichwe theneliminate.
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Consequently, I presentinjectivity asaninversionrule for

an equationof successors.This is really just the ‘tuple’

versionin curried form—the ‘predecessor’equationsare

thehypothesesof therule’sonly case.

Turningto the‘constructorsdisjoint’ result,if we think of

‘not’ as‘implies false’and‘f alse’astheabsurdproposition

‘anything is true’, we discover thatwe hadanelimination

ruleall along,with a fortunatenumberof cases.

I shallshow how to proveruleslike thesein chapter5.

� 
 �.�a	�� �&� �S	%h;2�'���ax

ñ  f:67676r67676%
�&ñ� ��^: ¬ %

F � ��� �%h;2�'���ax

FT Î�
: ¬ %
Weshouldnotthink of eliminationrulesassolelybelongingto datatypesandrelations.

They alsoprovide neattools for reasoningaboutfunctions. After all, what is theex-

tensionof a function,but a relationon which a total anddeterministiccomputational

modehasbeenimposed.

An equationalpresentationof a function correspondsto a setof introductionrules,

with recursive callsbecominginductive premises.It makessenseto reasonaboutthe

behaviour of thefunctionby thecorrespondingeliminationrule.

Consider
� �����

—thefunctionwhich decidestheequal-

ity of two naturalnumbers. Later, we shall seehow

to defineit by recursive patternmatchingequationsas

shown.

� ����� F F X �&�U/ 	� ����� �&g F X #aM���� 	� ����� F �&JGX #aM���� 	� ����� �&gÆ�&JGX � ����� gYg
Thecorrespondingeliminationrule allows usto do whatJohnMcCarthycalls recur-

sion induction [McC67], effectively packaginguptherecursivestructureof
� �����

asa

singleinductionprinciple.

� �������
	��Q


%Ï;4qsg � JÐ; � � 6{q � ;�v v'67�'���ax
%NFÐFÒ�&�U/ 	 %NFÒ�&JÛ#aM���� 	 %��&gÚFj#aM���� 	

%GgYJ��676[6[67676r6767676%N�(gÈ�&J��
qsg � JA6�%GgYJ � ����� gYJ
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Many proofsaboutfunctionsoperateby choosingtheright combinationof inductions

andcaseanalyseson the argumentsto make the computationunfold. Recursionin-

ductionon functionsdoesaway with theapparentcunningof this choiceby wrapping

up ‘the right combination’in a derivedrule which targetsapplicationsof thefunction

directly. Theproof of a recursioninductionprinciple follows the constructionof the

functionit describes,stepby step.

In orderto make properuseof sucha recursioninductionprinciple,or any otherrule

eliminatingafunctionapplication,wemustchooseascheme% whichabstractsthatap-

plicationfrom thegoal. Eachsubgoalthusreplacestheapplicationby theappropriate

value.

Suchabstractionsare usually unnecessarywhen eliminating datatypesor relations.

However, exactlywhenandwherethisabstractionbehaviour is requiredseemsto vary

from rule to rule, andeven from problemto problem—Icannotseehow to infer it

reliably from thestructureof theruleor its target.

The usermustbe free to indicatewhich argumentsareto be abstractedin any given

case—Iput a box in the type of the schemearoundany index for which abstraction

is to beattempted.When � is boxed in
� �Ó�����
	���


, it indicatesthat we would like to

abstractoccurrencesof d � ����� gYJ+f as � .
For many functions,typically of a ‘searching’or ‘testing’ character, recursioninduc-

tion is still toocloseto theimplementationto bereallyuseful.For example,regardless

of how the testworks, we shouldlike to know that
� �����

returns�&�v/ 	 for equaland

#EM5��� 	 for unequalarguments. We canrepresenttheserequirementsas ‘extensional’

introductionrules,via thepropositionalequality:

Theseequationsmay not be computational,but we can

still usethemfor conditionalrewriting, shouldwe belucky

enoughto encounterapplicationsof
� �����

which look like

theleft handsides.

� ����� PÓPK D�&�U/ 	
P ª �� ����� P �  D#aM���� 	

Weareoftenlesslucky. Imaginewearetrying to proveapropertyof aprogram

qsP � � 6 â d if � ����� P � then
�

else
Z f

The computationis blocked at the box, becausethe ‘if ’ will only reducegiven a

booleanvalue,andinsidethebox becauseP and
�

arenot numerals.Neitherrewrite

ruleapplies,becausewedonotknow whetheror not P and
�

areequal.Wecanremove

the blockageif we split the probleminto the two caseswherethe
� �����

call returns

�&�v/ 	 and #EM5��� 	 respectively.
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This is exactly the behaviour of the inversion

principlecorrespondingto therewrite rules.

Inverting a
� �����

call yields two cases: one

wherethe argumentsarethe sameandthe re-

sult is �(�v/ 	 , theotherwheretheargumentsdif-

fer and #EM5��� 	 is returned.

� ������
 ���

%Ï;4qsg � Jj; � � 6~q � ;�v v'67�'���ax
%�JÒJÛ�&�U/ 	 g ª �J676r6767676r67676r67676[6%GgYJ�#EM5��� 	
qsg � JA6�%GgYJ � ����� gYJ

Again,boxing � indicatesthat d � ����� g}J+f is to beabstractedfrom thescheme.Conse-

quently, it is replacedin onesubgoalby �&�U/ 	 andin theotherby #aM���� 	 . In bothcases,

the‘if ’ reduces—further, in the �&�U/ 	 case,P and
�

arecoalesced:

� qsP'69° P ± � ²&d â � f
� qsP � � 6BP»ª � ¬ â Z

Inversionrequiresmuchlesseffort thanextractingthesameinformationfrom ‘charac-

terisationtheorems’like thefollowing (from theLEGO library):

qsg � Jj; � � 6BgG �J�� � ����� g Jê ��&�v/ 	

To achievetheeffectof theinversion,youneedto combinethis lemmawith projection

from the‘ � ’, booleancaseanalysisanda rewriting mechanism.

MANTRA:

Invert theblockingcomputation.

The point is simple. Introductionrulesconstructinformation. Elimination rulesex-

ploit information. It is a seriousweaknessto confusethesepurposes.In my view, an

equationalspecificationis thewrongtool to exploit thepropertiesof oneprogramin a

proof aboutanother. By construction,eliminationrules,especiallythosewhich invert

blockedcomputations,aremuchbettertools for thatpurpose.Over thecourseof this

thesis,youwill seethispoint reinforcedin exampleafterexample.

3.4 legitimate targets

In orderto refineagoalby aneliminationrule,we mustdo two things:
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� selecta targetof thekind theruleeliminates

� constructasuitableschemefrom thegoal

I shalldiscussthe latter in thenext section,but thefirst issuerequirescommentnow,

becauseit impactsonhow weshouldpresenteliminationrulesin thefirst place.

The point is that, in order to be ableto selecta target, we mustknow what kind of

target therule eliminates.We mustdefinewhat it meansto bea ‘legitimatetarget’ of

a rule,sothatwhenwe tell themachinewhich rule we wantto use,it cantell uswhat

wemayuseit on.

As we have just seen,therearemany differentkindsof eliminationrule, eliminating

many differentkinds of target. The eliminationrule for a datatypeeliminatesan ar-

bitrary elementof that type, abstractedin the rule andappearingin the concluding

pattern:

q J.; � � 6�%GJ
Invertingan inductively definedrelationlike

c
eliminateshypotheticalinhabitantsof

therelation,but thepattern( %}gYJ ) only involvestherelation’s indices(g andJ ), not

thetarget(theproofof g c J ) itself:

qsg � J56 g c J ¬ %LgYJ
An eliminationrule for a functionspecificallyeliminatesapplicationsof thatfunction,

ratherthanarbitraryelementsof theresulttype,so the targetappearsonly in thepat-

terns.

qsg � J56N%GgYJ � ����� gYJ

Morediversevariationsinclude‘doubleinduction’,wherewemustprovidetwo targets

for a nestedanalysis. Thereis no way we canexpect a machineto copewith this

diversity, lookingonly ata typeandtrying to second-guesstheintentionbehindit.

Let us place the burden of specifying what an elimination rule targets where it

belongs—withthe manufacturerof the rule. In the NorthernIrish tradition, a legiti-

matetargetis whateverwesayit is.

Consequently, the boxesaroundtargetsbecomemorethana notationalcourtesybe-

tweenyouandme—they areannotationswhich themachinecanalsosee.Oneway to
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representsuchannotationsis to storethe boxed term andtype in a fatuous
�
-binding

with aspecialidentifier, ‘ � ’, below:

� qsJÒ; � � 6 � �mX�Jj; � � 6�%�J
� qsg � J56{q=�Y;Eg c JA6 � � X��Y;Eg c JA6�%LgYJ
� qsg � J56 � �tX � ����� gYJÒ;�v v'6�%LgYJ�d � ����� g Jêf

Giventhe‘manufacturer’sinstructions’,themachinecanaskusfor legitimatetargetsin

theorderthattheannotationsappearin thetype.Whenweindicatewhatto eliminate,a

processknown in thebusinessasfingering, themachinecanmatchit againstthetarget

annotation,inferring theuniversallyquantifiedvariablestherein.

This opensthe interestingpossibility that the type of an elimination rule might be

computedfrom its targets.After all, we cannotcomputetheeliminationschemeuntil

we know what it is we intendto eliminate.We will seeanexampleof this technique

later—the‘injectivity’ and‘conflict’ rulesfor agivendatatypewill becombinedinto a

singlerule whichcomputestheinversionappropriateto theequationbeingeliminated

oncetargettinghasinstantiatedthetwo sideswith constructorexpressions.This is not

a capriceon my part—it really is theeasyway to prove thePeano-stylepropertiesof

dependentdatatypes.

3.5 schemingwith constraints

‘Youcanhaveany coloryou like,aslongasit’ sblack.’ (HenryFord)

Undergraduatesshouldcountthemselvesfortunatethattheexercisesin inductiveproof

with which they aretraditionallypresentedinvolvegoalsof form:

‘For all
g � � �

, rhubarbrhubarb
g
.’

The formulationof the ‘base’and‘step’ casestheninvolvesmindlesscopying of the

‘rhubarb’bit, with appropriatevaluessubstitutedfor the‘
g
’. Evenif they cannotcom-

pletethequestion,they canstill manufacturetheproof template(onceany tendency to

write ‘suppose
g XÈÜ , show

g XÈÜ |�b ’ hasbeenbeatenout of them,thatis) andthus

collectsomecredit.2

2For suchpurposes‘rhubarbrhubarb’makesasworthyapredicateasany.
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Whenreasoningaboutevenmodestlycomplex notions,suchas
c

for
� �

, we areless

likely to be favouredby goalsbearingso closea resemblenceto an eliminationrule

conclusion,suchasthatof
c 
 ���

:c 
 ��� ;W67676ðqsg � JA6 g c J ¬ %�gYJc 
 ���
’s schemeabstractsover arbitrarypairsof naturalnumbers,but how arewe to

dealwith lessarbitrarypairs? How canwe copewith particularrestrictionsof rela-

tions,datatypesandsoforth? How mightwe applya genericrule like
c 
 ���

to a more

restrictedinstanceof
c

? Considertheboxedhypothesisin

�[F�� ��| � @�;4qsP'6 P c F ¬ PT �F
Weneedto constructaschemewhich is constrainedaccordingto theproblemin hand,

but still abstractedover theentireapertureof therule. Theconstraintwe needcanbe

expressedby meansof propositionalequality, taking% X ">P � JA6�J+ �F ¬ PT �F
As it were,‘you canhaveany J»; � � you like,aslongasit’ s F ’.

Pluggingin thisscheme,theconclusionof
c 
 �s�

becomes

qsg � J56 g c J ¬ J+ �F ¬ g� �F
Now, if wefill in thedetailsof ourselectedtarget, P c F , this is furtherinstantiatedto

FT �F ¬ PT �F
andwe cansurelyprove FT ÎF —let uspresumethereis some

� 	�� ;4qs8m;Uu[wyxTz(6~qs|0;a8�6õ|s Q|
More generally, supposewe have an eliminationrule prov-

ing somescheme% for patterns<ý ° <� ² , asshown to the right.

Thenotation <ý ° <� ² representsthesequenceof patternswith the

patternvariablesabstracted:moregenerally, <ý ° < @v² means‘the

patternswith @ ’s substitutedfor the
�
’s’.

%^;4q < �U6>�
rule subgoals
q <� 6�% <ý ° <� ²

Wemayapplythis rule to amorespecificgoal—letuspresumethattargettinghaspro-

ducedamatching� giving therule’spatternvariablesin termsof thegoal’shypotheses.

Thatis, consideragoalwhich lookslike
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q <P'6�� ° <ý °_� <� ²a²
Wemaychooseascheme% with explicit equationalconstraints:

" < �$6~q <P)6 < �E <ý °_� <� ² ¬ �ò° <ý °_� <� ²E²
What is < �I <ý °�� <� ² ? It is a telescopicequation: in general,if <� and < @ aresequencesof

length
g

, thenthetelescopicequation<�  < @ abbreviatesthetelescopeof equations:

Þ � �  Ò@ � ß V�

Observe,though,thatwemustbeableto expresstheseconstraintsevenin thepresence

of typedependency. For example,if wewerebuilding constraintsonanaperture

J»; � � ¼�� ; �S	�� ��J
wemightneedsomethinglike

J�Rõ QJ � ¼�� RB � �
eventhough

� Rã; �S	�� ��J�R and
� � ; �S	�� ��J � . Thatis, weneedanotionof equalitywhich

scalesto telescopes—exactlywhat  will provide.

Let us instantiatethe rule’s conclusion,filling in the patternvariablesaccordingto �
and % with theschemewehaveconstructed:

q <P'6 <ý °_� <� ²� <ý °_� <� ² ¬ � ° <ý °�� <� ²E²
If we cansolve the equations,we will recover the target goal. Fortunately, they are

reflexive.

The point is this: in muchthe sameway that Henry Ford’s customerscould askfor

any colourof ModelT, but would only receive satisfactionif they happenedto choose

black,theabove schemeis indeedabstractedover theentireaperture,but thepatterns

to which it appliesaresubjectto equationalconstraintswhichrecover theirspecificity.

Notice that the formulationof this schemerequiresno abstraction.The �e°�<ý °_�P<� ²a² re-

mainsuntouched.It is targettingwhich identifiesthe <ý °��P<� ² —they neednotevenoccur

in thegoal,althoughtheexerciseis perhapsa little pointlessif they donot.
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We have establishedthe basictechniquefor constructingschemeswhenour goal is

morespecificthantheconclusionof theeliminationrule. It is broadlyeffective,but it

sometimesgeneratesredundantinformation.For example,constraintsareunnecessary

wherever thegoalreally is asgeneralastherule—thereis no point in saying‘you can

haveany coloryoulike,aslongasit’ sacolor’. Weshouldtry to avoid equationswhere

abstractionwill do.

Thenext threesubsectionsdescribetechniquesto make thebasicschemelessclumsy,

in accordancewith thefollowing threeobservations:

� wherever a freshvariableis constrainedto equalan index, we cancoalescethe

two andremovetheconstraint

� wecanavoid abstractingtheschemeoverredundantinformation

� if an index is constrainedto equala complex pattern(for example,when we

applyaneliminationrulecharacterisinga function)wemaysometimessimplify

theschemeby replacingcopiesof thepatternwith theindex

3.5.1 simplification by coalescence

Thesimplertheexample,themoreunnecessaryconstraintstherearelikely to be: if we

wantedto prove

qsJÒ; � � 6 rhubarbrhubarbJ

thegenericconstrainedschemewouldbe

">gm; � � 6~qsJÐ; � � 6õg� ãJ ¬
rhubarbrhubarbJ

This is not the schemewhich I want my studentsto write down, so it hadbetternot

betheschemewhichthemachinecomputes.Whereveraschemeconstrainsa " -bound

index to a equalfresh q -boundvariableof the sametype, we may coalescethe two.

Ourexamplebecomes

">JÒ; � � 6 rhubarbrhubarbJ

aswemighthopefor.
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Whenwecoalescetwo variables,wehaveachoiceof whichnameto keep—itis polite

to preserve the namefrom the goal. Note that if the sameq -boundvariableis con-

strainedto equalmorethanoneindex, that effectively forcesthoseindicesto be the

same—wemayonly makeonecoalescence,otherwisewe losethis ‘diagonalisation’.

3.5.2 what to fix, what to abstract

Whichof thegoal’spremisesdowereallywanttheschemeto abstract?Whichshould

remainfixed over the whole scopeof the elimination? Unfortunately, thesecanbe

quitesubtlequestions.Imagine,for example,thatwe arebuilding the ,óM�" function

for polymorphiclists:

,�M�" ;ãq � � Z ;Uu[wyxTz(6~q ¡ ; �L¬ Z 6rqsPÌ;v������� � 6[������� Z

In orderto do recursionon P we mustcertainlyfix
�
—theelementtypeis parametric

to theeliminationrule for ������� . Wemayfix
Z

and J or notasweplease.

Ontheotherhand,whenweareconstructingfunctionswhichrequirenestedrecursion,

wemaynotbesofreeto fix arguments.Consider, for example,Ackermann’s function:

M �+* ; � � ¬ � � ¬ � �
M �+* FÌJ«X��&J
M �+* �vgÈF X M �ê* gÈ�BF
M �+* �vgÈ�&J«X�M �ê* gÀd�M �ê* �&gYJ+f

Whenwe apply theouterrecursionon thefirst argument,we mustnot fix thesecond

argument—asyoucansee,therecursivecallswhichdecreasetheformeralsovary the

latter.

Abstractingwhereverwe arenot forcedto fix soundslike a promisingpolicy—it does

nothurtusto have toomuchflexibility , only too little.

However, sometimesabstractionis definitely re-

dundant.Recallourearlierexample,proving

qsP'6 P c F ¬ PT �F

perhapsby
c 
 ���

(shown to theright).

c 
 ���
%Ï;4qsg � JÒ; � � 6r�'���ax

%�g g g c J676[676[676[676%GgÈ�(J
qsg � JA6 g c J ¬ %GgYJ
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As thingsstand,thebasicschemeabstractsall thepremises% X ">g � JA6~qsP'6�P c F ¬ g� ãP ¬ Jê �F ¬ PT �F

Coalescenceremoves qsP (andrenamesg ):% X ">P � JA6�P c F ¬ Jê �F ¬ Pn ÎF

Pluggingthis into theconclusionof therule,wefind wehaveaproof that

qsP � JA6BP c J ¬ P c F ¬ J+ �F ¬ PT �F

Theextra inequality, P c F , is redundant.It is presentbecausewe have abstractedover

whatwe wereeliminating,but it is not in any way usefulbecausethe schemeis not

indexedover theproofof theinequality.

Typically, oncetargettinghasfilled in what is beingeliminated,theapplicationof an

eliminationrule lookslike

ä��9� ��% <'��P<� ;�%�<ý °_�P<� ²
The premisesoccurringin the inferredarguments� <� arethe onesbeingeliminated.

However, some
�
’s maynot appearin thepatterns,sosomeeliminatedpremisesmay

notappearin theinstantiatedpatterns<ý °_� <� ² . Theeliminationthustellsusnothingabout

them,sowemayomit themfrom theschemeprovidedtypedependency permits.

Thatis, we mayomit apremiseP ongroundsof redundancy provided

� P occursin theargumentsof theeliminationrule inferredby targetting

� P doesnotoccurin theinstantiatedpatterns<ý °_�L<� ²
� theremainderof thegoaldoesnotdependon P

Inductiverelationslike
c

areusuallyformulatedin exactly this ‘proof irrelevant’ way.

In our example,theeliminatedhypothesisP c F satisfiesthethreeconditions.Weomit

it, leaving% X ">P � JA6�J+ �F ¬ PT �F

This is theschemewewant.
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3.5.3 abstracting patterns fr om the goal

Rules with indices marked for abstraction

oblige us to carry out further simplification

on the scheme,in orderthat they have the in-

tended‘rewriting’ effect.

Recall
� �Ó����
 ���

from section3.3—we might

usethis rule to rewrite anapplicationof
� �����

in agoallike thefollowing:

� ������
 ���

%Ï;4qsg � Jj; � � 6~q � ;�v v'67�'���ax
%�JÒJÛ�&�U/ 	 g ª �J676r6767676r67676r67676[6%GgYJ�#EM5��� 	
qsg � JA6�%GgYJ � ����� gYJ

qsP � � 6�� ° if � ����� P � then� else@U²

Targettinginfers ° P ± gò²ô° � ± J
² . Thecoalescedschemeis thus% X ">P � � � � 6��� � ����� P � ¬ � ° if � ����� P � then� else@U²

Theboxed � tellsusthatweshouldabstractawayoccurrencesof d � ����� P � f from the

goal.Oncewehavedonethis,wecanthrow theconstraintaway.

% X ">P � � � �>6�� ° if � then� else@U²

Abstractingarbitrarytermsin dependenttype theoryis a sensitive business—weare

not alwaysfreeto replacea givensubtermby a variableof thesametype,becausethe

typing of the whole term may dependon the particularintensionalpropertiesof the

subtermbeingreplaced.However, it is wortha try—if unsuccessful,wemayleave the

constraintasit is andcontinue.

This rewriting techniqueis very powerful. The troublecausedby the intensionality

of the typetheoryis a realpity. Perhapsa partof theproblemcouldbeavoidedwith

appropriatefacilities for reconstructingbroken typingsfrom propositionalequalities,

asproposedby Hofmann[Hof95].
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3.5.4 constraints in inductive proofs

Let usseehow constrainedschemesaffectinductive

proofs.Wewill acquireconstraintson theinductive

hypotheses,aswell asthoseon the conclusionsof

thesubgoals.

Considerapplyingtheweakinductionprinciple3 forc
(seeright) in aproofof

%Ï;4qsg � JÒ; � � 6r�'���ax
%�g g %�gmJ676[676[676[676%GgÈ�(J

qsg � JA6 g c J ¬ %GgYJ
� � @aä��� 4@:;~qsP � � 6 �&P c � ¬ P'� �

Targettinggives �ÕX ° �(P ± g�²&° � ± J)² , sowe infer thescheme(coalescing
�

andJ ):% X ">g � � 6rqsP'6BgG ��(P ¬ P
� �

Thecorrespondingsubgoalsareshown to theright.

Theconstraintswhich appearashypothesesin the

subgoals,�N¡ and� # , are‘friendly’—they restrictthe

g ’s and P ’s we have to dealwith. The constraint

in the inductive hypothesis,� # , is ‘unfriendly’—it

restrictsourchoiceof P Á .
A closerexaminationof theseconstraintsrevealsa

moresubtlebut crucialdistinction.

�N��| � �>;rqsg � P'; � �
qs�N¡ ;BgG ��&P
P'��g

� � @a� ý ;rqsg � JA; � �
q ? � ý ;rqsP Á ; � �

qs�N¢>;BgL Î�(P Á
P Á ��J

qsP ; � �
qs� # ;�gL Î�(P
P'���(J

Thevariablesappearingin theseconstraintscomefrom two sources:

� thepatternvariablesfor eachcaseof theeliminationrule, g andJ above—these

becomepremisesof thesubgoals,andappearonthe left-handsideof constraints

� thevariablesuniversallyquantifiedin thescheme,P andP Á above—thesebecome

premisesof thesubgoalsandalsoparametersof the inductive hypothesis:they

appearon theright-handsideof constraints

The ‘friendly’ constraintstell us useful informationaboutthe variableswhich occur

assubgoalpremises,whetherthey comefrom theschemeor thepatterns.In chapter

3An inductively definedrelationlike £ alsohasa stronginductionprinciple—thedistinctionis ex-
plainedin section4.1.5.
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5, we will seehow to simplify them,solvingfor variablesappearingon eitherside—

‘friendly’ constraintsconstituteunificationproblems.

In ourexample,let usimaginewecanperformthis

simplificationon �+¡ and � # , instantiatingthe g ’s to

leave thesubgoalsshown.

�N��| � � Á ;~qsP'; � �
P'���(P

� � @¦� ý Á ;~qsP � J0; � �
q ? � ý ;~qsP Á ; � �

qs�N¢>;r�&Pn Î�(P Á
P Á �AJ

P'���(J
The‘unfriendly’ constraintscannottell usanythingaboutthevariableswhichoccuras

subgoalpremises—�+¢ doesnotallow usto infer P . Rather, they narrow ourchoicesfor

thecopiesof theschemevariables(like P Á ) which parameteriseinductive hypotheses.

That is, ‘unfriendly’ constraintscanonly determinevariablesappearingon the right-

handside—they arematchingproblems.

Look backbeforewesimplifiedthe‘friendly’ constraints:

we cannot find an P Á to solve the matching problem

gG ��(P Á . However, now thatwe have donetheunification,

asolutionhasbecomeavailable.Inferring P for P Á wecan

obtainthesubgoalsshown on theright.

�N��| � � Á Á ;rqsP'; � �
P'���(P

� � @¦� ý Á�Á ;rqsP � JA; � �
q ? � ý ;�P
��J
P'���(J

Somethinginterestinghashappened,andwe will seewhat it is if we presentthese

subgoalsin naturaldeductionstyle:��| � � Á�Á P'���&P � @¦� ý Á Á P'��JP'�ã�&J
This looks like a plausiblerecursive specificationof � ! In fact, what we have done

is applythestandardunfold/fold techniquefor logic programs[TS83,GS91]to trans-

form our goal,viewedasa specificationof � in termsof
c

, into subgoalswhich give

� recursively. The unificationproblemsin the conclusionsarethosewhich arisein

unfolding; the matchingproblemsin the inductive hypothesesare thoseinvolved in

folding.

3.6 an elimination tactic

In thissection,I shallpresenta tactic,eliminate, whichrefinesagivengoalby agiven

eliminationrule—theuseris requiredto fingerthetargets,thenthetacticconstructsan

appropriateschemeandsolvesthegoal,generatingasubgoalfor eachcase.

eliminate operatesin fivestages:
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� preparinga proformaapplicationof the eliminationrule to argumentsinitially

unknown

� fingeringthetargetsandinferring thepatternvariables

� constructingaconstrainedscheme

� proving thegoal

� tidying up

I have implementedaprototypeof this tacticwith muchof thefunctionalitydescribed

hereasa key componentin my extensionof LEGO. Of course,if I hadknown then

what I know now, it would have all thefunctionality. This sectionis theblueprintfor

therevisedversion.

I shallpresenteachstageasalittle tactic.The
c

inductionwehave just seenin theprevioussec-

tion makesausefulrunningexample.Thetactic

shouldreproduceexactly the effect we manu-

facturedby hand.

The rule we shall use and the goal we shall

proveareshown in OLEG notationon theright.

Theboxedpremisein the rule is the inequality

it eliminates:theboxedinequalityin thegoalis

theoneweshalltarget.

" c � ����,Y;rq&% ;rqsg � JA; � �
�'���ax

q&')¤�;rqsgk; � �%�g g
q&')*�;rqsg � JA; � �

q&')¤¦¥�;N%GgYJ%�gÆ�(J
qsg � JA; � �
q § ;kg c J%LgYJ

�N� ��¨>©7|ª�{;rqsP � � ; � �
q � ;.�&P c �
P�� �

3.6.1 preparing the application

Thepreparationstepcouldbecarriedout for any goal to besolvedby any lemma. It

is just anadministrative manoeuvre,gettingeverythingin the right placefor the real

work which follows.

TACTIC: eliminate-prepare
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���«� g�;~q¦<� ; <� 6 Ù °p<� ²
�6�¬©7|ª�õ;~qP<P'; <­M�°�<P`²

è ���«� g«;5q¦<� ; <� 6 Ù °p<� ²
�6�¬©7|ª�&üY"�<P ; <­

��<� ; <�� | ý>ý XN����� gw<�
; Ù °p<� ²

�6 1©7J9 Î;®M�°�<PW² 1©7J9 
The goal’s hypothesesare introduced; the

lemma’shypothesesareinsertedasunknowns.

A ‘proforma’ applicationof thelemmais then

manufacturedandstoredasa
�
-binding. Ulti-

mately, this applicationwill be usedto solve s©[J9  . Wemustfirst fill in someof the <� .
The preparedapplicationfor our exampleis

shown on theright.

�N� �N¨P©7|¬�IüY"=P � � ; � �
" � ; �&P c �
��% ;m676[6
��')¤ ;m676[6
��')* ;m676[6
�Bg � J�; � �
� § ;«g c J� | ý>ý X c � ����,Y%�6[676�§

;�%GgYJ
�6 1©7J9 Î;+P�� � 1©7J9 

3.6.2 fingering targets

Having installedan applicationof the rule in the proof of the goal, the next stepis

to infer someof its argumentsby targetting. We may presumethat the rule hasa

sequenceof targetsmarkedby its manufacturer. Theusermustnow fingera sequence

of matchingexpressionsto beeliminated.

Wemaymakeuseof theunify tacticto doourmatching,althoughthismaybeaslight

overkill. Somethinglike thefollowing happens:

�6�¬©7|ª�Iü "R<P ; <­
�o<� R ¼ <� � ; <� R ¼ <�.�� | ý>ý X����«� gw<� R ¼ <� �

; Ù °p<� R ¼ <� � ²
�6 s©[J9  ;fMÓ°�<PW² s©[J9 

@B°p<� � ²'; Z °�<� � ² target
�s°�<P`²';ª¯0°�<PW² to beeliminated

è

�6�¬©7|ª�IüY"R<P ; <­
��<� R ; <� R� <� � X°<ä>°�<PW²� | ý>ý X��N��� g
<� R ¼ <ä>°�<PW²

; Ù °p<� R ¼ <ä9°�<PW²a²
�6 1©7J9 Î;�MÌ°�<PW² 1©7J9 

Z °p<ä9°�<PW²a² Ö X ¯0°�<PW²
@y° <ä9° <PW²E² Ö X �>° <PW²
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That is, targetting tries to matchtermsand types. If successful,someof the rule’s

arguments<� � will beinferredas <ä9° <PW² . Others,<� R , will notbeinferred.Thetwo kindsdo

nothave to beboundin separateclumps—itis justeasierto write down thatway.

If a rule hasmorethanonetarget,we will have to repeat

thisstepfor each.

In our example,we successfullymatch� to § . Matching

thetypesalsoinfers g andJ .

� g X��&P� J X �� § X±�� | ý>ý X c � ����,Y%�67676��
;f%��(P �

Now, if aneliminationrule is particularlycomplicated,its laterstructuremaybecom-

putedfrom earlierargumentsinferredby targetting. Theinstantiatedtypeof | ý>ý may

reduce,revealingmorepremisesto beinferred.Thetacticshouldcreateholesfor these

andaddthemto theapplication.Computationmayalsorevealmoretargets.Incorpo-

ratingthispossibility, therealbehaviour of thetargettingstepis asfollows

TACTIC: eliminate-target

�6�¬©7|ª�Iü " <P ; <­
�o<� R ¼ <� � ; <� R ¼ <�.�� | ý>ý X����«� gw<� R ¼ <� �

; Ù °p<� R ¼ <� � ²
�6 s©[J9  ;fMÓ° <PW² s©[J9 

@B° <� � ²'; Z ° <� � ² target
�s° <P`²';ª¯0° <PW² to beeliminated

è

�6�¬©7|ª�IüY"R<P ; <­
� <� R ; <� R� <� � X <ä>° <PW²
��<� i ; <� i� | ý>ý Á X��N��� g
<� R ¼ <ä>°�<PW² ¼ <� i

; Ù Á ° <P ¼ <� R ¼ <� iB²
�6 1©7J9 Î;�MÌ° <PW² 1©7J9 

Z ° <ä9° <PW²a² Ö X ¯0° <PW²
@y°p<ä9°�<PW²E² Ö X �>°�<PW²Ù ° <� R ¼ <äs° <P`²E² å q <� in; <� iÍ6 Ù Á ° <P ¼ <� R ¼ <� iB²

Observe thatnot only have the <� � beeninferredandturnedinto
�
-bindings,but some<� i have appearedasa result of computation. The proformaapplicationis extended

accordingly.

74



3.6.3 constructing the scheme

If the targetting phasehas left the stateas shown,

the tactic may proceedto constructthe elimination

scheme.Theschemevariable, % , hasbeenuncovered

andthepatterns,<ý ° <PW² , have beeninferred. The taskis

now to compute% . Wemustputtheanalysisof section

3.5into practice.

Recall that the basicschemeis manufacturedby ab-

stractingall thepremisesandconstrainingthe indices

to equaltheinstantiatedpatterns.

�6�¬©7|¬��üY"¦<| ; <8
" <P ; <­
��% ;0q9<�v; <�Í°²<|2²

�
� | ý>ý XN����� g
<ä

;�%°<ý °�<PW²
�6 s©[J9 Î;�MÌ°�<PW² s©[J9 

Correspondingly, the tactic begins by building a basic

scheme,copying the non-parametricpremises<P from the

goal andconstrainingall the indices. A premise| is con-

sideredparametricexactly whenit occursin the typeof % .

Thetacticmayfail at this point if thegoalbeingaddressed

is too ‘big’ for theuniverseoverwhich theruleeliminates.

��%QüY" < �j; <�Í° <|2²
qP<P Á ; <­
q4<�G;1< �9 ³<ý °�<P Á ²MÓ°�<P Á ²

Theremainderof this phaseprunesthebasicschemedown to somethinglessclumsy,

wherever this is possible.Of course,in a real implementation,we would try to save

work by approachingthedesiredschememoredirectly, but I suspectthat‘pruning the

basicscheme’givesa clearerexposition.Therearetwo passes:

� For decreasing4 � , remove qsP Á� from theschemeif it is redundant,ie

if P � � <ä (P � hasbeentargetted67676 )
and P � ª� <ý ° <PW² ( 67676 but is not being‘inspected’in thepatterns676[6 )
and P � ª� <­ � MÌ°�<PW² ( 67676 or dependedonby therestof thegoal)

� For increasing5 Ü , try to simplify constraintqs� \ ;ª� \  ý \ °�<PW²
Therearetwo simplificationsto checkfor: in order,

– coalescence
if ý \ is someP Á� (index constrainedto equalfreshvariable 676[6 )

and � \ ÖX ­ � ( 676[6 of sametype)
then replaceP Á� by � \ , remove qsP Á� from scheme

Strictly, we shouldthenrename� \ to P Á� , keepingthenamefrom thegoal,

but thatwouldmakethispresentationmorecomplex thanit alreadyis.

4Laterredundantpremisesmustnotbeusedasexcusesto retainearlierredundantpremises.
5Simplifying earlierconstraintsmayunify thetypesof laterconstraints.
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– abstraction for rewriting

When � \ is markedfor abstractionwith q � \ in thetypeof % , try replacing

all occurrencesof ý \ in theschemeby � \ . If theresultis well-typed,discard

� \ , otherwiseleave theschemealone.

Oncesimplificationis complete,the prunedschemeis madeaccessibleby changing

the ��% to
� % . Thetypeof | ý>ý canthenreduce.

In our example,the basicschemeis morecomplex than

it needsto be. Reflectingthe ‘proof irrelevant’ natureof

inductiverelations,the � Á is redundant.Furthermore,we

mayremove �7V by coalescence.

��%Ìüm">g � JK; � �
qsP Á � � Á ; � �
q=� Á ;[�(P Á c � Á
qs��´ ;Bg  t�vP Á
qs�7V ;BJG � Á
P Á � � Á

Theprunedschemeis exactly theonewe cameup with

when we did this exampleby hand. The type of | ý>ý
reducesaccordingly.

� % Xm"=g � � Á ; � �
q�P Á ; � �
q���´ ;Bg  t�vP Á
P Á � � Á

� | ý>ý X c � ����,µ%N67676��
;0qsP Á ; � �
qs�+´�;[�vPe t�(P Á
P Á � �

I summarisethebehaviour of thisphaseasa tacticstep:

TACTIC: eliminate-scheme

��% ;Aq9<�v; <�Í°²<|>²
�

� | ý>ý XN����� g 67676
;�% <ý ° <PW²

è
� % Xm"=< �»; <�Í°²<|>²

q <P Á¶ ; <­ Á¶
q4<� ¶ ;1< � ¶  ³<ý ¶ °�<P Á¶ ²M Á ° < � ¼ <P Á¶ ²

� | ý>ý X��N��� g 676[6
;AqP<P Á¶ ; <­ Á¶
q¦<� ¶ ;=<ý ¶ °�<P ¶ ²s ³<ý ¶ °�<P Á¶ ²M Á °�<ý °�<PW² ¼ <P Á¶ ²

The <P Á¶ arewhat remainof the <P Á after pruning—<P ¶ is the corresponding
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selectionfrom <P .

The <� ¶ arewhatremainof the <� afterpruning,equatingaprunedsequence

of indices< � ¶ to aprunedsequenceof patterns<ý ¶ ° <P Á¶ ² .
Recallthattheconclusionwe aretrying to prove is M�° <PW² : by construction,M Á °�<ý °�<PW² ¼ <P ¶ ²K¯ MÌ°�<PW²

3.6.4 proving the goal

TACTIC: eliminate-goal

� | ý>ý X����«� g
<ä
;0q><P Á¶ ; <­ Á¶
q&<� ¶ ;K<ý ¶ °�<P ¶ ²s ³<ý ¶ °�<P Á¶ ²M Á ° <ý ° <PW² ¼ <P Á¶ ²

�6 1©7J9 Î;�MÌ°�<PW²
è

�  1©7J9 2X�| ý>ý <P ¶ d$� 	�� <ý ¶ °�<P ¶ ²�f
;�MÌ°�<PW²

This phaseproves  1©7J9  from | ý>ý by instantiatingthe

premisesabstractedin the schemewith their ‘originals’,

making the constraintsreflexive and the return type the

desiredMÓ° <PW² .
Theeffectonourexampleis shown on theright.

� | ý>ý X c � ����,Y%�67676��
;�q�P Á ; � �
q��·´�;r�&Pe �&P Á
P Á � ��  1©7J9 2XN| ý>ý PLd$� 	�� �(Pnf

;)PÛ� �

3.6.5 tidying up

TACTIC: eliminate-tidy

�6�¬©7|ª�Iü "R<P ; <­� % XÏ67676
� <� �9��; <�� <� X <äs° <PW²� | ý>ý XN����� g
% <� �9� <äs° <PW²�  s©[J9 =XN| ý>ý <P ¶ d�� 	�� <ý ¶ °�<P ¶ ²�f s©[J9 è

� <� �9� Á ;0q><P)¸n; <­ ¸Í6 <�� �¬©7|ª�IXm" <P'; <­
����� gÆ676[6Íd <� �9� Á <P)¸~f_676[6
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Each� �9� [ Á proves
� [

generalisedover the <P)¸ it dependson.

Firstly this phasecuts the
�
-bindingsfor inferredarguments<� , andalso % , | ý>ý and s©[J9  .

Thetaskis thentoshuffle thesubgoals—theruleargumentsnotinferredby targetting—

outsidetheproofof �¬©7|ª� . This is doneby dischargingthe " s throughthem,sothatthey

aregeneralisedover only what their typesdependon (asopposedto raising the � s,

whichwouldgeneraliseovereverythingregardless).Typically, thiswill re-abstractthe

fixedparameters.

Oncethe � s areoutsidethe " s, the retreat tactic movesthemoutsidethe bindingof�¬©7|ª� . At this point, smartimplementationstry to ¹ -reducetheproof of �¬©[|ª� . Finally,�¬©7|ª� is solved, becominga
�
-binding.

In ourexample,thesubgoalsdonotdependonany of thepremises,sonogeneralisation

is necessary. Thefinal subgoalsandproof termareasfollows:

� � �9�2R ;Aq�g � P Á ; � �
q�� ;Bg  �&P Á
P Á ��g

� � �9� � ;Aq�g � JA; � �
q ? � ý ;~q�P Á ; � �

q��L;Bg  �&P Á
P Á ��J

q�P Á ; � �
q�� ;Bg  t�(P Á
P Á �­�vJ� � ��¨>©7|ª�EXm"=P � � ; � �
";� ;7�vP c �c � ����,�d("=g � � Á 6~qsP Á 6BgG ��(P Á ¬ P Á � � Á f� �9�2R � �9� � �(P � �

PGd�� 	�� �(PTf
;Aq�P � � ; � �
qK� ;r�&P c �
Pò� �

3.7 an example—

Wehavebuilt ourhammer—let usbangin afew nails. I proposeto synthesisethe
� �����

functiondescribedearlierin thechapter, andto prove someusefultheoremsaboutit.

Wewill makeuseof theeliminate tacticfor bothprogrammingandproof.
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� �����
is a recursive function on

� �
, so the startingpoint for

the developmentwill be
� �

’s eliminationrule,
� ��� ����, , which

doublesasthetraditionalinductionprincipleandits primitive

recursionoperator.

� ��� ����,%h; qsJÐ; � � 6ru[wyxTz

%�F %�J6[6[67676r6%k�&J
q J»; � � 6�%�J

Thesequenceof work is thenasfollows:

� Use
� ��� ����, to build an implementationof� �����
correspondingto theobviousfunctional

program.

� ����� F FYX��&�v/ 	� ����� �&g�FYX�#EM5��� 	� ����� FÊ�vJ�X�#EM5��� 	� ����� �&gÈ�vJ�X � ����� gYg
� Use

� ��� ����, againto prove
� �����

’s recursioninductionprinciple:
� �������
	��Q


%Ï;4qsg � JÐ; � � 6{q � ;�v v'67�'���ax
%NFÐFÒ�&�U/ 	 %NFÒ�&JÛ#aM���� 	 %��&gÚFj#aM���� 	

%GgYJ��676[6[67676r6767676%N�(gÈ�&J��
qsg � JA6�%GgYJ � ����� gYJ

� Use
� �����5�
	��Q


to proveamorecon-

venienteliminationrule for
� �����

—

the inversion principle suggested

earlierin thechapter.

� ������
 ���

%^;4qsg � JÒ; � � 6~q � ;�v v+6r�'���ax
%GJÐJ��(�v/ 	 g ª �J6767676r67676[6[676[676[6%Gg JÛ#aM���� 	
qsg � JA6�%LgYJ � ����� gYJ

� Use
� ������
 ���

to show that
� �����

satisfiesits equa-

tional specification,given hereas ‘introduction

rules’.

� ����� PÌPe t�(�v/ 	
P ª �� ����� P �  t#aM���� 	
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3.7.1 constructing

Letusimplement
� �����

byanestedrecursion,onthefirstargumentandthenthesecond.

PROGRAM: º ºL»K¼
� � ���Q½ Xm"=g � JÒ; � � 6�v v
� � ����� ;0qsg � JÐ; � � 6 � ���Q½ g J
satisfying
� ����� F F X��&�U/ 	� ����� �&g�F X�#EM5��� 	� ����� F �&JGX�#EM5��� 	� ����� �&gÚ�&JGX � ����� g g

DEVELOPMENT

Theabove goal is shown with a box aroundour first target. Notethe
�
-bindingwhich

replacesthereturntypeof
� �����

with amoreinformativealias.

Seehow thereturntypeof
� �����

looksabit liketheleft-handsideof apatternmatching

definition?Wecanfind our target g there.eliminate it with
� ��� ����, !

We now have a basecaseanda stepcase.

Notetheway thereturntypeshavepicked

up the patternscorrespondingto the case

analysis.

In the basecase,we are readyto elimi-

nate the secondargument,J , againwith� ��� ����, .

� � ����� à ;0qsJA; � �� ���K½ F J
� � ����� # ;0qsg ; � �

qsä:�- 9;rqsJA; � �� ���Q½ gYJ
qsJ ; � �� ���K½ �&gYJ� � ����� X � ��� ����, d("=gk6~qsJ06 � ���K½ gYJ+f� ����� à � ����� #

Wecannow ‘fill in theright-handsides’by in-

troducingthepremises,thenrefiningby �&�U/ 	
for

� ����� àôà and #EM5��� 	 for
� ����� à # . � � ����� àôà ; � ���K½ FjF

� � ����� à #ã;AqsJ ; � �
qsä:�- s; � ���K½ F�J� ���K½ FÐ�(J� � ����� à X � ��� ����,�d("=JA6 � ���Q½ FÌJ+f� ����� àôà � ����� à #

The stepcaseis kept neatby introducingg
andits associatedrecursive call beforeelim-

inating J with
� ��� ����, . Note that the type

of therecursive call tells uswhich argument

patternsit is goodfor.

� � ����� # üY"=g ; � �
"=ä:�-  ;{qsJ5; � �� ���Q½ gYJ
� � ����� # ;{qsJ5; � �� ���Q½ �&g J� ����� #
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We solve
� ����� # à with #aM���� 	 . For

� ����� #
# , we

introducethe premisesandrefineby the re-

cursivecall ä:�- )J .

� � ����� # à ; � ���Q½ �&gÈF
� � ����� #
# ;�q�J ; � �

q�ä:�-  Á ; � ���Q½ �(gYJ� �Ó�Q½ �(gÈ�(J� � ����� # X � ��� ����,�d("=JA6 � ���Q½ �vgYJ+f� ����� # à � ����� #�# �
Wehavebuilt ourfirst functionwith eliminate!

3.7.2 proving

Thereis a standardtechniquefor proving therecursioninductionprinciplefor a func-

tion. Wefix anarbitraryscheme% indexedby thefunction’sargumentsandresulttype.

We alsoassumethat % is preservedby each‘introductionrule’, ie recursive equation.

Wethenprovethat % holdsfor any argumentsandthecorrespondingresult—thisproof

hasexactly the samerecursive structureasthe function itself. Discharging the fixed

assumptionswill giveusthegeneralrule.

THEOREM: º ºL»K¼P¾�¿RÀ�Á
")% ;~qsg � JÐ; � � 6~q��+;�v v'67u[wyxTz
")'3ÂzÂ ;�%�FÒFÒ�&�v/ 	
")'3Â^Ã ;~qsJÐ; � � 6�%NFÐ�&Jò#aM���� 	
")'¦ÃÄÂ ;~qsgY; � � 6�%��&gÕFÒ#aM���� 	
")'¦ÃÅÃ ;~qsg � JA; � �

q�� ;+v v
q ? � ý ;�%�gYJ��%��(gÆ�&J}�

� � �������
	���
 ;~qsg � JA; � �%�gYJkd � ����� g J+f
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PROOF

For our
� �����

example,wefix % andassume

it is preservedby eachof thefour equations.

We are left proving %­g J d � ����� gÊJêf for

any g and J , wherebefore we computed� ���Q½ gÏJ . We eliminatewith
� ��� ����, in ex-

actly thesameplaces.

"�% ;rqsg � JÐ; � � 6~q��';�v v)6[u[wyxTz
"�'3ÂzÂ ;�%kFÐFÐ�&�U/ 	
"�'3Â^Ã ;rqsJÒ; � � 6�%kFj�vJÛ#aM���� 	
"�'¦ÃÄÂ ;rqsgm; � � 6�%k�&gÕFÐ#aM���� 	
"�'¦ÃÅÃ ;rqsg � JA; � �

q�� ;�v v
q ? � ý ;�%LgYJ��%k�&gÈ�(J��

� � �����5�
	��Q
 ;rqsg � JA; � �%LgYJ�d � ����� g J+f
I will show onebasecaseandthestepcase.

Onceeliminationhasinstantiatedthearguments

of
� �����

appropriately, it reducesin eachsub-

goal, making them vulnerableto the assump-

tionsconstructedwith exactly thatpurpose.The

basecasesfollow directly.

� � �������
	��Q
 àôà ;�%�FÒFLd � ����� FÒFTfå %�FÒFÐ�(�v/ 	

Similarly, the conclusionof the step

casereducesto theconclusionof the

relevantassumption,'¦Ã�Ã , with � suit-

ably instantiated.

äõ�- �J computed the recursive call

in the constructionof the function.

Here,ä:�- �J fills in thepremiseof '¦ÃÅÃ
to completetheproof.

"=äõ�-  ;~qsJ0; � �%Gg J�d � ����� gYJ+f
� � �������
	���
 #
#{;~qsJ ; � �

qsä:�-  Á ;�%N�(gYJkd � ����� �vgYJ+f%N�(gÈ�&Jkd � ����� �vgÈ�&J+få %k�&gÈ�(JNd � ����� gYJ+f

Discharging thesubgoalsprovesthegeneralrulewewant.
�

Let usmark
� �Ó�����
	���


astargetting d � ����� gYJ+f , andby default abstractingit.

This proof methodgivesa recursioninductionprinciplefor many of thefunctionswe

canbuild in OLEG—it mimicsexactly their construction.In effect, it packagesup the

sequenceof eliminationswhich madethe function, so that they canbe usedat one

stroke in proofsof its properties.
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3.7.3 proving

Theproof of
� ������
 ���

by
� �������
	���


is a goodexampleof deriving an inversionprin-

ciple from a recursioninductionprinciple. It illustratesa techniquewhich I shalluse

relentlesslyin similarcircumstancesfor therestof this thesis.

Theproofof recursioninductionprinciplesis relatively simple.They directlydescribe

thecomputationalbehaviour of thefunctionin question,soweshouldnotbesurprised

to find that thecomputationalmechanismof theunderlyingcalculusdoesall thehard

work. Recall that in eachsubgoalof the inductive proof, the conclusionreducesto

exactlywhatis provenby thecorrespondingpremise.

Contrarily, inversionprinciplesoftencut againstthecomputationalgrain,characteris-

ing theextensionalpropertiesof functions,ratherthanthemechanismby which they

operate.Thekey to proving themis not to fix their schemesas " -bindingsoutsidethe

induction,but ratherto let themvary insidetheinduction.Thismeansthattheinductive

hypothesesarethemselvesinversionprinciples—weuseinversion,notcomputation,to

simplify theinductivesteps.

THEOREM: º ºL»K¼ÆÁ�Ç�È
� � ������
 ��� ;rq&% ;~qsg � JÐ; � � 6~q��+;�v v'6[u[wyxTz

q&'&É ;~qsgY; � � 6�%�g gÈ�(�v/ 	
q&'=Ê ;~qsg � JG; � �

q��2JW� û ;Bg ª �J%�gmJÛ#aM���� 	
qsg � J0; � �%Gg J � ����� gYJ

PROOF

Wefix nothingin thecontext andeliminateby
� �����5�
	��Q


, abstractingd � ����� gmJ�f .
Theschemegeneratedby eliminate is abstracted

overtheschemeof therulewearetrying to prove.

Observe that the original d � ����� gÝJ+f in the con-

clusionhasbeenreplacedby � .
"2g � JA; � �
"9� ;+v v
q&% ;~qsg � JÐ; � � 6rq��);�v v+6ru[wyxTz
q&'&É ;~qsgY; � � 6�%GgYgÆ�(�v/ 	
q&'=Ê ;~q�g � JG; � �

q&�2JW� û ;�g ª ãJ%GgYJò#aM���� 	%GgYJ��
Therecursioninductiongivesusdirectly thethreebasecasesandthestepcase.Again,

onebasecaseis sufficently representative.
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In this off-diagonalcase,the recursion

inductionhasalreadyfilled in the an-

swer #EM5��� 	 . Hence, introducing the

premisesandrefiningby 'KÊ , weareleft

proving FYª Î�(J . This is not difficult, as

weshallseein chapterfive.

� � ������
 �s� à #r;~qsJÊ; � �
q&%Ï;~qsg � JÐ; � � 6rq��);�v v+6ru[wyxTz
q&'&É~;~qsgY; � � 6�%GgYgÆ�(�v/ 	
q&'=Ê=;~q�g � JG; � �

q&�2JW� û ;�g ª ãJ%GgYJ�#EM5��� 	%NFÐ�(J�#aM���� 	
Thestepcaseis moreentertaining.We do not know whetherto use '¦É or 'KÊ , because

wedonotyetknow what � is. However, theinductivehypothesisis aneliminationrule

telling usaboutg , J and � . I havecalledthescheme� to reduceconfusion.

� � ������
 ��� #�# ü "=g � J ; � �
")� ;�v v
" ? � ý ;rq&�«;~q g � J ; � � 6~q � ;�v v)6[u[wyxTz

q0Ë�Ìs;~qsgY; � � 6���gYgÈ�&�U/ 	
q0ËÎÍ>;~qsg � JG; � �

q��2JW� û ;Bg ª �J��gYJ�#EM5��� 	��gYJ��
"�% ;rqsg � JÒ; � � 6{q � ;�v v'67u[wyxTz
"�'¦É ;rqsgY; � � 6�%LgYgÈ�&�U/ 	
"�'KÊ ;rqsg � JG; � �

q��2JW� û ;õg ª �J%�g J�#EM5��� 	
� � ������
 ��� #�# ;�%N�&gÈ�vJ}�� ������
 ��� #�#

Introducingeverything,we may now eliminate the conclusionwith
? � ý , abstracting

all the indices. No targettingis necessaryasthe patternsarefully instantiated.The

generatedschemeabstractsg , J and � :� X ">g � J � �>6�%k�&gÆ�&J��
Weareleft with two subgoals,eachwith theequalitydecided:

� � ������
 ��� #�# Ì ;~qsgY; � � 6�%��(gÆ�&gÈ�&�U/ 	
� � ������
 ��� #�# Í ;~q�g � JG; � �

q&�2JW� û ;Bg ª ãJ%k�&gÆ�&J�#EM5��� 	
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Thesefollow respectively from '¦É and '=Ê without much difficulty, completingthe

proof.
�

As with
� �������
	��Q


, mark
� ������
 ���

astargetting d � ����� g J+f andby defaultabstracting

it.

3.7.4 proving the ‘intr oduction rules’

THEOREM: º ºL»K¼PÏ/Ð^Ñ¦¿
� � ����� �(�v/ 	 ;~q�g�; � �� ����� gYg  �&�v/ 	

PROOF

Eliminatingwith
� ������
 �s�

introducesaconstraintbecausethetargetis diagonalised:

% X ">g � JÒ; � � 6Ô")�';�v v)6Bg� ãJ ¬ �  ��&�v/ 	
Bothsubgoalsareeasy.

� � ����� �(�v/ 	 Ì9;rqsg�; � �
qs��;�gG �g
�&�U/ 	  t�&�v/ 	

� � ����� �(�v/ 	 Í=;rqsg � J�; � �
q��2JW� û ;Bg ª ãJ
qs� ;BgL QJ
#aM���� 	  D�&�U/ 	 �

THEOREM: º ºL»K¼PÒÔÓLÕ×Ö�¿
� � ����� #aM���� 	 ;~qsg � JL; � �

q��2JW� û ;Bg ª QJ� ����� gmJ  t#aM���� 	

PROOF

Eliminatingwith
� ������
 �s�

, bothsubgoalsareeveneasier.
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� � ����� #aM���� 	 Ì9;~qsg ; � �
q��2JW� û ;Bg ª �g
�&�U/ 	  D#aM���� 	

� � ����� #aM���� 	 Í=;~qsg � J ; � �
q��2JW� û ;�g ª ãJ
q��2JW� û Á ;�g ª ãJ
#EM5��� 	  t#EM5��� 	 �
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Chapter 4

Inducti veDatatypes

This chaptergivesa formal definitionof theclassof inductive datatypesandfamilies

with whichweshallwork in OLEG. I shallbroadlyfollow Luo’schoiceof whichdefi-

nitionsto admit,andshow how their eliminationandcomputationrulesaregenerated

[Luo94]. Goguenhaschecked that the usualmetatheoreticpropertiessuchasstrong

normalisationcontinueto holdfor ECCextendedwith thisnotionof datatype[Gog94].

Basically, we shall have the datatypesand families arising from strictly positive

schemata,as proposedby Coquand,Paulin-Mohringand Dybjer [CPM90, Dyb91].

Thesearethe datatypesof COQ, LEGO andALF. Inductionandrecursionover them

will be provided by meansof the traditionaleliminationrules,which do exactly one

stepof caseanalysis,attachinganinductivehypothesistoeachrecursivesubtermsoex-

posed.Eachtypeis equippedwith an‘elimination constant’whosetypecodesup the

eliminationrule—computationis thenaddedby associatingthe appropriatecontrac-

tion schemes(or Ø -reductions)with theseconstants.Eliminationrulesfor inductively

definedrelationswerefirst formulatedby Martin-Löf in [M-L71b].

This is theexactly thepresentationdescribedin Luo’sbook[Luo94] andimplemented

in LEGO[Pol94] by ClaireJones.COQ hasbasicallythesamedatatypes,but separates

the ‘inversion’and‘recursion’aspectsof eliminationby providing a Case construct

for the formeranda Fix constructfor the latter. Fix is carefullychecked to ensure

that recursive calls aremadeonly on termswhich areguarded by constructorsand

hencestrictly smallerthanthetermbeingdecomposed.

TheCase/Fix presentationis muchtheneaterone,for two reasons:

� Evenif thereis a particularargumenton which I wish my functionto do recur-

sion, that is no reasonto supposeit is thefirst argumenton which it shoulddo

caseanalysis.SometimesI wantto look atanotherargumentfirst, andthen,per-
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hapsin not all of the casesarising,to decomposethe recursive argument.The

conventionaleliminatortiesthetwo notionstogetherinappropriately.

� Theconventionaleliminatoronly facilitatesrecursionafterexactlyoneconstruc-

tor hasbeenstrippedaway. TheFix operatorallows recursionon any subterm

exposedby Case. This servesa moreusefulpurposethanmerelyto admit in-

efficient definitionsof theFibonaccifunction. Working interactively, we do not

needto predictsopreciselyin advancetheinductivestructureyourequire.

EduardoGiménezshowed the conservativity and confluenceof Case and Fix in

[Gim94]. He showedstrongnormalisationfor theCalculusof Constructionsextended

with lists in this style [Gim96], andthereseemsno reasonto supposethis doesnot

extend to other types. Intuitively, Ø -reductionsmake a soundlike the clankingof a

giant metal cog in a ratchet. However deeplyunderskyscrapingstoreys of Â - and

Ã -‘administration’the real work may be buried,we canstill hearthe greatmachines

going clank—weknow that the handsof the clock will go forward andthat the bell

will ring for midnight.

Thisis aratherprosaicchapterin whichI show how to mechaniseGiménez’sargument

in OLEG. Thesummary, for thosewhowouldratherskipthedetail,is thatI equipeach

datatypewith two alternativeeliminationrules,in thesenseof thepreviouschapter. It

is, of course,theeliminate tacticwhichprovidesthemeansof theirconstruction.

At this point, I shouldremarkthat I have omittedsomeclassesof datatypefound in

LEGO and COQ. Both thesesystemspermit mutually definedtypes: for example,

evenandoddnumbersgivenby a ‘zero’ constructor(whichmakesan‘even’) andtwo

‘successor’constructors(taking ‘even’ to ‘odd’ and ‘odd’ to ‘even’). I omit them,

not becausethey are awkward in principle, but becausediscussingthem in general

termsis a notationalnightmare:I have no examplesin this thesiswhich requirethem.

However, all of thetechnologydevelopedherefor solitaryinductivedefinitionsextends

to themutualcasewithoutany difficulty—indeedtheimplementedsystemdoeshandle

mutualdefinitions. In any case,a mutualdefinition canalwaysbe representedasa

singleinductive family of datatypesindexedby a finite typewhoseelementslabelthe

branches—wemight definea family ÙnM��U���&O�;�v v ¬ u[wyxnz with ÙTM5�v���&OÐ�&�U/ 	 containing

theevennumbersand ÙnM��U���&O�#aM���� 	 theoddnumbers.

COQ alsoallows embeddeddatatypes,whereanexisting datatypeis usedasanauxil-

liary to a new datatype—forexample,definingthefinitely branchingtreesby a single

‘node’ constructorwhich takesa list of subtrees.This facility is bothneatandlabour-

saving,but it addsnoextrapower. As Paulin-Mohringobservesin [P-M96],embedded
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datatypescanbe turnedinto mutualdataypeswith extra branchesduplicatingthebe-

haviour of theauxiliary types—wemaydefine‘finitely-branching-tree’mutuallywith

‘list-of-finitely-branching-trees’.

4.1 construction of inductivedatatypes

Ratherthanplungingat the deependanddrowning in subscripts,let us establisha

simply-typedtheme,thenexaminevariations:parameterised(or, whentheparameters

are themselves types,polymorphic)types,typeswith higher-orderconstructorsand

dependentinductive families,thendegeneratetypeslike relationsandrecords.

Thecomponentsof any inductivedatatypedefinitionareasfollows

� Thetype former is thenew constantwhichnamesthetypeor typefamily, eg
� �

,

������� , �S	�� � .
� Theconstructors (or ‘introductionrules’)arethemeansof forming thecanoni-

calelementsof thedatatype,eg F and � for
� �

.

� Theelimination rule (or ‘inductionprinciple’) providesthemechanismfor de-

composingelementsof thedatatypein thecauseof constructingsomethingelse,

beit a proof ‘by induction’or somerecursively computedvalue.This rulemust

bemarkedwith a targetsothateliminate canuseit.

� The Ø -reductionsanimatethismechanism,definingthecomputationalbehaviour

of theeliminationrule for eachcanonicalelement.

4.1.1 simple inductive datatypeslik e

Componentwise

� Thetype former is a constantwhich inhabitssomeuniverseÚ×Û4Ü ;=u[wyxTz
� �

is anexampleof suchan
Ú×Û4Ü

.

� The constructors arefunction symbols
� � � R�67676 � � �3Ý , wherefor each� inb 67676ßÞ
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� � � � ;4q <|0; <8 � 6rq <PÌ; Þ Ú×Û4Ü ßNà�áÔ6 Ú×Û4Ü
The <8 � arecalledthe non-recursive argumentsbecausethey may not refer toÚ×Û4Ü

. Neithermaythey involveany universeaslargeasthatwhich
ÚpÛ4Ü

inhabits,

in orderto avoid theparadoxicalembeddingof a largeruniverseinsideasmaller

one—wemayusuallyrely onHarperandPollack’s universalpoliceman[HP91]

andusetheunlabelled u[wyxTz regardless.

We say that
� � � � has â � recursive arguments. Think of elementsof

Ú×Û4Ü
as

treestructuresmadefrom nodesof differentkindsgivenby the constructors,a� � � � nodehaving â � out-edgesand a label of telescope <8 � . Actually, there

is no needfor the recursive argumentsto comeafter the non-recursive ones,

but it makesthepresentationsimplerif we pretendthey alwaysdo—sincenon-

recursiveargumentscannothavetypesinvolving
ÚpÛ4Ü

, they maycertainlyalways

bepermutedto thefront.

Wemayalsothink of constructorsasintroductionrulesfor
Ú×Û4Ü

:<|�; <8 � PSR�; Ú×Û4Ü 67676 P àÅá ; Ú×Û4Ü� � � � <| <P�; Ú×Û4Ü
The derivation treescomposedfrom suchrulescorrespondexactly to the tree

notionof inductivedatastructuresmentionedabove.
� �

hastwo constructors:

Fk; � � J»; � ��&J»; � �
Observe alsothat, if

Ú×Û4Ü
is to beinhabited,it will needat leastoneconstructor

with norecursivearguments.

� Let us examine
ÚpÛ4Ü®ãQä_å_æ

, the constantwhosetype gives the elimination rule

for
Ú×Û4Ü

, in accordancewith the generalanalysisof eliminationrulespresented

earlier.

Thepatternwhich
Ú×Û4Ü®ãKä_å_æ

eliminatesis the fr ee

pattern on
ÚpÛ4Ü

, which matchesany elementofÚ×Û4Ü
. Hence

ÚpÛ4Ü®ãQä_å_æ
hasa schemeindexed byÚ×Û4Ü

, ie %Ï; qsP�; Ú×Û4Ü 6�u[wyxTz andarulegoaltargetting

theelementto beeliminated.q P�; ÚpÛ3Ü 6�%GP . The

outlineof therule is asshown.

Ú×Û4Ü®ãKä_å_æ
%^;4qsPÌ; ÚpÛ4Ü 6[u[wyxTz

�
q P�; Ú×Û4Ü 6�%�P

In orderto build a proof of %�P for an arbitrary P , we needa methodfor each

constructor, showing how % for its conclusionfollows from % for its recursive
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arguments—moresuccinctly, thateach
� � � � preserves % . We maythink of %

asa propertywhich musthold wherever its argumentis an
Ú×Û4Ü

, henceit must

have ‘introductionrules’—therule subgoalsof
Ú×Û4Ü®ãKä_å_æ

—analogousto thoseofÚ×Û4Ü
. Thuswe manufacturethe rule subgoalsof

Ú×Û4Ü®ãKä_å_æ
from the introduction

rulesof
Ú×Û4Ü

by writing % ý in theformerwherever thelatterhasý ; ÚpÛ4Ü :<|�; <8 � %�PSR 676[6 %LP àÅá676[6[676[676[676[676[6[67676r6767676r67676r6767676r6%Dd � � � � <|�<PTf
Notethattherecursivearguments<P�; Þ ÚpÛ4Ü ß�à�á havenotdisappearedentirely. The

typesof therecursionhypothesesdependon them,hencewemayinfer thatthey

are themselvespresentas casehypotheses,and suppressthem from the writ-

tenrule accordingly. Functionalprogrammersmaybemorefamiliar with ‘fold

operators’—thecut down version,where % is a constantandtherecursiveargu-

mentsaresupplantedby therecursionhypotheses.

Wenow haveall thepiecesweneedto completethe
ÚpÛ4Ü®ãQä_å_æ

rule:%Ï;4qsPÓ; Ú×Û4Ü 6ru[wyxTz
<|�; <8 R %�PSR 67676 %GP à \6767676r67676r67676[6[67676[6[676[676[676[676[6[67676%td � � � R <| <PTf 67676

<|Û; <8 Ý %LPSR 6[676 %GP à�ç676[6[67676[6[676[676[6[67676[6[67676r67676r6767676r6%Dd � � �3Ý <| <Pnf
q P�; Ú×Û4Ü 6�%�P

Or, moreinscrutably,Ú×Û4Ü�ãQä_å_æ ;4q&%�; Ú×Û4Ü ¬ u[wyxTz(6
d�q <|0; <8òR{6rq <PÌ; Þ Ú×Û4Ü ßNà \ 6 Þ %LP [ ßNà \[ ¬ %Dd � � � R <| <PTfõf ¬
...

d�q�<|0; <8 Ý 6~q><PÌ; Þ Ú×Û4Ü ß à \ 6 Þ %GP [ ß à \[ ¬ %td � � �3Ý <| <PTfBf ¬
q P�; Ú×Û4Ü 6�%�P

For thenaturalnumbers,then,weget

� ��� ����, ; q&%G;$qsJÐ; � � 67u[wyxnzv6
d�%�FTf ¬
dIqsJj; � � 69d
%GJ+f ¬ %��(J+f ¬
q J.; � � 6�%GJ

� ��� ����,%Ï;4qsJj; � � 6[u[wyxTz
%NF %�J67676r67676%��vJ
q J.; � � 6�%GJ
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� Thoseof usgivento a skepticaldispositionwould beunlikely to accepttheva-

lidity of
ÚpÛ4Ü®ãQä_å_æ

if we did not seehow to plug the proofsof its rule subgoals

togetherto build an inhabitantof % for any particularP which we might make

from
Ú×Û4Ü

’s constructors.This processis representedin our type theoryby theØ -reductionsassociatedwith
Ú×Û4Ü

. By thismeansweimbue
Ú×Û4Ü®ãKä_å_æ

with acom-

putationalmeaning,allowing usto evaluaterecursive functionsover
Ú×Û4Ü

.

Weaddan Ø -reductionfor theeffectof
Ú×Û4Ü®ãKä_å_æ

oneachconstructor:Ú×Û4Ü�ãQä_å_æ % <'�d � � � � <| <PTf
Ä³è0'ªé <| <P q ÚpÛ3Ü�ãQä_å_æ % <'ÒP [ r àÅá[
For thenaturalnumbers,we gettwo suchrules:

� ��� ����,µ%!'0ê>'&Ã�F Ä³èë'�ê� ��� ����,µ%!'0ê>'&Ãn�(JÏÄ³èë'&Ã9J�d � ��� ����,µ%ì'�ê>'¦Ã9Jêf
Giventhetypeformerandconstructorsfor asimpleinductivedatatype,theelimination

ruleand Ø -reductionscanbecomputedin astraightforwardway.

4.1.2 parameteriseddatatypeslik e

It is not hard to representdatatypessuchas lists of naturalnumbersvia the above

mechanism:

� � �������0;=u[wyxTz � ��� ����; � � ������� J»; � � @�; � � �������� ��� � � �oJG@�; � � �������
However, it seemsmuchpreferableto definelistsonce,polymorphicallyandinstantiate

that definition for eachtype of elementwe encounterthan to definea new list type

for every elementtype. That is, we shouldbe ableto definelists in a way which is

parameterisedby thechoiceof elementtype,allowing usto write thefunctionswhich

operateon arbitrarily-typedlists onceandfor all. For each8 ;nu[wyxnz , ��������8 shouldbe

thesimpleinductivedatatypeof listsof 8 elements.Suchentitiesaresometimescalled

‘f amiliesof inductive datatypes’,becauseeachelementof the family is an inductive

datatype.

Thiskind of parameterisationis verysimple—oncetheparametershavebeeninstanti-

ated,they arefixedfor theentireinductive definition—constructors,eliminationrule,

thelot. For a givenparametertelescope<ý ; <â , then,we needmerelybind it parametri-

cally to eachof thedefinedconstantsandrewrite rules,correspondinglyreplacingeachí
by
í <ý wherever they areapplied.

Hence
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� typeformerÚ×Û4Ü ;4q <ý ; <â 6[u[wyxTz
� constructors� � � � ;4qP<ý ; <â 6rq�<|A; <8 � 6{qP<PÓ; Þ Ú×Û4Ü <ý ß à�á 6 Ú×Û4Ü <ý

(or asanintroductionrule)<|�; <8 � PSR�; Ú×Û4Ü <ý 67676 P à�á ; ÚpÛ3Ü <ý� � � � <| <P�; Ú×Û4Ü <ý
� eliminationrule%Ï;nd Ú×Û4Ü <ý f ¬ u[wyxTz<|�; <8 R %�PSR 67676 %GP à \6767676r67676r67676[6[67676[6[676[676[676[676[6[67676%td � � � RL<ý <|�<PTf 67676

<|Û; <8 Ý %LPSR 6[676 %GP à ç676[6[67676[6[676[676[6[67676[6[67676r67676r6767676r6%Dd � � �3Ý <ý <|�<PTf
q P�; Ú×Û4Ü <ý 6�%�P

(or asa type)Ú×Û4Ü�ãQä_å_æ ;4qP<ý ; <â 6~q&%G;yd ÚpÛ4Ü <ý f ¬ u[wyxTzU6
d�q�<|0; <8òR{6rq><PÌ; Þ Ú×Û4Ü <ý ß à \ 6 Þ %LP [ ßNà \[ ¬ %td � � � RL<ý <|�<PTfõf ¬
...

d�q�<|0; <8 Ý 6~q><PÌ; Þ Ú×Û4Ü <ý ß à�ç 6 Þ %�P [ ß à ç[ ¬ %td � � ��Ý <ý <|�<PTfõf ¬
q P�; Ú×Û4Ü <ý 6N%�P

� Ø -reductionsÚ×Û4Ü�ãQä_å_æ <ý % <'kd � � � � <ý <|�<PTf_Ä³è&'ªé�<| <P q ÚpÛ4Ü®ãQä_å_æ <ý % <'ÎP [ r àÅá[
Thefamily of datatypes,������� , is thusgivenby

�������>8�;2u[wyxnz � ���õ8<;2�������98
? ;78 @�;2�������98� � � � ? @A;=�����B�>8
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������� � ����,%Ï;nd$�������>8Ûf ¬ u[wyxnz

%td � ���ð8Gf
? ;78 %ó@676[676[6[67676r6767676r6%md � � � � ? @(f

q �S;=�������>8 6�%ì�
������� � ����,Õ8�%!'¦î�'4ï d � ���:8ÛfÎÄ³èð'¦î
������� � ����,Õ8�%!'¦î�'4ï�d � � � � ? @(fÎÄ³èð'4ï ? @)d$�����B� � ����,Õ8³%ì'&î�'&î�@(f

NotethatI suppresstheparameter8 whenwriting
� � � � ? @ , becauseit canbeinferred

from thetypeof
?
, converselyleaving it visible in �������98 and

� ���ð8 . In general,I shall

avoid mentioningparameterswhereverconvenient.

4.1.3 datatypeswith higher-order recursivearguments,lik e

Sofar, eachof thedatatypeconstructorswe haveseenhasa fixednumberof recursive

arguments—inthe tree metaphor, a fixed numberof out-edgesto smallersubtrees.

Onemight chooseto seetheseasa family of out-edgesindexed by a finite set,and

proceedto wonderwhetherany othertypesmightbeacceptablefor indexing recursive

arguments.Andyes,any smallenoughtype(telescope)canbeusedto index arecursive

argument,aslongasit doesnot involvethetypebeingdefined1, giving ustheincreased

powerof higher-order recursive argumentsaddressinginfinite familiesof subterms.

Higher-order recursive argumentsare thus functions returning elementsof the in-

ductive datatype.The eliminationthusrule hashigher-orderrecursionhypotheses—

functionsreturningproofsof % .

For example,we may constructa type of ordinal numberswhich supplementsthe

‘zero’ and‘successor’constructorswith the ‘supremum’of a possiblyinfinite family

of smallerordinals:

ñ 	 �E� ;2���I� P�;=�������/ � Pk;=�����
¡ ; � � ¬ �����
��/4" ¡ ;=�����

The ��/4" constructortakesa family of ordinalsindexedby
� �

, admittinga notionally

transfinitestructure.2 Thecorrespondingsubgoalin theeliminationrule givesaccess

1a restrictionknown asstrict positivity
2Of course,ò ò}ó
ôQõHö hasonly countablymany inhabitants.
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to a family of recursionhypotheses:

����� � ����,%Ï;4qsPÓ;U������6[u[wyxnz
% ñ 	 �E� %�P67676r6767676r67676[6%td���/ � PTf qsJÒ; � � 6�%Dd ¡ J+f6[67676r6767676r67676r67676%td���/4" ¡ f

q Pk;=���I� 6�%GP
How canwe computeover sucha type? The ��/4" branchexpectsa family of proofs

of % for theimageof its functionalargument—wemaymanufacturesucha family by

" -abstractingover therecursivecall:

����� � ����,÷%}'�ê)'¦Ã='&ÃÅø
ùAd$��/4" ¡ fSÄ³è0'¦Ã�ø
ù ¡ d("=JÒ; � � 6ô����� � ����,ú%}'0ê)'&Ã='&ÃÅø
ùAd ¡ J+fBf
In thesameway, we canallow constructorsof anarbitraryinductive datatypeto have

familiesof recursive arguments,with theeliminationrule acquiringfamiliesof recur-

sionhypotheses:

� typeformerÚ×Û4Ü ;=u[wyxTz
� constructors� � � � ;4q <|0; <8 � 6rq <¡ ; q q <? [ ; <� [ 6 ÚpÛ3Ü r àÅá[ 6 Ú×Û4Ü

(or asanintroductionrule)<|�; <8 � ¡ R ; q <? R�; <��R{6 ÚpÛ4Ü 67676 ¡ à�á ;4q <? à�á ; <� à�á 6 ÚpÛ4Ü� � � � <| <¡ ; Ú×Û4Ü
� eliminationrule%Ï; Ú×Û4Ü ¬ u[wyxnz

676[6
<|�; <8 � q <? R�; <��R~6�%Dd ¡ R <? R:f 67676 q <? à�á ; <� à�á 6�%md ¡ à�á <? à�á f6[6[67676r67676r6767676r67676[6[676[676[676[676[6[67676r6767676r67676r6767676r67676[6[676[676[676[676[6[676%td � � � � <| <¡ f 67676

q P�; Ú×Û4Ü 6�%GP
(or asa type)
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Ú×Û4Ü�ãQä_å_æ ;4q&%�; Ú×Û4Ü ¬ u[wyxTz(6
d�q <|0; <8òR{6rq <¡ ; q q <? [ ; <� [ 6 ÚpÛ3Ü r à \[ 6q

q <? [ ; <� [ 6�%td ¡ [ <? [ f r à \[ ¬ %td � � � R <| <¡ fBf ¬
...

d�q�<|0; <8òR{6rq <¡ ; q q <? [ ; <� [ 6 ÚpÛ3Ü r à ç[ 6q
q <? [ ; <� [ 6�%td ¡ [ <? [ fNr à�ç[ ¬ %md � � �3Ý <| <¡ fBf ¬

q P�; Ú×Û4Ü 6�%�P
� Ø -reductionsÚ×Û4Ü�ãQä_å_æ % <'�d � � � � <| <¡ f_Ä³è�'=éL<| <¡ q " <? [ ; <� [ 6 ÚpÛ3Ü�ãQä_å_æ % <'kd ¡ [ <? [ f r à�á[

4.1.4 dependentinductive families lik e the s

Let us now extend the notion of inductive datatypesto include inductively defined

indexedfamiliesof typesasin [Dyb91].

For example,considerthefinite sets.For any
g

, it is not hardto definea simpletype

with
g

elements.Typessuchas F F , b b and v v arecommonplace.However, our choice

of
g

is at the meta-level, andwe mustdefineeachtype separately. How muchmore

usefulif wecoulddefine� � ; � � ¬ u[wyxTz , enablingusto reasonat theobjectlevel about

arbitaryfinite sets.Of course,� � F hadbetterbeempty, andwe canmake � � �vJ by

inventinga ‘new’ element,thenembeddingall the‘old’ elementsof � � J . That is, � �
is amutuallydefinedfamily of datatypeswith constructors:

# ñ J»;=� � �(J P�;=� � J#$�oPk;2� � �(J
By convention,I chooseto think of thesesetsgrowing in a ‘push-down’ fashion.The

new elementintroducedby # ñ is ‘zero’, while the old elementsare embeddedby a

‘successor’function. By a deBruijn influencedpredisposition,I seethenewestasthe

closestandlowestin number. Notethatwemayleave J asanimplicit argumentto #U� .
� � hasa family of eliminationruleswith a family of schemes%^; qsJÐ; � � 6sd�� � J+f ¬ u[wyxTz
We form therule subgoalsby demandingthat %�J holdswherever � � J is inhabited—

thatis, weselecttheschemecorrespondingto therelevantbranchof themutualdefini-

tion. Hence,� �'� ����,
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� �'� ����,%Ï;4qsJÐ; � � 6sd$� � J+f ¬ u[wyxnz

%N�(J�d$# ñ J+f %�JÒP6r6767676r67676r67676%N�&JNd$#$�oPnf
qsJj; � � 6~q P�;=� � J 6�%�JÐP

with computationalbehaviour

� �'� ����,û%!'KÊÔê>'KÊÅÃo�&Jkd$# ñ J+fÒÄ³èð'KÊÔênJ
� �'� ����,û%!'KÊÔê>'KÊÅÃo�&J d$#$�oPnfÒÄ³èð'KÊÅÃ9PGd�� �'� ����,û%ì'KÊÔêÎ'KÊÅÃ9JjPTf

� � is thusan inductively definedfamily of types—theinstancesof thefamily arenot

inductivedatatypestakenin isolation;onlycollectivelydothey form amutualinductive

definition. Contrastthis with a family of inductive datatypessuchas �����B� , whereeach

member, eg ������� � � is aninductivedatatypein its own right.

In thelight of thisexample,let usgeneraliseto dependentinductive families,ü�ý®æ ;4q < �[; <�[67u[wyxTz
Theconstructorsnow take recursiveargumentsfrom andreturnvaluesin any instance

of the type family being defined,that is any
ü�ý®æ < @ for terms < @ó; <� . Thus, in the

‘introductionrule’ style,weget

<|ò; <8 PSR�; ü�ý®æ < @ðR 67676 P à ; ü�ý®æ < @ à� � � <| <P�; ü�ý®æ < @ ÝÄþ V
Theschemeof

ü�ý�æÿãKä_å_æ
mustbeindexedover theentiretyof thetypesbeingdefined,

thatis %^; q.< �7; <�769d ü�ý®æ < ��f ¬ u[wyxTz

Recallthatthe‘free telescope’notationabbreviatesthis to %Ï; ü�ý®æ ¬ u[wyxnz .
Therule subgoalsdemandthat for all < � , % < � holdswherever

ü�ý®æ < � is inhabited;more

succinctlythat % holdswherever
ü�ý�æ

is inhabited.Henceweget
ü�ý®æìãQä_å_æ

:
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%Ï; ü�ý�æ ¬ u[wyxTz

6[676
<|�; <8 % < @:R ¼ PSR 6[676 % < @ à ¼ P à6[6[67676[6[676[676[6[67676[6[67676r67676r6767676r67676[6[676% < @ Ý�þ V ¼ d � � � <| <Pnf 67676

q.< � ¼ P ; ü�ý®æ 6N% < � ¼ P
Observe that thereis still only one targetter: unifying term and type gives enough

informationto infer aninhabitantof
ü�ý�æ

.

Thereductionrule for eachconstructoris thus:ü�ý®æÿãKä_å_æ % <' < @ Ý�þ V ¼ d � � � <| <PTf�Ä³èë'4ï � î <| <P q ü�ý®æìãQä_å_æ % <' < @ � ¼ P � r à�
4.1.5 inductively definedrelationslik e �
Inductivelydefinedrelationsbearastrongresemblanceto dependentinductivefamilies

of datatypes.However, their presentationis differentlymotivated:inductive relations

arefamiliesof propositionsandtheir role is in reasoningratherthancomputation—

they sit outsidethedomainof programsanddatacharacterisingaspectsof it.

Propositionsaretypes,andthetermswhich inhabitthemconstituteproofs.An induc-

tive relation’s inhabitantsarebuilt by constructorfunctions,just like a datatype—we

maythink of theseconstructorsasinferencerules—but their eliminationrulesdo not

inspectproofsexplicitly in termsof theirconstructors.

Technically, thedifferencebetweeninductive relationsanddatatypesis manifestedin

two ways:

� the type formersof an inductive relationrangeover the impredicative universe

�'���ax , andcorrespondingly, theschemesof their eliminationrulesarealsofami-

liesof propositions

� inductive relationsareproof irrelevant—theaperturesof their eliminationrules

abstractthe indicesof therelation,but not theproofsthemselves,hencetherule

casesnever identify theconstructorsto which they correspond

We shall needat leastonerelationwhich can interferewith computation,andthat is

 . We use  to representconstraintsin theeliminationprocessfor datatypesaswell
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asrelations,andhencewemustallow it to eliminateover u[wyxTz aswell as �
���ax . Indeed,

this is not theonly way in which  doesnot fit thepresentationof inductive relations

givenhere.It is treatedspecially, andgetsthenext chapterto itself. For themoment,

let usconsiderinductiverelationsfor reasoning.

Many dependentdatatypeshave relationalanalogues.For example,the � � family cor-

respondsto the‘lessthan’ relation:

�Ú;4qsg � JÒ; � � 6[�'���ax

Therearetwo introductionrulesfor � :

� �'	��
Jk�­�vJ �ã����� gÕ�}JgÑ�­�(J

Thenamesof therulesarereally theconstructorsymbols,but takingthemto theside

emphasisestheproof irrelevantnatureof relations.This leavesusfreeto write propo-

sitionswith noprefixedproofsin theintroductionrules.

ComparegÑ�}J with � � J . gÑ�.F is clearlyempty. For each�(J , � �'	��
provesthat J

is the‘new’ thing only just smaller, whilst ������� lifts theproofsfor thoseg ’s already

smallerthanJ : exactlyas # ñ createsthe‘new’ elementof eachfinite setand #$� embeds

the‘old’ ones.

TheeliminationruleOLEG providesfor � is sometimesknown asits stronginduction

principle , � � ����, :

� � ����,%Ï;4qsg � JÐ; � � 6r�'���ax
%�Jò�&J gÑ��J %GgYJ676r6767676r67676[6[676[676[676%GgÈ�(J
qsg � JÒ; � � 6~q � ;7gk��J 6�%Gg J

Note that the schemeis indexed only over the two numbers,not the proof that the

first is lessthanthe second.Correspondingly, the targetted� doesnot occur in the

goalpatterns,nordotheconstructorsymbols� �'	��
and ������� appearin thesubgoals.

Consequently, thestepcasehypothesisg«��J is no longerimplicitly givenby the in-

ductivehypothesis,sowemustwrite it explicitly if wemeanit to bethere.As amatter
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of fact,we canchooseto omit it from therule, obtainingtheweak induction princi-

ple. Thetwo areequivalentgivenanappropriatenotionof conjunction,but thestrong

versionis moreuseful in practice: it is generallypreferableto discardunnecessary

hypothesesthanto reconstructnecessaryones.

It is not clearto mewhy inductively definedrelationsshouldbeequippedwith com-

putationalbehaviour: computationbelongswithin therealmof datatypes,andany of

theseinductiverelationsoverwhichcomputationis desiredcaneasilyberedefinedasa

dependentfamily. Ontheotherhand,in thesensethatcomputationexplainsinduction,

it shouldbepossibleto equiprelationswith reductionruleswhich aremeaningful,if

notdesirable.For � , weget

� � ����,û%ÿ'&î�����' �
	 � J��&Jkd:� �'	�� J+fÎÄ³èë'¦î����QJ
� � ����,û%ÿ'&î�����' �
	 � gÈ�&J dð�ã����� �GfÎÄ³èë' �
	 � �«d:� � ����,µ%!'¦î�����' �
	 � gYJ �Gf

With � to guideus,hereis thegeneraltreatment:

� propositionformer���>ä ;4q.< �r; <�76r�'���ax
� inferencerules(constructors)<|�; <8 PSR�; ���>ä < @ôR 67676 P à ; ���>ä < @ à���4ä�� <| <P�; ���>ä < @ à�� ���� eliminationrule (stronginductionprinciple)%Ï;4q < �[; <�76[�'���ax

6[676
<|�; <8 ���>ä < @ðR 676[6 ���>ä < @ à % < @ðR 67676 % < @ à6r67676[6[67676[6[676[676[6[67676[6[67676r6767676r67676r67676[6[67676[6[676[676[6[67676[6[67676% < @ à�� ��� 67676

q9<� ¼ � ; ���>ä 6�%�< �
� Ø -reductions���>ä_ãQä_å_æ % <' < @ à�� ��� d ���4ä�� <| <PTfÎÄ³èð'��/ø 	 � <| <P q ���>ä_ãKä_å_æ % <' <ý [ P [ r à[
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4.1.6 record types

Wecanrepresent(dependent)recordtypesasadegeneratecaseof inductivedatatypes.

A simpledatatype
�����

with oneconstructor� ���
whichhasnorecursiveargumentsis

just a tupling wrapperfor thenon-recursive arguments,or fields, aswe might like to

call them.

Thetypical typeformerandconstructorareasfollows:

� typeformer

����� ;4u[wyxTz
� constructor(singular)<� �>ä_Ü ; <8� ��� <� �>ä_Ü ; �����

The ‘official’ field names <� �>ä_Ü
aresignificantin that they allow us to adopta more

conventionalnamed-tuplenotationassyntacticsugar—I write
­ X è M to indicate

that
­

is asugarednotationfor M :

� <� �>ä_Ü X < @ � X è � ��� < @
Thispresumesthatthesequenceof names <� �>ä_Ü

determineswhichof thedefinedrecord

typesis intended.Underneaththelayerof sugar, thenamesof fieldsareirrelevant.

Having establishedthissyntax,theeliminationandcomputationrulesbecome

� eliminationrule
�����ÎãKä_å_æ%Ï; ����� ¬ u[wyxTz< @�; <8676[676[6[67676r6767676r67676% � <� �>ä_Ü X < @ �

q Pk; ����� 6N%GP
� Ø -reduction�����ÎãKä_å_æ %!' � <� �>ä_Ü X < @ � Ä³è&' < @
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Theserecordtypesdo not comeready-equippedwith projections.Instead,their elim-

ination rules requirea function of the fields: introducingthe argumentseffectively

extendsthe local context with " -bindingsfor thefields. That is,
�����ÎãKä_å_æ

hasa sim-

ilar behaviour to pattern-matchingfor namedtuples,SML’s ‘open’ for structuresor

Pascal’s ‘with 6[676 do’ construct.Underneaththe " s,youareentitledto placeany well-

typedexpressionyouchoose,involving asmany or asfew fieldsasyou like.

In aninteractive,analyticalsetting,eliminatingby
�����RãQä_å_æ

is preferableto projection

becauseit is morefocusedon the goal. Also, a singleeliminationexposesall of the

fieldstogether, whereprojectiongivesyou but oneat a time. To meit seemsa rather

morehonestaccount,especiallywhentheremaybe typedependency betweenfields.

Understandingrecordsby atomisingtheminto fields in spiteof the structurewhich

weavesthemtogetheris a bit like understandingLondonin termsof discretehinter-

landsfor eachtubestation.Plentyof people(includingme)navigateLondonon that

basis,but they arenot theLondoners.

Letusnonethelessdefinetheprojectionswith theconventionalnotationd æ f~6
� �>ä_Ü>[

. Type

dependency requiresus to do so in order—earlierprojectionsappearin the typesof

laterones.

Presumingwehavedefinedd æ f{6
� �>ä_Ü RT676767d æ f~6 � �>ä_Ü V , d æ f~6 � �>ä_Ü V á R is

d æ f~6
� �>ä_Ü V á R�X �����RãQä_å_æ

dv" Ù ; ����� 6 Þ ° Ù 6 � �>ä_ÜP[ ± � �>ä_ÜÎ[ ²vß V[ 8ÒV á Rõf
dv"4<|A; <8Û6õ|=V á Rõf

;rq Ù ; ����� 6 Þ ° Ù 6 � �>ä_Ü>[ ± � �>ä_Ü>[ ²vß V[ 8ÒV á R
I referto this useof ‘.’ as‘spot’ becauseI think of it asanugly thing which I wish to

distancefrom the‘dot’ usedfor binding. ‘dot’ marksa scopewhich maycontainany

well-typedexpressionwhoseidentifiershave beenexplained. ‘spot’ only allows the

nameof a field. Let usapplygenerousmakeupto hideour acne.If
Ù ; �����

, we may

write

Ù °�<PW²v6�@ÛX è � <PGX Ù 6 <� �>ä_Ü ; <8�6Ô@
Thissyntacticsugarabbreviatesabunchof

�
-bindingswhichopentherecordwith our

chosenlocal names.Thedot introducesthescopeof thebindings—wemaynaturally

haveanythingwe likeunderit. Let usabbreviatefurther, in thecasewherethechosen

namesarethe‘offical’ ones:

Ù 6�@ÛX è Ù ° <� �>ä_Ü ²(6¨@
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If @ happensto bea field name,we recover theeffect of projection.However, if
Ù X· 3 X"! ¼ OLX$# ¼ ñ X&% ¸ , then

Ù 6 3(' O ' ñ X b*) # .

Thereis a superficialresemblancebetweenthis ‘opening’ notationand the ‘explicit

environments’of Sato,SakuraiandBurstall [SSB99]. However, their treatmentprop-

agatesenvironmentsthroughthetermstructurein themannerof explicit substitutions,

ratherthangiving themthe ‘action at a distance’effect of
�
-binding. I have imple-

mentedthese‘first classlocaldefinition’ recordsasanexperimentalextensionto LISP

[McB92].

4.2 a compendiumof inductivedatatypes

This sectiondefinesformally a numberof familiardatatypesasusedin this thesisand

in everydayfunctionalprogramming.Its purposeis partly to consolidatethematerial

of theprevioussection,but mostlyto confineto onecontiguousportionof this thesisa

lot of boringdefinitions.

Somefinite types,seetable4.1,arestandardequipment:F F (‘empty’), b b (‘unit’) and v v
(‘bool’). Theconstructor+ is pronounced‘void’.

Let usalsohavedisjointsums,, , and,specifically, ,óM5OQ2 	 : table4.2.

A dependentfamily, often to be found in the examplesof this thesisarethe vectors,�
	�� � : table4.3.Notethesuppressionof inferrablearguments.

4.3 abolishing - -typesand reinventing them

Luo suppliesdependentpairs,or � -types, asbasicfeaturesof ECC,equippedwith first

andsecondprojections.However, with our facility for datatypes,it seemspreferable

to presentpairingasaparameterisedrecordtype.Also, pairsmightaswell acquirethe

apparatusweshallshortlybuild for otherdatatypes.

� recordformer. ;78 ¬ u[wyxTz
� . ;=u[wyxTz

� fields

bò;78v�; . b
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F Fk;=u[wyxTz b bÛ;2u[wyxTz v vk;=u[wyxTz
+ ;Wb b �&�U/ 	 ;;v v

#EM5��� 	 ;;v v
Table4.1: standardfinite types

/ �10 ;=u[wyxTz/ , 0 ;2u[wyxTz 2 ;=u[wyxTz
,�M5OQ2 	 2 ;2u[wyxTz�S; /� �43 �S; / , 0 äÒ; 0� �'� äÒ; / , 0 Pk; 2O 	 �oP�;=,óM5OQ2 	 2

� �m;=,�M�OK2 	 2
Table4.2: , and ,�M�OK2 	

H ;=u[wyxTz J.; � ��
	�� �ECKJ»;=u[wyxTz

�)� ��� C�; �
	�� �aCGF
? ;[H @�; �S	�� �ECeJ�)� � � � ? @�; �S	�� �ECG�vJ

Table4.3: vectors
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intr o- � raise- �

�BP';Ô� � ; �Z
P

è
� � ; �
��P'; Z· � ¼ P ¸

� � ; �
��P
; Z�

è
�BP';Ô� � ; �Z
P'6I°ab ± � ²&° v ± PW²Å�

Table4.4: tacticsfor � -typesin goals

The only penaltywe risk paying is slightly clumsysyntax,but it is in our power to

sugarthisproblemaway. Let ushave lots.

�+Pk; � 6 Z X è �md("=PÌ; � 6 Z f � is a fakebindingoperator� c Z X è � ; � 6 Z theusualspecialcase· � ¼ @ ¸ X è · bKX � ¼ v�X^@ ¸ unlabelledpairs

� Þ ß à X è b b emptytelescopegivesunit type
� <� ¼ Z X è �+PSR�; � R{6A67676y�êPWVe; � V�6 Z nonemptytelescopegives � -type5 Þ ß à76 X è + emptysequencegivesvoid· <� ¼ @ ¸ X è · � R ¼ · 67676 · � V ¼ @ ¸ 676[6 ¸�¸ nonemptysequencegivespair

Thereis no conflict betweenusing � bothfor bindingandasanoperatorwhich turns

telescopesinto the typesof tuples,representedaspairsnestedto the right. Also, we

still have thedot-notationfrom recordtypesassugarfor � � ����, . Our cunningchoice

of field namesgivesusthefamiliar d æ f{6Ib and d æ f~6�v projectionsasaspecialcase.

We shouldequipOLEG with the tacticsfor dragging � -bindingsthroughour fake � -

bindings.Seetable4.4.Botharereplacements.Appliedrecursively, intr o-q andintr o-

� turn a goalfull of q s and � s into a partialproof full of " s and � s. Correspondingly,

raise- � combineswith raise-q to allow multiple subgoalsto retreat from a partial

contructionasasingleoutstandingproofobligation.

4.3.1 the blunderbusstactic

intr o- � catersfor � -typesin goals,allowing usto solve thempiecewise. Whatabout

� -typesin hypotheses?Althoughweusuallytry tocurrythemawaywhereverpossible,

we do still find � -typesin inductive hypotheses,for example,whentheoriginal goal

wasto computeapair.

105



It is awkwardto exploit suchhypotheseswith tacticssuchasLEGO’s Refine which

arespecificallygearedto usefunctionalinformation.I thereforeproposethefollowing

‘blunderbuss’tactic,3 whichwill searchinside � aswell asunderq : . .

TACTIC: blunderbuss

This tactictriesto usesome� to solvea �¬©7|ª� by a depth-

first searchstrategy. The nodesof the searchtree are

given by
�
-bindingsof proofs to try. Initially, the root

nodeis setto � .

� äß©�©>@rX � ; �
�6�¬©7|ª�o;�¨

At each
� J9©�5>��X � ; � , startingwith ä ©�©9@ , blunderbussbehavesasfollows:

� try to unify J9©�5>� with �¬©7|ª�—if successful,stop,otherwise6[676
� reduce

�
to weakhead-normalform

� generatesubnodesby the type-directedmethodsgiven in table4.5

andtry blunderbusswith eachin turn—blunder- � 	�� subnodesare

triedbeforeblunder-q subnodes

WerecoverexactlyLEGO’s Refine tacticif weonly haveblunder-q . However, now

wecanjustaswell blunderundera � .

I have taken this opportunityto sneakin blunder- � 	�� . Recall that wheneliminate

generatesaconstrainedscheme,theequationsgeneratedappearasamatchingproblem

in any inductivehypotheseswhichmayarise.blunder- � 	�� is intendedto makeit easier

to exploit suchhypotheseswhenever thematchingproblemhasanobvioussolution.

Hence,wheneveranequationalpremiseis required,blunderbusstriesto unify thetwo

sidesin orderto supplya � 	�� proof. If thisfails,thenblunder-q introducesthepremise

asnormal. It would bevery unusualif makinga possibleunificationturnedout to be

anunfortunatechoice.

Theconstructionof the ‘guardedfixpoint’ operatorin thenext sectionusesa styleof

hypothesisfor whoseexploitationblunderbussis exactly theright tactic.

3A blunderbussis anold-fashionedkind of gunwith a barrelwhich opensout like a horn. It fires
almostanythingatalmosteveryonein awidespread.Thephrase‘blunderbusstactics’is usedto describe
thetechniqueof throwing everythingyou havegotataproblemin thehopethatsomethingwill work.
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blunder- � 	��
ø

� � ü â

?EEEEEEE@
� J9©+5>� X �

;Aq�P';Í@o @ Á.
...

�-�¬©[|ª�K;f¨ý

A GGGGGGGB
è ø Á

� � ü â Á

?EEEEE@ � � �9�ÓX � d$� 	�� @ôf;Î° � 	�� @ ± P�² .
...

�6�¬©7|ª�o;�¨ý

A GGGGGB

@ and @ Á unify , ieø � ø Á
ø Á � â � â Á
ø Á�¼ �â Á ¿ @ Ö X @ Á
blunder- q
ø

� � ü â

?EEEEEEE@
� J9©+5>� X �

;Aq�P';B8.
...

�-�¬©[|ª�K;f¨ý

AHGGGGGGGB
è ø

� � ü â

?EEEEEEE@
��P ;+8� � �9��X � P

; .
...

�-�¬©[|ª�n;f¨ý

AHGGGGGGGB

blunder- �
ø

� � ü â

?EEEEEEE@
� J9©+5>� X �

;��êP';B8.
...

�-�¬©[|ª�K;f¨ý

A GGGGGGGB
è ø

� � ü â

?EEEEEEE@
� � �9�=RBX � 6Eb�;78� � �9� � X � 6�v

;Î° � �9�=R ± PW² .
...

�-�¬©[|ª��;�¨ý

A GGGGGGGB

Table4.5: blunderbusssearchmethods

107



4.4 constructingCase and Fix

This sectionshows how to derive two alternativeeliminatorsfor eachdatatype,corre-

spondingto theCase andFix operatorsin COQ.

4.4.1 caseanalysisfor datatypesand relations

From the elimination rule given for a datatypeor relation,

we may constructa ‘sawn-off ’ versionwhich embodiesthe

notion that we may reasonaboutan arbitrary inhabitantof

thetypeby consideringeachof thepossibilitiesfor its outer-

most‘head’ constructor, but without any recursive informa-

tion. For 8 8 , weget 8 8:9<;4=?> .

8 8(9@;A=B>C"DFEHGID 8 8KJMLMNPORQ

CTS
GUD 8 8J7JVJ7J7JMJC = GE GUD 8 8 J CWG

ThisconstructionbuildstheoremandprooftogetherbyatechniquewhichI callhubris:

we proudly attemptto prove a blatantly falseclaim and fail, turning the remaining

subgoalsinto premises,just like a lecturerleaving thebits hehasforgottenhow to do

asexercisesfor thestudents.Thetrick is to postponetheremainingX -bindingsat the

outsidelevel, turningtheminto Y -bindings,andthento discharge them.

CONSTRUCTION: caseanalysis

Supposewehavea inductive familyZF[A\ D]E_^ `7D ^a Jcb4d
where

^ `
aretheindices(asin dependentdatatypesor relations)bed is theuniversethefamily of typesinhabits

We needonly considerindices,fixing the parametersof familieslike f�g�=?h
andij>�klh for thewholeconstruction.

This family will haveaneliminationrule
ZF[A\nmpo�q�\

CrDsEt^u JcbAv
subgoalsE ^wyx w D Z][4\ J C ^z

where
^u inhabitsaprefixof

Z][4\^z is thecorrespondingprefixof
^wyx1wb4v is theuniverseoverwhich thefamily of typeseliminates
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For our inductive definitions,thesubgoalŝ
{

have conclusionswhich are

applicationsof
C

.

Let us boldly fix a
C

andattemptto

prove

This is patently untrue, but never

mind,eliminate using
ZF[A\nmpo�q�\

.

|
Y C D}E ^u J~b4vX ZF[A\��([4�?� D}E ^wyx w D ZF[A\C ^z

Notethattheholesmaynotappearso

neatlyordered,but nomatter.

The subgoals
^{

correspondto the

constructorsof thedatatype.

X ^{ D J7J7J~� C J7J7JX ^� D ^�� Z][4\��([A�B�e��ZF[A\�m�o�q�\ C J7J7JDeE ^wyx w D ZF[A\C ^z
For each

{j�
, we divide its hypothesesinto

casedata
^� andinductivehypotheses

^� �B�]� .

X { D}E ^� D ^�E ^���?�s� D J7J7Jc� C J7J7JC ^�j� ^�F�
For our inductive definitions,

nothing is permitted to depend

on the inductive hypotheses.

Hencewemayremovethemwith

delete-unused.

Having modifiedthe subgoalsin

this way, let us postpone them.

Thestateis now asshown.

|
Y C DeEt^u J~b4vY ^{ DeEy^� J C�^��� ^�*�Y ^� D ^�� ZF[4\��([A�?����ZF[A\�m�o�q�\ C J7J7JDeE ^wyx w D ZF[A\C ^z

Finally, we may discharge the

assumptions,recovering the case

analysisprinciple aswe might ex-

pectit.

� ZF[A\��([4�?��� Y C:D}Et^u JcbAvY ^{ D}E ^� J C ^��� ^�F�Y ^� D ^�ZF[A\�m�o�q�\ C J7J7JDeEjC D}E ^u J�bAvE ^{ D}E ^� J C ^��� ^�F�E�^� D ^�E�^wyx w D ZF[4\C�^z
It is nothardto seethatthefollowing reductionsholdZF[A\���[4�?� C ^{ ^ ` x*� 9@����� ^�R�K  {H¡ ^�
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4.4.2 the guardedfixpoint principle

Beforegiving theconstructionof theeliminationrulewhichperformsthejob of COQ’s

Fix construct,let uslook at anexamplewhich motivatesboththeneedfor it andthe

mannerin which it is done.

It is thatfamousold troublemaker: theFibonaccifunc-

tion, which is usedfor countingrabbits,drawing at-

tractive rectanglesandmakingEuclid’s algorithmgo

asslowly aspossible:

¢�£ S � = S¢�£ = S � = S¢�£ =?= G �¤ f�¥¦= � ¢�£ G ��� ¢�£ = G �
Let usseewhatgoeswrongif we just blunderin with 8 8:§pf�g�¨ ,

trying to mimic this definition. Hereis the initial state,with

thereturntypedecoratedby
�
-binding,sowe canseewhat is

happening.

��© g £ � Y D 8 8ªJM8 8D 8 8$�«LMNPORQX ¢¬£ D­EHG4D 8 8© g £ G
Let useliminate

G
.

Again, the
�
-bindingtracksthearguments.We cancertainly

fill in
¢�£A®

. Now watchwhat happenswhenwe eliminate

againto split thesuccessorcase:

X ¢�£A® D © g £ S
X ¢�£°¯ D}E�G D 8 8EF±e²M³�D © g £ G© g £ = G

The
© g £ = S caseis fine, but for double-successor,

disasterhas struck! We have our
© g £ = G safely

enough,but whathashappenedwith
© g £ G

? It has

appeared,all right,but in thewrongplace—wehave

nohopeof accessingit.

X ¢�£A¯�® DVE*±­² ® D © g £ S© g £ = SX ¢�£A¯1¯ DVEHG D 8 8EH´Rµ·¶¸DVE*±e²7³�D © g £ G© g £ = GE*±­² ¯ ³ D © g £ = G© g £ =?= G
Of course,theclassicdefinitionof theFibonaccifunctionis famousfor its abominable

run-time.4 The traditionalremedyis to write a linear recursioncomputinga pair of

successive values.In [BD77], BurstallandDarlingtontransformtheabove definition

into thefollowing moreefficient form:¢¬£ S � = S¢¬£ = S � = S¢¬£ = = G � � ¢¬£ =?= G �V� ¹ºx1»y� J ¤ f�¥y= ¹¼»¢�£ =?= S � ½ = S·¾ = S·¿¢�£ =?= = G � � ¢¬£ =?= G �V� ¹ºx1»y� J ½ » ¾ ¤ f�¥y= ¹À» ¿
4Exercise:computethis.
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By design,the auxiliary function
¢�£ =?= computesexactly the informationrequiredto

completethedouble-successorcase,andit doessoby a one-steprecursion.Themain

functionis thusreducedto acaseanalysis.

In [Gim94], Giménezeffectively generalisesthistechniqueto anencodingof recursion

onguardedarguments,andit this techniquewhich I presentbelow.

DEFINITION: guarded

Á if 9@��� is adatatypeconstructorwith non-recursiveargumentŝÂ and

recursiveargumentŝ� , theneach� d is guarded5 (by 9<��� ) in 9@��� ^Â ^�
Á if � is guardedin � and� is guardedin Ã , then� is guardedin Ã

The ideais to introducean intermediatedatastructurewhich

storesfor eachinput therecursive valueswe needto compute

theoutput.Wemaycodethisupasaneliminationrule:

CÄDsEHGÅD 8 8ªJMLMNPO�Q
ÆIÇ_È C GJ7J7JVJ7J7J7JVJ7JCWGE GÅD 8 8 J CWG

Oncewe have appliedthis rule, caseanalysison
G

allows us to split thesubgoalinto

casesfor theseparatepatternswe wish to treat: for eachpatternz , we mustprove
C z

usingtheinformationsuppliedin
ÆIÇ_È C z .

Of course,to prove this rule,weshallhave to beableto show

EHGÉD 8 8ªJ ÆIÇ·È C G
This proof will go by recursionon

G
: we mustgeneratetheauxiliary informationfor= G from thecorrespondinginformationfor

G
. Justasin theFibonaccifunction,wemay

carryoverany informationweneedto keep,togetherwith computingthenew valuein

exactly thesamewayasthe‘main’ functiondoes.

Whatshould
ÆIÇ_È C be?Differentdepthsof recursionnecessitatedifferentamountsof

auxiliary information.For Fibonacci,wemaychoose

Ê ¥yËsÌ_dÎÍ S � Ï ÏÊ ¥yËsÌ_dÎÍU= S � Ï ÏÊ ¥yËsÌ_dÎÍ·=B= G � � © g £ G �]Ð(� © g £ = G �
5morecarefully, if Ñ
Ò is a higher-orderrecursive argumentof type Ó·ÔÕ4Ö Ô×ÙØ

, thenit is Ñ
ÒÚÔÕ which is
guarded,for any ÔÕ
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Stylishusersmaychooseto developtheirauxiliarydatastructureasthey developtheir

function,for eachfollowsthecaseanalysisof theother.

More generally, we may give a singleauxiliary structuresuitablefor all occasions.

Giménezdefinesit inductively for aparametric
C

:

8 8 Ê ¥yËsÛ(;Ah�; C S CÜG 8 8 Ê ¥yË¬Û(;4h�; C G
8 8 Ê ¥¦ËsÛ(;Ah1; C = G

For eachdatatype,theauxiliary mimics theconstructorsandrecursionpattern.Each

recursiveargumentis decoratedwith a
C

proof,sothatfor eachelementof theoriginal

type,theauxiliarystores
C

for all its propersubterms.Proofsof

EHGÉD 8 8ªJ � 8 8 Ê ¥yË¬Û(;4h�; C = G � � CWG
thengoby caseanalysison 8 8 Ê ¥yË¬Û:;Ah�; , at thesametimesplitting the 8 8 -patternsand

surfacingtherecursionsfor theexposedsubterms.

My treatmentdiffersonly pragmatically, in thatI computetheauxiliarystructurerather

thandefiningit inductively.

8 8 Ê ¥yË C S � Ï Ï
8 8 Ê ¥yË C = G � � CÜG �]Ð(� 8 8 Ê ¥yË CÜG �

As caseanalysisfeeds8 8 Ê ¥yË constructorexpressions,it unfoldslikeoneof thosewal-

lets for peoplewith too many credit cards,revealingthe proofsof
C

for theexposed

subterms.Theblunderbusstacticcanbeusedto extracttherequiredhypothesis,pro-

videdit canbeidentifiedfrom its type.

Let ustry to prove

EHGÉD 8 8ªJ78 8 Ê ¥¦Ë CÜG
by inductionon

G
. Thebasecaseis trivial. Thestepcaseis

EHGÉD 8 8ªJ � 8 8 Ê ¥yË CÝG � �«8 8 Ê ¥yË C = G
whichreducesto

EHGÉD 8 8ªJ � 8 8 Ê ¥yË CÝG � � � CÝG �sÐÞ� 8 8 Ê ¥¦Ë CWG �
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Wecanclearlyestablishthesecondcomponentof thepair. This leavestherequirement

EHGÉD 8 8ªJ � 8 8 Ê ¥yË CÝG � � CÜG
Againusingthe‘hubris’ technique,wemaypostponeanddis-

charge this subgoal,we have theauxiliary generationlemma8 8 Ê ¥yË¬ßà>�� :

EHGÉD 8 8ªJ � 8 8 Ê ¥yË CÝG � � CÜGEHGÅD 8 8ªJM8 8 Ê ¥yË CWG
andhencetheeliminationrule 8 8 © g�Ë .

8 8 © g�ËCÄDsEHGÉD 8 8KJ7LMNPORQ
8 8 Ê ¥yË CWGJ7JMJ7JMJ7JMJMJ7J7JVJCÝGE GID 8 8 J CÜG

I shallgivethegeneralconstructionfor simpletypes,thendiscussextensions.

CONSTRUCTION: guardedfixpoint

Consideran inductive family of datatypes

with á constructorsasshown right.

The
^Â are non-recursive and the

^� are â?�
recursive arguments. Let ãåäyæ m�o�q�\

be its

standardeliminationrule.

ãåäyæ D LMNPORQ^Â D ^ç � ^� D_è ã�äyæêé*ëíì9@����� ^Â ^� D ãåäyæ

Let us fix the componentsto be

suppliedby the user and make

holes for the componentsto be

supplied by machine. A
�
-

binding ãåäyæ Æ¼îHï
helpsus track

thedevelopmentof ãåäyæ ÆIÇ_È
.

Y C DeE � D ã�ä¦æºJMLMNPORQ� ã�äyæ Æ¼îHï � Y � D ãåäyæÙJVLMNPORQX]ã�äyæ ÆIÇ·È DeE � D ã�ä¦æãåäyæ Æ¼îHï �Ycð¦ñpò µ DeE � D ã�ä¦æE Â~ó¬� D ã�ä¦æ ÆKÇ_È �C �X]ã�äyæ ÆIÇ·È_ôõ� ä DeE � D ã�ä¦æãåäyæ ÆKÇ_È �X]ã�äyæ Z¬q È D E � D ã�ä¦æC �
Wemayimmediatelyprove ã�ä¦æ Z¬q È

with

ãåäyæ Z¬q È<� Y � D ãåäyæêJ?ð¦ñ_ò µ �Ý� ã�ä¦æ ÆKÇ_È_ôõ� ä ���
Now let useliminatethe � in boththeauxiliaryandits generator, aquiring

a subgoalfor eachconstructor. Oneis enoughto illustratethepoint, and

reducesthesubscriptterror.
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XFãåäyæ ÆIÇ_È�öø÷ ³ DeE ^Â D ^çE ^� D¬è ãåäyæêé*ëE ^ù D¬è ãåäyæ Æ¼îHï � d�é ëdãåäyæ Æ¼îHï � 9@��� ^Â ^�R�� ãåäyæ ÆIÇ_È � ãåäyæ mpo�q�\ ãåäyæ Æ¼îHï ãåäyæ ÆKÇ_È~öø÷ ³ J7J7J
XFãåäyæ ÆIÇ_È·ôà� ä öø÷ ³ DeE ^Â D ^çE ^� D¬è ã�ä¦æêé ëE ^ Ã D¬è ã�ä¦æ ÆKÇ_È � d�é ëdãåäyæ ÆKÇ_ÈHö�÷ ³ ^Â ^� ^ Ã� ãåäyæ ÆIÇ_È·ôà� ä � ãåäyæ mpo�q�\ ãåäyæ ÆKÇ_È ã�ä¦æ ÆKÇ_È_ôõ� ä öø÷ ³ J7J7J

To build ãåäyæ ÆKÇ_ÈHö�÷ ³
, we introducetheargumentsandreturntheiteratedú

of pair-typescollecting,for eachrecursive argument� d , both
C � d and

ù d ,
which thelovely let-bindingremindsusis really ãåäyæ ÆIÇ_È � d .
For ãåäyæ ÆIÇ_È·ôà� ä öø÷ ³

, we introducethe argumentsand return the corre-

spondingiteratedtupleof pairs,passingon theaccumulatedproof Ãød and

addingthenext layer, computedby ð¦ñ_ò µ .

� ãåäyæ ÆIÇ_È�öø÷ ³ � Y ^Â D ^ç
Y ^� D¬è ã�äyæêé ëY ^ù D¬è ã�äyæ Æ¼îHï � d1é ëdú è � C � d �sÐ ù d�é ëd

� ãåäyæ ÆIÇ_È·ôà� ä öø÷ ³ � Y ^Â D ^ç
Y ^� Dsè ãåäyæêé ëY ^ Ã Dsè ãåäyæ ÆIÇ_È � d�é ëdû è�ü ð¦ñpò µ � d�Ã�d x Ã�døý�é7ëdMþ� ãåäyæ ÆIÇ_È·ôà� ä � ãåäyæ m�o�q�\ ãåäyæ ÆIÇ_È ãåäyæ ÆKÇ_È·ôà� ä öø÷ ³ J7J7J

Cutting ãåäyæ Æ¼îHï
andtheproofsof thesubgoals,thendischargingthefixed

hypotheses,weareleft with
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� ãåäyæ ÆIÇ_È � J7JMJD­E�C:D}E � D ã�ä¦æêJ7LMNPORQE � D ã�ä¦æLMNPORQ� ãåäyæ ÆIÇ_È·ôà� ä � J7JMJD­E�C DVE ãåäyæ D � JMLMNPORQE ð¦ñ_ò µ­DVE � D ã�ä¦æE Â~ó¬� D ã�ä¦æ ÆKÇ_È �C �E � D ãåäyæãåäyæ ÆKÇ_È ^�� ãåäyæ Zsq È � JMJ7JDeEjC D}E � D ãåäyæÙJMLMNPO�QE ð¦ñpò µeD}E � D ãåäyæE Â~ó¬� D ãåäyæ ÆIÇ_È �C �E � D ã�äyæC �

CÄDsE � D ã�ä¦æêJ7LMNPORQ
ãåäyæ ÆIÇ_È C �JMJ7JMJ7JMJMJ7J7JVJ7J7J7JC �E � D ãåäyæ J CWG

Thefollowing conversionshold:

ãåäyæ ÆKÇ_È C � 9@��� ^Â ^�R�õÿ� ú è � C � d �]Ð:� ãåäyæ ÆIÇ_È C � d � é ëdãåäyæ ÆKÇ_È·ôà� ä C�� � 9@��� ^Â ^�R� ÿ�ü�è�ü ãåäyæ Zsq È C�� � d x ãåäyæ ÆKÇ_È·ôà� ä C�� � døý}é*ëd ýãåäyæ Z¬q È C�� � ÿ� � � ã�ä¦æ ÆKÇ_È_ôõ� ä C�� �R���
For dependentfamilies

ZF[4\
, wehaveexactly thesameconstruction,replacingã�äyæ byZ][4\

or some
ZF[4\ ^ `

asappropriate:
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Y C D�E­^� D Z][4\ JMLMNPORQ� Z][4\àÆ¼îHï � Y ^� D ZF[4\ JMLMNPORQ� Z][4\àÆIÇ_Èpöø÷ ³ � Y ^Â D ^ç
Y ^� D¬è ZF[A\ ^� d�é ëdY ^ù D¬è ZF[A\WÆ¼îHï ^� d x1� d�é ëdú è � C ^� d x1� d �]Ð ù d1é ëd� Z][4\àÆIÇ_È ��Z][4\�m�o�q�\ ZF[A\WÆ¼îHï ZF[A\WÆKÇ_Èpöø÷ ³ J7J7JY¬ð¦ñ_ò µ D�Ee^� D ZF[A\E Âcó¬� D ZF[A\àÆIÇ_È ^�C ^�� Z][4\àÆIÇ_È·ôà� ä öø÷ ³ � Y ^Â D ^ç
Y ^� D¬è ZF[4\ ^� d1é ëdY ^ Ã D¬è ZF[4\àÆIÇ·È ^� d x1� d�é ëdû è�ü � ð¦ñpò µ ^� d x�� d�Ã�d ��x Ã�d ý}é ëd þ� Z][4\àÆIÇ_È·ôà� ä ��Z][4\�m�o�q�\ ZF[A\WÆKÇ_ÈÉZF[A\WÆKÇ_È_ôõ� ä öø÷ ³ JMJ7J� Z][4\�Zsq È � Y ^� D ZF[4\ JBð¦ñ_ò µ ^�Ý� ZF[4\àÆIÇ·È_ôõ� ä ^�R�

If wehavehigher-orderrecursivearguments,we mustabstractthepairsover them:

� ã�äyæ ÆIÇ·È���÷ � J7JMJY � DVE ^� D ^� J*ãåäyæJ7JMJY ù DVE ^� D ^� J*ãåäyæ Æ¼îHï � � ^� �
ú JMJ7J E ^� D ^� J � C � � ^� �B�]Ð:� ù ^� �� ã�äyæ ÆIÇ·È_ôõ� ä �}÷?� J7JMJY � DVE ^� D ^� JFãåäyæJ7JMJYÚÃ DVE ^� D ^� JFãåäyæ ÆIÇ_È � � ^� �� J7J7J�Y ^� D ^� J � � ð¦ñ_ò µ �Î� ^� ��� Ã ^� �B��xF� Ã ^� ���	�

Now thatwe have built theseusefuleliminationrules,let usmove on to considerthe

technologywe needto solve theconstraintswhicharisewhenwe usethemfor depen-

dentsubfamilies.
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Chapter 5

Equality and Object-Level Unification

This chapterexaminesdifferentnotionsof propositionalequalityin TypeTheory, to-

getherwith theformsof equationalreasoningthey support.

In particular, I shallgive a formal treatmentof the 
 predicatewhich I have beenex-

ploiting glibly until now: it is merelya convenientpackagingof Martin-Löf’s identity

type togetherwith the ‘uniquenessof identity proofs’ axiomproposedby Altenkirch

andStreicher[Str93]. Thereasonfor reformulatingequalityin this way is to improve

thetreatmentof equalityfor sequencesof termsin thepresenceof typedependency.

Oncewe have a definition of equality we can work with, the task is then to build

a tactic, simplify , which solvesfirst-orderconstructorform equationsappearingas

premisesto goals.To achieve this,we will needto constructstill moremachineryfor

eachinductivedatatype:

Á aproof thatconstructorsareinjectiveanddisjoint

Á adisproofof cyclic equationslike
G 
¸= G
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5.1 two nearly inductivedefinitions of equality

5.1.1 Martin-L öf’s identity type

Â�� ²ÉD çÂ�
 ²ID������ OÂ D ç� >���� Â D Â�
·Â
g��A§�f�g�¨ ç Â C {����! Âª� � >���� ÂH�#"%$ {����& 

g��A§�f�g�¨CÄDsE�²yD ç J �ÎÂ�
 ² � � LMNPORQ
C ÂK� � >��'� Â~�E�²¦D ç J E � D Â�
 ² J C ² �

g��A§pf�g�¨ is known in thebusinessas‘J’, for historicalreasons.

We may easily prove that this equality is

substitutivein theusualsense.

The proof fixes
C

and the proof of the

single case, then applies eliminate withg��A§pf�g�¨ . The generatedschememakes no

use of the equation’s proof—g��)(c¥ £ =Bh is

‘proof irrelevant’.

g��*(c¥ £ =?hCrD ç �«LMNPO�Q
C ÂE�²yD ç J E � D Â�
 ² J Cn²

It will proveconvenientto havesomesugarfor applicationsof g��)(c¥ £ =?h :
Á substitution

� �~� C� � �,+ g��*(c¥ £ =?h ç Â C � ² � � D Â�
 ² � DHC Â� �H� C� � DHC ²
Á coercion

� �~� � � �,+ � �~�.-0/21 3�4�576�89/� � � D � 
 ù � D �� �~� � � D ù
Thecomputationalbehaviour of g��)(c¥ £ =Bh follows from thatof g��A§�f�g�¨ :

� � >��'� Â�� C� Ã   Ã
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5.1.2 uniquenessof identity proofs

Altenkirch andStreichersuggestthat 
 shouldbe equipped

with theadditionaleliminationrule shown, togetherwith its

computationalbehaviour.

g��):��yg�;A¥y> ç Â C {����& � � >��<� ÂH�="%$ {����& 

g��*:��yg�;A¥y>CrD � Â�
·Â~� � LMNPORQ
C � � >��<� Â��E � D Â�
·Â J C �

This rule is sometimesknown in the businessas‘K’, largely becauseit comesafter

‘J’.1

For a given elementtype,
ç

, the apertureof g��A§�f�g�¨ , ie the spaceof equationsover

which its schememust rangeis two dimensional:
ç Ð ç

. However, g��*:��yg�;A¥y> ’s

schemerangesonly over the diagonal. Of course,it is only the diagonalwhich is

inhabited.

Hofmann and Streicherhave shown that g��*:��yg�;A¥y> is not derivable from g��4§?>f�g�¨ [HoS94]. On theotherhand,Streicheraddsthat g��4§pf�g�¨ is unnecessaryif g��*(c¥ £ =?h
and g��*:��yg�;A¥y> aretakenasaxiomatic:wemayfirst useg��*(c¥ £ =?h to replace

²
by Â , say,

then g��):��yg�;A¥y> to reducetheremainingarbitraryproofof Â�
ÚÂ to � � >���� ÂH� . Effectively,

we divide the g��A§�f�g�¨ processinto two phases:the proof irrelevant phase( g��)(c¥ £ =?h )
reducesthe 
 family to its inhabitedsubfamily of reflexive equations,so the proof

relevantphase( g��):��yg�;A¥y> ) needonly beconcernedwith thatrestrictedcase.

5.1.3 @ , or ‘John Major’ equality

It is now time to reveal thedefinitionof 
 , the ‘JohnMajor’ equalityrelation.2 John

Major’s ‘classlesssociety’widenedpeople’s aspirationsto equality, but alsothe gap

betweenrich and poor. After all, aspiringto be equalto othersthan oneselfis the

politics of envy. In muchthesameway, 
 formsequationsbetweenmembersof any

type,but they cannotbe treatedasequals(ie substituted)unlessthey areof thesame

type.Justasbefore,eachthing is only equalto itself.

1Aficionadosof thetrombonemightfondly imaginethatthetwo rulesarenamedafterlegendaryjazz
duoJ.J.JohnsonandKai Winding. I donotproposeto pourcoldwateron thisexplanation.

2JohnMajor wasthelastever leaderof theConservativeParty to bePrimeMinister (1990to 1997)
of theUnitedKingdom,in casehehasslippedyourmind.
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Â D ç ²ÅD�AÂ 
 ²ÅD������ OÂ D ç� >�� Â D Â 
 Â
>�;A§�f�g�¨ ç Â C {,�B�! ÂI� � >�� ÂH�#"%$ {����& 

>�;A§�f�g�¨CÄDsE Â�C D ç J � Â 
 Â�C � �«LMNPORQ
C ÂK� � >�� ÂH�E Â�C D ç J E DjD Â 
 ÂEC J C Â�C D

Observe that >�;A§�f�g�¨ is not the elimination rule which one would expect if 
 was

inductively defined.

The ‘usual’ rule eliminatesover all the

formableequations,andit is quite use-

less: it cannot be used to substitute

two valuesof thesametypebecausethe

schememustbeabstractedover anarbi-

trary type.

>�;GF ���A§�f�g�¨CrDsEHAÉD LMNPORQ1J E�²¦DIA J � Â 
 ² � � LMNPORQ
C ç Âª� � >�� Â��EHA¸D LMNPORQ�J E�²¦D2A J E � D Â 
 ² J CJAÀ² �

By contrast,>�;A§pf�g�¨ eliminatesonly over the subfamily wherethe two typesarethe

same,the‘type diagonal’:of course,all theinhabitantslie in thissubfamily.

5.1.4 equality for sequences

The reasonfor adopting
 ratherthan 
 whenworking with dependenttypescanbe

seenclearly whenwe attemptto extendthe notion of equality to cover not just two

termsin a typebut two sequencesof termsin a telescope.Supposewehave
^��� ^� D ^ù

for

some
^� -telescopê

ù
. Wemaynot, in general,statetheequalityof sequences

^� and
^� as

�LK7
·�EKPx1�<MN
Ú��M*x J7J7J ( Ð )

since�<M D ù M*� �EK
� while �<M D ù M]� �EK�� , andthesemaybedifferent.

Thereis, of course,nothingto stopuswriting

�LK 
 �EK�x1��M 
 �<MMx J7J7J
whichwill henceforthbeabbreviatedasthetelescopicequation

^� 
 ^� .
Wemaycorrespondinglyabbreviatethesequenceof reflexivity proofs

� � >�� �LK �}xF� � >�� �<M���x J7J7J
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by � >�� ^� .
Let us not stopat that: in fact, we may prove substitutivity anduniquenessfor tele-

scopicequations.

CONSTRUCTION: telescopicsubstitution

For eachnaturalnumberO , we mayderive

asubstitutionprinciplefor telescopicequa-

tionsof length O .

Thereductionbehaviourwill beasfollows:

>�;)(c¥ £ =Bh ³
CÄD ^ù � LMNPORQ

C ^�E ^� D ^ù J E ^� D ^� 
 ^� J C ^�
>�;)(c¥ £ =?h ³ ^ù ^� C {,�B�! ^�:� � >�� ^�]�K  {,���& 

Theconstructionis by recursionon O , effectively iterating >�;4§pf�g�¨ .

Thezerocaseis provedby thepolymorphicidentity func-

tion. Clearlythereductionbehaviour is correct.

>�;)(c¥ £ =?h ®CÄD LMNPO�Q
CC

Now, assumingwe have al-

ready constructed>�;)(c¥ £ =Bh ³ ,

let usconstruct>�;*(c¥ £ =?h ³<P K .
>�;*(c¥ £ =?h ³�P K
CrD ù x ^ù � LMNPO�Q

C �cx ^�E �cx ^� D ù x ^ù J E ��x ^� D �cx ^� 
 �cx ^� J C �cx ^�
Fixing

ù x ^ù , �cx ^� , C andtheproofof
C ��x ^� , we

have thegoalshown. XRQ·ñ?S'T DVE �cx ^� D ù x ^ùE � x ^� D ��x ^� 
 ��x ^�C �¬x ^�
Now, � is a proof that � 
 � , wherebothhave type

ù
, hencewe mayelimi-

nate� by >�;A§�f�g�¨ . Thegeneratedschemeincludesall the
^� and

^� :
Y � D ù JFY D � 
 � J E ^� D ^ù J E ^� D ^� 
 ^� J C �cx ^�

Notethat,asnothingdependson � , theproof relevanceof >�;A§�f�g�¨ is not

necessaryfor thisconstruction,justasin theconstructionof g��*(c¥ £ =?h fromg��A§�f�g�¨ .
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The elimination leaves with the subgoal

shown.

Note that � ù x ^ù ��� is just � �VU}�p� ^ù , which is

exactly thetelescopeof
^� .

X<W ¹ ð	Q·ñXS'T DVEj^� D � ù x ^ù ���E ^� D�^� 
 ^�C ��x ^�
Now that

^� and
^� havethesametelescope,wemayeliminatetheremaining^� by >�;)(c¥ £ =Bh ³ : the schemeis just

C � . This leavesuswith thesubgoalC ��x ^� , aproofof whichwefixedin thecontext.

Fromthe Y -reductionassociatedwith >�;4§pf�g�¨ andthenthe inductive hy-

pothesis,wemaydeducethat

>�;)(c¥ £ =?h ³�P K ù x ^ù �cx ^� C {�� �cx ^�:� � >�� �*�}xF� � >�� ^�F�� 
>�;A§�f�g�¨ ù �:� J7JMJ ��� >�;*(c¥ £ =?h ³ J7J7J ���:� � >�� �]� JMJ7J  
>�;)(c¥ £ =?h ³ � � ù x ^ù ���]� ^�:� C �]� {,� ^�:� � >�� ^�F�R {��

Observe that the sameproof structurealso

yieldssubstitutivity in theotherdirection.

Althoughthe rolesof
^� and

^� arereversed,

we may still fix the
^� and abstractover

the
^� (the right handsides)asrequiredby>�;A§�f�g�¨ .

>�;)(c¥ £ =Bh[Z]\ ³
CÄD ^ù � LMNPORQ

C�^�E ^� D ^ù J E ^� D ^� 
 ^� J C ^�
CONSTRUCTION: telescopicuniqueness

For each natural number O , we may derive a

substitutionprinciple for telescopicequationsof

length O .

Thereductionbehaviour will beasfollows:

>�;):��yg�;A¥y> ³
CÄD ^Ã2
 ^ Ã¦� LMNPORQ

C � � >�� ^ Ã �E ^� D ^ ÃI
 ^ Ã J C ^�
>�;):��yg�;4¥¦> ³ ^ù ^� C {,���& ^�:� � >�� ^�F�ª  {����& 

Thisconstructionalsoproceedsby recursionon O , againwith polymorphic

identity as the basecase. The stepcaseis slightly moresubtlethanfor>�;)(c¥ £ =Bh .
Supposewe have already constructed>�;*:��yg�;A¥y> ³

: let us construct>�;):��yg�;A¥y> ³<P K .
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Thistimewefix everythingexcepttheproofs

of theequations. X<Q·ñXS'T D}E � x ^� D Ã x ^ ÃI
ÅÃ x ^ ÃC �cx ^�
We have little choicebut to eliminate� with >�;4§pf�g�¨ . Perforce,this intro-

ducesequationalconstraintsin thescheme:

Y � D ù JFY D C D ÃI
 � J E �cx ^� D Ã x ^ Ã2
ÉÃ x ^ Ã J �Î� 
ÅÃ � � � D C 
 �]� � C ��x ^�
Neitherof theseconstraintsis disposable,since� definitelyoccursin the

goal,and,in general,wemayexpect Ã to occur(implicitly) in thetypesof

the
^� .

Consequently, the subgoalwe get is as

shown.

We may discard�^C , theneliminate _ with>�;)(c¥ £ =Bh K .
X<W ¹ ð	Q·ñXS'T DVE ��x ^� D Ã x ^ ÃI
¸Ã x ^ ÃE � C D ÃI
ÉÃE _ D � >��ÙÃ2
 �C ��x ^�

Now we are ready to appeal to>�;):��yg�;A¥y> ³
, with scheme

C � � >��ºÃ � . XRW ¹ ð	Q·ñXS'T DVE ^� D ^ ÃI
 ^ ÃC � � >��ºÃ �}x ^�
This turnstheremaininĝ� into � � >�� ^ Ã � , sothatthefixedproofof

C � � >��ÙÃ �
completesourobligations.

As farasthereductionbehaviour is concerned,forgivemeif I omit thede-

tail. Theconstructionsuccessively applieseliminationrulesfor equations

whichreduceto theirsinglesubgoalswhenthoseequationsareinstantiated

with reflexivity. Consequently, each>�;):��yg�;A¥y> ³
inheritsthisbehaviour.

It isnotimpossibletobuild anotionof telescopicequalitywith substitutionusing
 , but

it is considerablymorecumbersome.Themethodforceseachequationto typecheck,

by explicit appealto thesubstitutionoperatorfor the prefixedequations.That is, we

needthe first O operatorsin order to formulatea telescopicequationof length Oa`b
, let aloneestablishits own substitutivity. Furthermore,in order to make the step

in the construction,it is not sufficient simply to substitutefor the first equationwithg��)(c¥ £ =?h , but ratherwe musteliminateit with g��A§pf�g�¨ , not only substitutingtheterms,

but alsoinstantiatingtheproofwith reflexivity, allowing thesubstitutionsrepairingthe

remainderof theequationsto reduce.By adopting
 , weachieveatleastthistelescopic

extensionwithoutacquiringproof relevantdirt underourfingernails.

123



5.1.5 the relationshipbetween and @
Having arguedfor thepracticalityof using 
 insteadof 
 whenworking with depen-

denttypes,I nonethelessfeelobligedto pointoutthatthetwo areequivalent—provided

wemean
 equippedwith g��*:��yg�;A¥y> . Let menow givethemutualconstruction.First,

theeasydirection:

CONSTRUCTION: c fr om 

This is soeasythat I will just tell you theanswers—byconstruction,
 is

just telescopicequationfor telescopesof length
b
.� 
 � Y ç D LMNPORQY Â�� ð D çÂ 
 ²DeE ç D LMNPORQE ÂX� ð D ç����� O� � >��<� � � >��DeE ç D LMNPO�QE Â D çÂE
�Â� g��)(c¥ £ =?h � >�;*(c¥ £ =?h KDeE ç D LMNPORQE Â D çEjC D ç � LMNPORQE { DFC ÂE�² D çE � D Â�
 ²C ²� g��):��yg�;A¥y> � >�;*:��yg�;A¥y> KDeE ç D LMNPORQE Â D çEjC D Â 
 Â �«LMNPORQE { DFC � � >��<� ÂH�E � D Â�
·ÂC �

Furthermore,the reductionbehaviour for g��)(c¥ £ =Bh and g��):��yg�;A¥y> is ex-

actly thatfor >�;)(c¥ £ =?h K and >�;):��yg�;A¥y> K .
Theotherdirectionis theinterestingone.

CONSTRUCTION: 
 fr om c with dfehgji�d!kml�n
Let usassumewehave 
 andconstruct:
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XR
 D}E ç D LMNPORQE Â D çEpoàD LMNPORQE ð D]o����� OX � >�� D}E ç D LMNPORQE Â D çÂ 
 ÂXM>�;A§�f�g�¨ D}E ç D LMNPO�QE Â D çEjC D}E ÂEC D ç J Â 
 Â�C �«LMNPORQE { DFC ÂK� � >�� ÂH�E Â C D çE � D Â 
 Â CC Â C D
Let usfirst makea little abbreviation:

kl>�f�f �,+ ú ç D LMNPORQ�J ç
kl>�f�f packagesupa typedterm.Theideais that 
 is just 
 for k�>�f�f s:� 
 � Y ç D LMNPORQY Â D ç

Y oàD LMNPORQY�ð DNoü ç x1Â ý 
 ü�o x ð¦ý� � >�� � Y ç D LMNPORQY Â D ç� >��<� ü ç x1Â ý
Thismakestheeliminationrule

XM>�;A§�f�g�¨ D}E ç D LMNPO�QE Â D çEjC D}E�²cD çE � DHü ç x�Â ý 
 ü ç x ² ýLMNPO�QE { DFC ÂK� � >��'� ü ç x1Â ý �E�² D çE � Drü ç x1Â ý 
 ü ç x ² ýCn² �
If we couldonly deduceÂ�
 ² from � , we would bemostof theway there.

For that,we needa proof that equalcellshave equalsecondprojections.
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The equivalenceof g��):��yg�;4¥¦> and equality of secondprojectionsfrom

dependentpairsis folklore knowledge,but I shalldothework nonetheless.

It is evendifficult to statetheequalityof thesecondprojections,because

they arenotof convertibletypes—wemustusethesubstitutivity of equal-

ity to makea typecoercion.

The lemmawe needis as shown. Let us

claim it globally and work on the main

goal.

Observe that

W ¶�q ñVr � DsE � D ç 
 ç J � � �~� � Â��7
 ²

X<W ¶�q ñLr DVE ç Â�� Ay²cD kl>�f�fE � D ç Â�
 Ay²ç Â�� ç ��Â��Ay² � A � ² �E � D ç 
 A� � �~� � ÂH�7
 ²
sothat

W ¶�q ñLr �:� � >��'� ç � D Â�
 ²
Let us exploit this discovery. Introducing

all thehypotheses,this is the goalwe now

mustsolve.

� SMð � W ¶�q ñLr �:� � >���� ç �D Â�
 ²
X<Q·ñXS'T DºCn² �

As thetypeof � contains
²
, it is wiseto

reabstractit:

We may now eliminate SMð byg��)(c¥ £ =Bh .
� Â ² � W ¶�q ñLr �(� � >��<� ç �ÂE
 ²XRQ·ñ?S'T C DeE � C D~ü ç x1Â ý 
 ü ç x ² ýC ² � C� Q·ñ?S'T D Q·ñ?S'T C �

Now � C is a reflexiveequation!

Wemayeliminate it by g��):��yg�;4¥¦> .
X<W ¹ ð	Q·ñXS'T D}E ��C D~ü ç x1Â ý 
 ü ç x1Â ýC Â4� C

The subgoal we acquire follows

from
{

. XNsutvtxw¬òXs7S'yNw DFC ÂK� � >���v9z ü ç x�Â ý �
All that remainsis to prove W ¶�q ñLr . Firstly, we eliminate the equationon

thecells, � with g��)(c¥ £ =?h .
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Although the two pairsunpacked by the bind-

ing sugararethesame,we have two namesfor

eachprojection.We canclearthis up by elimi-

nating
ç Â , reducingtheprojectionsandcutting

thesugared
�
-bindings.

X<W�S't{w D�E ç Â D kl>�f�fç ÂR� ç ��Â¬�ç ÂR� A � ² �E � D ç 
 A� � �~� � Â��7
 ²
Now wemayuseg��*:��yg�;A¥y> to removethereflex-

ive � . X*ñ ¶ w[| D}E ç D LMNPORQE Â D çE � D ç 
 ç� � �~� � ÂH�7
·Â
Theremainingsubgoalhasexactly thetypeof � >��'� ! X q w�} DVE ç D LMNPORQE ç D ÂÂ�
ÚÂ
As far asreductionbehaviour is concerned,first observe that

W ¶�q ñLr � � >��'� ü ç x�Â ý ��� � >���� ç � ÿ � � � >��<� Â��
This is becauseW ¶�q ñLr eliminatesin successionthefirst equation,thecell,

thenthe secondequation,andall threeare in constructorform. Conse-

quently, when >�;A§pf�g�¨ is appliedto � � >�� ÂH� , thecomputedequalityproofSMð turnsout to be � � >���� Â�� . Sinceboththeseequationsarereflexive,both

the g��)(c¥ £ =?h and g��):��yg�;4¥¦> stepsreduceasrequired.

5.2 first-order unification for constructor forms

A typical applicationof aneliminationrule with schemevariable
C DRE ^ `�D ^a JsLMNPORQ will

engenderascheme

C � Y ^ ` J E­^� J ^ ` 
 ^ Ã � ^�·� � ~
Correspondingly, casesof form

^w D ^�JMJ7JMJ7JMJMJC ^�~� w·�
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yield subgoalsin theproofof form

E ^w J E ^� J ^�H� w·� 
 ^ Ã � ^�·� � ~
The equationalconstraintsconstitutea unificationproblem: if thereis no solution,

thenthe goal follows vacuously;if thereis a mostgeneralunifier, we may useit to

instantiatethe
^w and

^� .

Suppose,for example,we wish to write the‘vectortail’

function,whosetypepreventsapplicationto a null vec-

tor:

X�i¦h�;4g�f D}EHGeD 8 8E » D i�>�klh ( = G )i�>�k�h G
NotethatI havefixedtheelementtype

ç
to avoid clutter.

Eliminating » with i�>�k�h�9@;A=?> createsa constrainedscheme

Y�� D 8 8ªJ]Y � D ij>�klh,�øJ EHGÅD 8 8ªJ Ep�ÙD ij>�klh � = G � J<�.
�= G � � 
 � � i�>�klh G
Thecorrespondingsubgoalsareasshown.

The i¦h1;Ag�f ����� � subgoal features the impossible

premisethat zero equalsa successor, whilst in

the i¦h1;Ag�f ���'���[� casetheequationsconvenientlycon-

strainthetypeof thetail to bethereturntypeof the

function.

XBi¦h�;4g�f ����� � D}E�G D 8 8E�� D i�>�klh � = G �E �VK DMS 
¸= GE �'M D � 
 �ij>�klh GXBi¦h�;4g�f ���'���[� D}E�� D 8 8E � D çE Ã D i�>�klh �E�G D 8 8E�� D i�>�klh � = G �E �VK D = � 
¸= GE �'M D � 
 �ij>�klh G
If wecouldsolvetheseunificationproblems,wewould

beleft with thisgoal.

X�i¦h�;Ag�f ���'�'��� DVEHG­D 8 8E � D çE Ã D i�>�klh Gi�>�klh G
Wewould thenintroducetheargumentsandreturnthetail.

Thetaskdoesseemtohingeonsolvingtheunificationproblemsgeneratedin thecourse

of elimination. In [McB96], I presenteda tactic (‘Qnify’) for solvingsuchproblems,

provided the termscomprisedconstructorforms in simpledatatypes.I shall largely

follow thattreatment,extendingthesameprocedureto dependentdatatypes.
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5.2.1 transition rules for first-order unification

The ‘Qnify’ tactic operatesby successively eliminating from the goal hypothetical

equationsbetweenconstructorforms:

E­^� J � 
¸Ã¦� C
DEFINITION: constructor form

Ã is aconstructor form overvariableset � if either

Á Ã����Á Ã	�%����ä ^Ã
whereeachÃ�d is aconstructorform over �

In theabove goal,suppose� and Ã have thesametypeandareconstructorformsover

the
^� . Wemaydistinguishsix possibilitiesby thefollowing decisiontable:3

� 
 Ã � ��� �����?� ^Ã� identity if � � ^ Ã thencyclew coalescence elsesubstitution��� [Ao�� ^� apply conflict��� �����?� ^� symmetry injectivity

For eachof thesesix kindsof constructorequation,thereis aneliminationrule. They

areshown in table5.1

Thesesix rules,oncewe have proven them,will constitutethe transitionrulesof a

unificationalgorithmwhich is completefor thefollowing classof problem:

DEFINITION: constructor form unification problem

A constructor form unification problem is agoalof form:E ^� J ^� 
 ^ Ã¦� C � ^�·�
wherethe

^� and
^ Ã are sequencesof constructorforms over

^�
inhabitingsometelescope

ù
3 �L����� � and �L���X�V�]� areconstructorsasdifferentaschalkandcheese.
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identity

CrD LMNPORQ
C� 
 � � C

coalescence

CrD ù � LMNPORQ
C �E w D ù J w 
 � � C w

cycle

CrD LMNPORQ
� 
��j� �����B� ^ Ã � C � � ^ Ã

substitution

CrD ù � LMNPORQ
C �j� �����B� ^ ÃE � D ù J � 
���� �����?� ^Ã � C �

�x � ^ Ã

conflict

CrD LMNPORQ
��� [Ao�� ^� 
¡��� �����?� ^Ã � C

injectivity

CrD LMNPORQ
^� 
 ^ Ã¦� C

��� �����?� ^� 
¡��� �����?� ^Ã � C
Table5.1: eliminationrulesfor constructorform equations

130



Since�LK[� Ã K D ù K , theleadingequationhasbothsidesthesametype,sothatexactlyone

of theaboverulesmustapply(usingsymmetryif necessary).We mustalsocheckthat

eachof theserulespreservesthisstructure.

LEMMA: transition rules preserve problemstructure

Givenaconstructorform unificationproblemE ^� J E �cx ^� D �cx ^� 
ÉÃ x ^ Ã J C � ^�·�
eliminating � by the appropriatetransitionrule eithersolves the goal or

leavesasubgoalwhich is alsoaconstructorform unificationproblem.

PROOF

Let uscheck,ruleby rule:

Á identity

Before,we have

X ² �9¢¤£7��� D}E ^� D ^¥E � D � d¦
 � dE ^� D ^� 
 ^ ÃC
where� d x ^���1� d x ^ Ã D ^ù

. Afterwards,wehave

X Â§¢ Ã �?� D}E�^� D ^¥E ^� D ^� 
 ^ ÃC
wherê��� ^ Ã D ^ù � d . Sincethevariablesetis unchanged,

^� and
^ Ã arestill constructor

forms.

Á coalescenceandsubstitution

Up to a permutationof the goal (performedby the eliminationtactic) we start

with

X ² �9¢¤£7��� D}E ^� D ^¥E � D ù KE � D � 
ÅÃE�^w D ^� � �·�E�^� D]^�H� �·� 
 ^ Ã � �·�C � �·�
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where�¨ � Ã and�yx ^��� Ã x ^ Ã D ^ù
After elimination,wehave

X Â§¢ Ã �?� D}E ^� D ^¥E ^w D ^� � Ã �E�^� D]^�H� Ã � 
 ^ Ã � Ã �C � Ã �
Although,� hasvanishedfrom thevariableset,it hasbeenreplacedby construc-

tor form Ã whichdoesnotcontain� . As for theremainingproblem,̂�H� Ã �9� ^ Ã � Ã � D ^ù Ã .
Á cycleandconflict

Therearenosubgoals.

Á injectivity

Before:

X ² �9¢¤£7��� D}E�^� D ^¥E � D ��� �����?� ^� C 
���� �����?� ^ Ã CE ^� D ^� 
 ^ ÃC
where � ��� �����?� ^� C ��x ^���F� ��� �����?� ^ Ã C ��x ^ Ã D ^ù

. Now, thetypeof constructor��� �����?�
mustbeE­^w D ^� J ù � ^w·�
with

^� C � ^ Ã C D ^�
. After elimination:

X Â§¢ Ã �?� D}E�^� D ^¥E�^� C D]^� C 
 ^ Ã CE ^� D ^� 
 ^ ÃC
Certainly, theproblemstill consistsof constructorformsoverthe

^� . Furthermore,

both
^� C x ^� and

^ Ã C x ^ Ã inhabitthetelescope� ^w D ^� �}x*� ^ù � ��� �����?� ^wR�B� .
©

Now we have checked thateachtransitionrule preservesthe structureof constructor

form unificationproblems,thenext stepis to put themtogetherto make a unification

algorithm.
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5.2.2 an algorithm for constructor form unification problems

Thealgorithmis verystraightforward: it consistsof repeatedlyapplyingthetransition

rule appropriateto the leadingequationuntil eitherthe goal is provedoutright or no

equationsremain.

Fromtheabove lemma,it is clearthat if onestepleavesa subgoal,thenext stepcan

bemade.However, we muststill show thatunificationterminatesandcomputesmost

generalunifiers:

DEFINITION: unifier, mostgeneralunifier

If
^� 
 ^ Ã is aconstructorform unificationproblemover

^� and ª is asubstitu-

tion from the
^� to termsoversome

^� C , then ª is unifer of
^� 
 ^ Ã if ª ^� �«ª ^ Ã .

In addition, ª is a most general unifier or mgu of
^� 
 ^ Ã if any unifier of^� 
 ^ Ã canbefactorised¬�­<ª , where¬ is asubstitutionon the

^� C .
LEMMA: unification terminates

For all constructorform unificationproblems,the sequenceof transition

ruleapplicationsdeterminedateachstageby theleadingequationis finite.

PROOF

I shallusethetraditionalproof: we mayestablisha well-foundedorderingon unifica-

tion problems,beingthelexicographicalorderingon thefollowing threequantities:

Á thenumberof variableŝ�
Á thenumberof constructorsymbolsappearingin theproblem

Á thenumberof equationsin theproblem

We maythencheckcaseby casethateachtransitionrule eitherterminatesdirectly or

reducesthismeasure.

Á cycleandconflict terminatedirectly

Á coalescenceandsubstitution decrementthenumberof variables

Á injectivity preserves the numberof variablesbut reducesthe numberof con-

structorsymbols
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Á identity preservesthenumberof variablesandthenumberof constructorsym-

bols,but reducesthenumberof equations

©
LEMMA: unification correct

For any initial goalwhich is constructorform unificationproblemE ^� J ^� 
 ^ Ã¦� C � ^�·�
either

^� and
^ Ã havenounifier, in whichcasethealgorithmprovesthegoal,

or thereis a subset̂� Ch® ^� anda substitutionª from the
^� to constructor

formsover the
^� C suchthat ª is a mguof

^� with
^ Ã andthealgorithmyields

subgoalE­^� C J C � ª ^�·�
PROOF

It is enoughto checkthatateachstepof theproblem,either

Á thegoalhasbeenprovenandthereis nounifier, or

Á thegoalis of formE­^� C J ^� C 
 ^ Ã C � C � ª ^�·�
suchthat a mostgeneralunifier ¬ of remainder

^� C 
 ^ Ã C inducesa mostgeneral

unifier ¬¡­<ª of
^� 
 ^ Ã

This invariantholdsinitially, with accumulator ª theidentity substitution.If it holds

finally with no goal, therewasno unifier. Otherwiseit holdsfinally with the empty

remainderwhosemgu is the identity substitution,so the accumulatoris the mgu of^� 
 ^ Ã .
Caseby case,then:

Á cycleandconflict prove thegoalin caseswherethereis nounifer

Á identity and injectivity changeneitherthe accumulatornor the unifiersof the

remainder
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Á coalescenceandsubstitution
remainder accumulator

before �yx ^� C 
ÉÃ x ^ Ã C ª
after � Ã U}�_� ^� C 
 � Ã U}�·� ^Ã C � Ã U}�·� ­<ª

Suppose¬ is a mgu of the remainderafter the transition. It is enoughto show

that ¬¯­ � Ã U}�·� is a mgu of the remainderbeforehand,with the invariantforcing¬¡­ � Ã U��·� ­<ª to beamguof
^� 
 ^ Ã .

Clearly ¬�­ � Ã U}�·� unifies�jx ^� C 
ÉÃ x ^ Ã C .
Now suppose° alsounifies�yx ^� C 
¸Ã x ^ Ã C . Then ° � °=­ � Ã U}�·� , because

– °=­ � Ã U}�_��� � °_Ã � ° � by hypothesis

– °=­ � Ã U}�_��w � ° w whenwx � �
Hence° unifies � Ã U}�·� ^� C 
 � Ã U}�_� ^Ã C andcanthusbefactorised±²­L¬ . But ° � °³­ � Ã U�_� � ±´­<¬¡­ � Ã U}�·� . Thus ¬�­ � Ã U��_� is mostgeneralasrequired.

©
I feel I shouldmakesomecommenton theseproofs,not thatthereis anythingunusual

aboutthem,quitethereverse.I havedeliberatelygivenaconventional‘measure’proof

of termination,by way of comparisonwith thestructurallyrecursive algorithmI shall

exhibit laterasanexampleof programmingwith dependentdatatypes.

Now thatwe have analgorithmwhich exploits thetransitionrules,it remainsonly to

constructproofsof them. identity is trivial. coalescenceandsubstitution are just

applicationsof >�;)(c¥ £ =Bh K . conflict, injectivity andcycleall requiresomework.

BeforeI give the constructions,I want to draw attentionto the computationalaspect

of theproofsbuilt by theunificationalgorithm:we shallneedthis technologyto build

programsaswell asproofs.If thealgorithmgenerates

X<WVñLµ	S q(DeE­^� C J ^� C 
 ^ Ã C � C � ª ^�·�� W7yNS q y � J7J7JDeE­^� J ^� 
 ^ Ã¦� C � ^�·�
weshallneedthecomputationalbehaviour (for arbitrary

^� C )
W7yNS q y�ª ^�Ý� � >��¶ª ^�]� ÿ� WVñVµ	S q ^� C � � >�� ^� C �
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Recall that the elimination tactic supplies� >�� proofs for the constraints. When an

eliminationrule with associatedreductionsis appliedto a constructor-headedtarget,

it reducesto one of the subgoalproofs, like W¤y]S q y , and the � >�� s are passedfor the

subgoal’s constraintarguments—thismust allow the subgoalproof to reduceto its

simplified version WVñLµ	S q , and ultimately to the value the userhassuppliedfor that

case.

Onceagain,we may checkthis propertystepwise. identity is implementedby a Y -

abstractionwith theappropriate· -behaviour, while coalescenceandsubstitution ex-

ploit theestablishedreductionof >�;)(c¥ £ =?h K . For conflict andcyclethereis nothingto

prove,but wemustpayattentionin thecaseof injectivity .

5.2.3 conflict and injectivity

Consideraninductive family of datatypes

ZF[A\ DsE·^ `MD ^a J7LMNPORQ
with O constructors

9@���¦d DsEt^u D ^¸ d�J ZF[A\ ^ Ã�d � ^uc�
Wehavealreadyseenhow to computethecaseanalysisprinciple

ZF[A\��([A�?�
:

CrD Z][4\ �«LMNPORQ

JMJ7J
^u D ^¸ dJ7J7JVJ7J7J7JVJ7J7JVJ7J7JMJC ^u·xF� 9@���yd ^uH� J7JMJE ^ Ã D ZF[A\ J C ^ Ã

Let usnow use
ZF[A\��([A�?�

to prove conflict andinjectivity theoremsfor this classof

datatype.

Theconventionalway to prove injectivity for the constructorsof simpledatatypesis

to definea suiteof predecessorfunctionsfor eachargumentof eachconstructorand

usethefactthatequalityrespectsfunctionapplication.This is thepresentationusedin

[CT95,McB96]. We cannotdo this in generalfor dependenttypes,asit is not always
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possibleto supply dummy valuesfor predecessorfunctionsappliedto constructors

for which they were not originally intended. It is my contention,in any case,that

predecessorfunctionsareimmoral: the whole ideaof patternmatchingis to expose

the‘predecessors’locally to eachconstructorcase—weshouldneverapplytechniques

appropriatefor oneconstructoronly to arbitraryelementsof a type.

Fortunately, the computationalpower of dependenttype theorycomesto our rescue.

Insteadof proving O M Peano-styleconflictor injectivity theorems,wemaymanufacture

a single‘Peanoconcerto’which eliminatesany constructor-headedequation,comput-

ing theappropriateruleby caseanalysis.

CONSTRUCTION: Peanoconcerto

We begin by establishingthe structureof the development:we wish to

computethePeanotheoremappropriateto a givenpair of elements,then

prove it for anequalpairof elements:

X ZF[A\¨¹�m]Æ#º#» DVE ^� D ZF[A\E­^w D ZF[A\
LMNPORQX ZF[A\¨¹���[ ä�� DVE ^ ` D ^aE � D ZF[4\ ^ `E w D ZF[4\ ^ `E � D � 
 wZF[A\¼¹jm]Æ#º½» ^ ` x1� ^ ` x1w

Notethatit is perfectlyreasonableto provethetheoremonly for � andw in

thesameinstanceof thefamily
ZF[A\ ^ `

, becausethis is exactly thesituation

in which the theoremwill beused:eliminatingthe leadingequationin a

unificationproblem,wherebothtermshave thesametype.

Lookingfirst to the‘statement’problem,µ	S'tv¾�¿�À�Á´Â , wemayeliminate

eachof
^� and

^w by
ZF[A\��([A�?�

, giving O M subgoals,of two varieties.

In thefirst ‘off-diagonal’kind, we areaskedto computetheconflict theo-

remsfor unlikeconstructors9@���yd and 9@���R�
X ZF[A\¨¹�m]Æ#º#» d � D}E ^� D ^¸ dE­^w D ^¸ �LMNPORQ

Wesimply introduceall thepremisesandsupplytheratherusefulelimina-

tion rule
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CrD LMNPORQ
C

After all, anequationwith unlikeconstructorsat theheadis very unlikely

to betrue.

More interestingly, on thediagonal,wemustcomputetheinjectivity theo-

remsfor likeconstructors

X ZF[A\¨¹�m]Æ#º#» d d D�E­^� D ^¸ dE ^w D ^¸ dLMNPORQ
Fortunately, thecaseanalysishasexposedthepredecessorsweneed,soall

wedo is pair themoff. Introducingthe
^� and

^w , we supplytherule

CrD LMNPORQ
^� 
 ^w � CC

Crucially, thereductionbehaviour of
Z][4\��([A�B�

reallymeansthatZF[A\¼¹jm]Æ#º½» ^�yxF� 9@���yd ^� C � ^w�xF� 9<���R� ^w C � ÿ � Z][4\¨¹jmFÆ#º#» d � ^� C ^w C
Now let usshow thattherulewehaveassignedto eachkind of constructor-

headedequationreallyholdsif theequationdoes.Recallthegoal

X ZF[A\¨¹���[ ä�� D}E_^ ` D ^aE � D Z][4\ ^ `E w D Z][4\ ^ `E � D � 
 wZF[A\¼¹jm]Æ½º#» ^ ` x1� ^ ` x1w
We have quite a choiceof things to eliminatehere,but by far the most

usefulis theequation� . Applying >�;)(c¥ £ =Bh K , weareleft with

X ZF[A\¨¹���[ ä���Ã d&Ä?v D}EÚ^ `_D ^aE � D ZF[A\ ^ `ZF[A\¨¹�m]Æ#º#» ^ ` x1� ^ ` x��
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By eliminatingthe equation,we have restrictedour attentionexclusively

to the diagonal,sparingourselves the troubleof consideringthe untrue

equations,let alonededucingtheiruntrueconsequences.

Now wemayeliminate� with
Z][4\��([A�B�

, yielding O subgoals

X ZF[A\¨¹���[ ä���d D�E ^u D ^¸ dZF[4\¨¹jmFÆ#º#» ^ Ãød � ^uc�1xF� 9@����d ^u~� ^Ã�d � ^uc��xF� 9@����d ^uH�
Reducingµ	S'tv¾�¿�À�Á´Â , now that its caseanalyseshave beenfed con-

structorsymbols,weobtain

X ZF[A\¨¹���[ ä���d D�El^u D ^¸ dEyC D LMNPORQE � wcz D}E ^� D ^u 
 ^uCC
Fromhere,wesimply introduceall thehypothesesandprove

C
with� wczÝ� � >�� ^u�� .

Checkingthereductionbehaviour, wefindZF[A\¼¹R��[ ä	� ^ ` xF� 9@����� ^�R� ^ ` xF� 9@����� ^�R��� � >�� � 9@����� ^�R�B� ÿ�ZF[A\¼¹R��[ ä	��Ã d&Ä?v ^ ` xF� 9<���R� ^�R� ÿ�ZF[A\¼¹R��[ ä	��� ^� ÿ �
Y CWD LMNPORQ�JFY � wcz D�^� 
 ^� � C J � wcz¼� � >�� ^�R�

Thisensuresthattheidentity transitiondecomposes
� >�� proofsasrequired

for its usein programs.

Notethecritical useof targettingin makingthis ruleapplicable.It is not obviousthat

E·^ `MD ^a J E ���1w D ZF[4\ ^ ` J � 
 w � ZF[A\¼¹jm]Æ½º#» ^ ` x�� ^ ` x1w
is aneliminationrule,but thatdoesnot stopusunifying thetargetterwith a candidate

equation.If the equatedtermshave constructorheads,thenthe instantiatedrule will

reduce,revealingtheschemevariableandsubgoalswewouldnormallyexpect.

Although the unificationalgorithmonly requiresus to prove the Peanotheoremsfor

two elementsof a particularinstance
ZF[A\ ^ `

, andthat is theconstructionI have given
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above, it is nonethelesspossibleto prove thestrongertheoremwhich operateson any

two sequencesin
ZF[A\

:

ZF[A\¨Å�Æ�Ç ��ä�È ¹���[ ä�� DsE ^��� ^w D ZF[A\ J ^� 
 ^w � ZF[A\¼¹jm]Æ#º½» ^� ^w
If weeliminateall but thelastequation,wehavereducedtheproblemto

ZF[A\¼¹R��[ ä	� !

It is possibleto usethis theoremto eliminateaconstructor-headedequationfrom any-

wherein a telescopicproblem,not just at thefront. This canimprove theefficiency of

unification: if we canseea conflict later in the telescopicequation,we cansolve the

goalwithoutfirst hackingthroughtheearlierstagesof theproblem.Suchmeasuresare

not necessarywheneverythingis in constructorform, but increaseour efficacy for the

wider classof problemspollutedby non-constructorterms. It is muchmoredifficult

to work with inductive familiesinvolving indiceswhich arenot in constructorform.

Suchproblemsare beyond the technologydevelopedin this thesis—Ishall discuss

thembriefly in section5.2.5.

5.2.4 cycle

Showing thatcyclesdo not occurin our inductivedatatypesis quitea subtlebusiness.

Evenproving

X G�É £ Ã � G4D�EHG4D 8 8G 
(= G � Ê
requiresquitea lot of technology. Let usdo it. Eliminating

G
,

XNË É £ Ã � Ë DMS 
(= S � ÊX � G�É £ Ã �·� GAD}EHG D 8 8E � wcz D G 
¸= G � ÊE � D = G 
�=B= GÊ
Applying unification(withoutcycleelimination)to bothsubgoals,wecanat leastsim-

plify thetwo constructor-headedequationsvia the 8 8GÌ�>�;A�y� theorem.Thiseliminates

the
S

caseby conflict,while injectivity leavesuswith animmediatestep:

X �?Â7�?w D�EpG D 8 8E � wcz DBG 
�= G � ÊE � DBG 
�= GÊ
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In fact,wecanfollow thesamestructurefor any numberof = ’s,but this is only because

thenaturalnumbersaredeceptively symmetrical.Watchwhathappensif we throw in

asparesuccessorconstructor, h , (makingtype 8 8 C ) andtry to prove

X G�É £ Ã � ù GeD}EHGeD 8 8 CG 
(=?h G � Ê
Inductionon

G
yields

S
and h caseswhichperishby conflict. The = caseis asfollows:

X � G�É £ Ã � ù � GeDVEHG D 8 8 CE � wcz D?G 
�=Bh G � ÊE � D = G 
�=?h1= GÊ
Injectivity yields

X*Ã � � ��ÍMw D}EHG D 8 8 CE � wcz DBG 
(=?h G � ÊE � DBG 
(h�= GÊ
Oh dear! We have the wrong inductive hypothesis!Theextra = appearedat the very

inside, rotating the cycle: it is only becauseonesuccessorusually looks much like

anotherthatthesetheoremsaresoeasyfor 8 8 .

In orderto prove theresultin thisstyle,wemustfirst strengthenit:

X G £ � wc� D � � ù D}EHGeD 8 8 C� G 
(=?h G � Ê �sÐ:� G 
¸h�= G � Ê �
By includingnot just the =Bh cycle, but alsoall its rotations,we will have moreto do:

therewill bework in bothsuccessorcases,althoughoneis enoughto show whathap-

pens:

X G £ � wc� D � � ù ¯ D�EHG D 8 8 CE � wcz D � G 
�=Bh G � Ê �sÐ:� G 
�h1= G � Ê �� = G 
�=Bh�= G � Ê �sÐ:� = G 
(h�=?= G � Ê �
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Theright conjunctfollowsby conflict. Theleft reducesby injectivity:

X � �?zcÂ � ���]Î D}EHG D 8 8 CE � wcz D � G 
¸= h G � Ê �]Ð(� G 
(h�= G � Ê �G 
(h�= G � Ê
Therotatedconclusionfollowsby projectingtheappropriatelyrotatedconjunctof the

inductivehypothesis.

This techniquecanbegeneralisedto arbitrarycyclesin arbitrarydatatypes.Thedraw-

backis that(upto rotation),weneedanew theoremfor everycyclepattern.Thisleaves

uslittle choicebut to generatethemonthefly.

A slightly morecunningtechnique,arisingfrom a conversationwith Andrew Adams,

is mentionedin [McB96]. It constructsfor agivencyclepattern� 
 zt� �_� 4 in sometypeãåäyæ aquotientfunction Ï Ç � Æ Ð D ã�äyæ � 8 8
Ï Ç � Æ Ð zy� �·� � = � Ï Ç � Æ Ð �R�Ï Ç � Æ Ð � S

Applying Ï Ç � Æ Ð to bothsidesof thecycle,we get

� Ï Ç � Æ Ð ��� 
�= � Ï Ç � Æ Ð �R�
Wehavealreadyseena disproofof that!

While the guardedrecursionprincipleswe have constructedfor eachdatatypemake

these functions relatively easy to manufacture—indeedI have implementedthis

technique—wehave still not escapedfrom theburdensubstantialon-the-flyconstruc-

tion work, cycleby cycle.

Remember, though,that in cycle � 
 zt� �p� , zt� �·� is a constructorform, andhencewe can

computeby structuralrecursionon it: perhapsthereis a way to computetheproof we

want. Unfortunately, though,thereis no way to testwhetherwe have decomposedas

far asa non-canonicalsymbol like � : our programshave no accessto the decidable

conversionrelationof thetypetheorywhichdescribesthem.

Nonetheless,we canadoptblunderbusstactics: for any element� of a datatype,we

canconstructthepropertyof ‘not beingapropersubtermof � ’ in suchawaythatwhen� hasa constructorhead,the propertyreducesto a productexplicitly enforcing‘not

4Withoutlossof generality, assumeÑ�Ò Ó^Ô hasfreshvariablesin argumentpositionsoff the‘cycle-path’.
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beingany of theexposedsubterms’.Theideaworksin thesameastheauxiliary data

structurewith which we earlierconstructedguardedrecursion.In fact, the predicate

weneedis justaninstanceof thatstructure.

Wemaydefinethispropertyfor 8 8 , togetherwith its non-strictcounterpartasfollows:

� 8 8G:��y>�;4¥¦;4f � Y ���1w D 8 8� 
 w � Ê� 8 8(8:��hIÌ,(c¥ £ � Y � D 8 88 8 Ê ¥yË � 8 8Õ:��¦>�;4¥y;Af ���� 8 8(8:��hI(c¥ £ � Y ���1w D 8 8� 8 8G:��y>�;A¥y;Af �ºwR�sÐ:� 8 8(8(��hIÌH(c¥ £ �ÙwR�
with conversionbehaviour

8 8(8(��hIÌ,(c¥ £ � S ÿ� Ï Ï
8 8(8(��hIÌ,(c¥ £ � = G ÿ� 8 8(8:��hI(c¥ £ � Gÿ� � 8 8G:��y>�;A¥y;Af � G �sÐ(� 8 8(8(��hIÌ,(c¥ £ � G �

8 8:8(��hIÌ,(c¥ £ ��w is thusinhabitedexactly when � is not a propersubtermof w , whilst8 8:8(��hI(c¥ £ �¸w addsthe requirement�% 
 w to indicatethat � is not any subtermof w .8 8:8(��hIÌ,(c¥ £ �Éw unfoldscomputationallyto reveal a proof that � is not equalto any

guardedsubtermof w . Observe,for example,

8 8(8(��hIÌ,(c¥ £ � =?= � ÿ � � 8 8G:��y>�;A¥y;4f � = �R�]Ð� 8 8G:��y>�;A¥y;4f �Ù�R�sÐÞ� 8 8(8:��hIÌ,(c¥ £ �Ù�R�
Supposewecanprove

E ��� Ã D 8 8KJ � 
ÉÃ¦� 8 8(8(��hIÌ,(c¥ £ � Ã
Then for any hypotheticalproof of � 
 zy� �·� , we have a proof of 8 8:8(��hIÌ,(c¥ £ �ªzt� �·� ,
whichwill expandto aproductcontaining

8 8G:��y>�;A¥y;Af �Ù�
from whichcontradictionthegoalshouldsurelyfollow.

Thefirst stepin theproof is to eliminatetheequation,leaving thehighly plausible

X �}wc� D � D}E � D 8 88 8(8(��h2Ì,(c¥ £ �Ù�
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You couldbeforgivenfor hopingthatwe might geta cheapproof by the 8 8 Ê ¥¦Ësßõ>��
theoremwehavealreadybuilt, but sadly, thatonlyproves8 8 Ê ¥yË C when

C
is aconstant

andall wehaveto doateachstageis passontheaccumulatedinformation,addingjust

thenew layer. Here,theschemevariesovertherecursion,sowemustbemorecunning.

Ournext move is unsurprising:inductionon � .

X �}wc� D � ® D 8 8(8:��hIÌ,(c¥ £ SÉS
X �}wc� D � ¯ DVE � D 8 8E � � D 8 8:8(��hIÌ,(c¥ £ �Ù�8 8(8:��hIÌ,(c¥ £ = � = �

Thebasecaseis trivial asits typereducesto
Ï Ï

. Unfortunately, thestepis genuinelydif-

ficult: 8 8(8:��hIÌ,(c¥ £
fixesits first argument,sothereis no way, asthingsstand,thatwe

canreducetheconclusionto theinductivehypothesis.Someintelligentstrengthening

will benecessary. First reducetheconclusionto its non-strictexpansion:

X �}wc� D � ¯ D}E � D 8 8E � � D 8 8(8(��h2Ì,(c¥ £ �Þ�8 8(8(��hI(c¥ £ = �Þ�
We mustprove thatif � is not a propersubtermof itself, = � is certainlynot a subterm.

We canseethat if = � werea subterm,� would be a propersubterm,nomatterwhat

is on the right handside. Let usmake the correspondinggeneralisation.That is, we

introducethehypotheses,createa hole for themoregeneralversionof thegoal, then

useit to solve theoriginal:

X �}wc� D � ¯§Ö Y � D 8 8Y � � D 8 8(8(��hIÌH(c¥ £ �Þ�XN× � G­D}E w D 8 8E � É�Ø w D 8 8(8:��hIÌ,(c¥ £ �Ùw8 8(8(��hI(c¥ £ = �Þw× � G �Ù� �
Why is thisagoodmove?Well, wehavefixedthefirst argumentof thepredicates,and

we arenow freeto let thesecondvary in an inductionon w which correspondsto the

computationalbehaviour of 8 8(8(��hIÌ,(c¥ £
.
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XN× � G ® D}E � É�Ø Ë D 8 8:8(��hIÌ,(c¥ £ � S
8 8(8(��hI(c¥ £ = � S

XN× � G ¯ D}E w D 8 8E w � DVE � É�Ø w D 8 8(8:��hIÌ,(c¥ £ �Ùw8 8(8(��hI(c¥ £ = �ºwE � É�Ø �?w D 8 8(8(��hIÌ,(c¥ £ � = w8 8(8(��hI(c¥ £ = � = w
Applying a little computation,thebasecasebecomes

XN× � G ® D}E � É�Ø Ë D Ï Ï� 8 8G:��y>�;4¥¦;4f�= � S �]Ð Ï Ï
This is easilyproven,with a little helpfrom 8 8GÌ�>�;A�y� .

Reducingthestepcase,weget

XN× � G ¯ DVE w D 8 8E w � D}E � É¡Ø w D 8 8(8(��hIÌ,(c¥ £ �Þw8 8(8:��hI(c¥ £ = �ÙwE � É�Ø �?w D � 8 8G:��y>�;A¥y;Af �ÙwR�sÐÞ� 8 8(8(��hIÌH(c¥ £ �ÞwR�� 8 8G:��y>�;A¥y;Af�= � = wR�]Ð(� 8 8:8(��hI(c¥ £ = �ÙwR�
Theimplicationbetweenthetwo right conjunctsis exactly givenby theinductive hy-

pothesis.As for theleft conjuncts,expandingtheconclusion’s 8 8Õ:��¦>�;4¥y;Af givesusa

proof of = � 
�= w from which we mustprove Ê . 8 8GÌ�>�;A�y� exposesa proof of � 
 w , for

whichwehaveadisproofat theready.

Having establishedthis propertyfor thenaturalnumbers,thereis alwaysthenagging

suspicionthatwe have exploited in somehiddenway the symmetryof thatdatatype,

just aswe would bewary of generalisingto all trianglesa propertywhich held in the

equilateralcase. When thereis only one stepconstructor, with only one recursive

argument,the issueof whetherphenomenabehave conjuctively or disjunctively can

becomeblurred.However, in thiscase,everythingfits togetherperfectly.

CONSTRUCTION: cycle

Considertypeformer
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ãåäyæ D LMNPORQ
and á constructors^Â D ^ç ^� D_è ãåäyæ°é ë9@���¦d ^Â ^� D ãåäyæ
Note that I really shouldwrite âMd , asthe numberof recursive arguments

mayvaryfrom constructorto constructor. However, theproofwill beeven

lessreadableif I startsubscriptingsuperscripts.

Wemaydefinetheinequalityproperty

ãåäyæ î ä � Ï Çy[Ao°� Y ���1w D ã�ä¦æêJ � 
 w � Ê
Wecanthenaddthepropersubtermrelation

ãåäyæ º � ÆB¹,ÅcÇ�Ù � Y � D ã�äyæÙJFã�ä¦æ ÆKÇ_È � ãåäyæ î ä � Ï Çy[Ao �R�
andthenon-strictsubtermrelationãåäyæ º � ÆBÅcÇ�Ù � Y ���1w D ãåäyæêJ� ã�äyæ î ä � Ï Çy[Ao �ÙwR�sÐÞ� ã�ä¦æ º � ÆB¹,ÅcÇ�Ù �ÙwR�
Thecomputationalbehaviour of thesedefinitionsis asonewouldhope:

ãåäyæ º � ÆB¹,ÅcÇ�Ù �Ý� 9@���R� ^Â ^w�� ÿ� ú�ÚHã�ä¦æ º � ÆBÅcÇ�Ù �Ùw ÄpÛ ë Ä
Wemaynow prove thecycle theorem:

XFãåäyæ �GÜ � o�� DVE ��� Ã D ã�ä¦æE � D � 
ÉÃãåäyæ º � ÆB¹,ÅcÇ�Ù � Ã
First,weeliminatetheequation,leaving

XFãåäyæ �GÜ � o�� C D}E � D ã�äyæã�ä¦æ º � ÆB¹,ÅcÇ�Ù �Ù�
Next, weeliminate the � .

X<Ý�S�W�w]d DVE ^Â D ^ç dE ^� Dsè ãåäyæêé*ëE ^� Dsè ãåäyæ º � ÆB¹,ÅcÇ�Ù � Ä � ÄFé*ë Äã�äyæ º � ÆB¹HÅcÇ	Ù � 9@����d ^Â ^�R��� 9@���¦d ^Â ^�R�
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Theconclusionexpands,yieldingaproduct

X<Ý�S�W�w]d DVE ^Â D ^ç dE�^� Dsè ãåäyæêé ëE ^� Dsè ãåäyæ º � ÆB¹,ÅcÇ�Ù � Ä � ÄFé ë Äú è ã�äyæ º � ÆBÅcÇ�Ù � 9@���¦d ^Â ^�R��� Ä]é ë Ä
Now we cometo thestrengtheningstep.Theconclusionwe aretrying to

show is â -fold now. Thetrick is to proveeachseparately, abstractingaway

theright hand� Ä in â separatelemmas:

X<Ý�S�W�w]d Ö Y ^Â D ^ç dY ^� D¬è ã�ä¦æ°é*ëY ^� D¬è ã�ä¦æ º � ÆB¹HÅcÇ	Ù � Ä � Ä]é ë Ä
X ^T7w[t D

Þßßßßà ßßßßá E w D ãåäyæE � É¡Ø w D ãåäyæ º � ÆB¹,ÅcÇ�Ù � Ä wã�äyæ º � Æ�ÅcÇ	Ù � 9@���yd ^Â ^�R��w

âãßßßßä
ßßßßå
ë

Äü�è T7w[t¨Ä � Ä � Äsé*ë Ä ý
Theproof of eachlemmais againinductive. We apply ãåäyæ m�o�q�\

, Thusfor

eachof the â , lemmas,weacquireá constructorcases:

XNT7w�tT� DVEt^Â C D ^ç �E ^w D¬è ãåäyæ°é ëE ^� D Þà á E � É¡Ø w Ã D ãåäyæ º � Æ�¹,ÅcÇ�Ù � Ä w Ãã�ä¦æ º � ÆBÅcÇ�Ù � 9@���¦d ^Â ^�R��w Ã
â ä
å
ë
ÃE � É�Ø � D ãåäyæ º � ÆB¹,ÅcÇ�Ù � Ä � 9@����� ^²¸^wR�

ãåäyæ º � Æ�ÅcÇ	Ù � 9@���yd ^Â ^�R��� 9@����� ^²¸^wR�
Now, a little computationis in order:

XNT7w�tT� DRE ^Â C D ^ç �E­^w D¬è ãåäyæ°é ëE ^� D Þà á E � É¡Ø w Ã D ãåäyæ º � Æ�¹,ÅcÇ�Ù � Ä w Ãã�ä¦æ º � ÆBÅcÇ�Ù � 9<���yd ^Â ^�R��w Ã
â ä
å
ë
ÃE � É�Ø � D ú Ú � ãåäyæ î ä � Ï Ç¦[4o � Ä w Ã �]Ð:� ãåäyæ º � ÆB¹,ÅcÇ�Ù � Ä w Ã � Û ë Ãú D ãåäyæ î ä � Ï Çy[Ao � 9@���yd ^Â ^�R��� 9@����� ^² ^wR�ú Ú ãåäyæ º � ÆBÅcÇ�Ù � 9@���yd ^Â ^�R��w Ã¤Û ë Ã
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Firstly, each

ãåäyæ º � ÆBÅcÇ�Ù � 9@���yd ^Â ^�R��w Ã
followsby

� Ã appliedto theproofof

ãåäyæ º � ÆB¹,ÅcÇ�Ù � Ä w Ã
projectedfrom � É�Ø � .
Secondly, wemustestablish

ãåäyæ î ä � Ï Çy[Ao � 9@���yd ^Â ^�R��� 9@����� ^² ^w��
Thatis, wemustprove� 9@���yd ^Â ^�R� 
 � 9@���R� ^² ^wR� � Ê
sowe apply ã�ä¦æ ¹���[ ä�� . If theconstructorsaredifferent( æ  �èç

), thegoal

is provedatonce,otherwiseæ �éç
andwemustshow^Â 
 ^² � ^� 
 ^w � Ê

But look! � Ø�É � containsproofsfor eachê of

ãåäyæ î ä � Ï Çy[Ao � Ä w Ã
We may selectthe proof of � Ä<
 w Ä from the injectedequations,and the

proofof

ãåäyæ î ä � Ï Çy[Ao � Ä w Ä
from � Ø�É � establishingacontradictionandcompletingtheconstruction.

Let meremarkonly briefly on theextensionto dependentfamilies.For

ZF[A\ DsE·^ `MD ^a J7LMNPORQ
theappropriatenotionof inequalityis

ZF[A\�î ä � Ï Ç¦[4o°� Y ^��� ^w D ZF[A\ J � ^� 
 ^wR� � Ê
Wecanthenconstruct

Z][4\¨º � Æ�¹,ÅcÇ�Ù and
ZF[4\¨º � ÆBÅcÇ�Ù asbefore:

ZF[A\¨º � ÆB¹,ÅcÇ�Ù � Y ^� D ZF[A\ J Z][4\àÆIÇ_È � ZF[A\�î ä � Ï Çy[Ao ^�R�ZF[A\¨º � ÆBÅcÇ�Ù � Y ^��� ^w D ZF[A\ J � ZF[4\�î ä � Ï Çy[Ao ^� ^wR�]Ð(� ZF[4\¨º � ÆB¹HÅcÇ	Ù ^� ^w��
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Sinceall threeof thesetake two sequencesin
ZF[A\

, ratherthantwo elementsin someZ][4\ ^ `
, no problemarisesin thestrengtheningstep: we arefree to abstractaway the

wholeright handsequence,ensuringtheinductionis on theentirefamily.

As for the equationalreasoning,supposewe are trying to prove someinequality^�yx1� 
 ^wjx1w � Ê whereboth sequencesinhabit
ZF[A\

, with both � and w constructor-

headed.Ratherthantrying to unify the
^� and

^w , we mayapplythe‘strong’ versionof

thePeanotheoremdirectly to the telescopicequation,solving thegoal in thecaseof

differentconstructors,andexposingtheequationsof thepredecessorsif theconstruc-

torsarethesame.

In effect, then,theconstructionscalesupwithoutany difficulty from elementsof sim-

ple typesto sequencesin some
Z][4\

.

Thisconstructionalsogeneraliseseasilyto datatypeswhichusehigher-orderconstruc-

torsto representinfinitely-branchingstructures.Whenthehigher-orderargumentsap-

pearashypothesesthey maysimply befixed,so that they maybeusedastheappro-

priatewitnessesfor higher-orderargumentsin goalpositions.However, it is not easy

to exploit thisproofautomatically, asit is undecidablewhetheraninfinitely-branching

structurecontainsa cycle. Supposewe have a hypotheticalordinal � , togetherwith a

function¢ D 8 8$� � � � whichyields � for input ë�ì . If wehavea hypothesis

� 
¸=B¥ ¤ ¢
we acquirea proof of � Ç æ º � ÆB¹,ÅcÇ�Ù �T� =B¥ ¤ ¢V� , which expandsto uncover a proof ofEHG¼D 8 8KJ � 
 ¢ � Ê but themachinehasno reliableway of guessingthat ë�ì is theright

numberto exposethe contradiction. Of course,if we know which branchesa cycle

takes,wecanstill apply � Ç æ �íÜ � o��
by hand.

5.2.5 a brief look beyond constructor form problems

Thereis nothingwhichrestrictsouruseof dependentfamiliesto indicesin constructor

form. More complex indicesleadto morecomplex unificationproblems,andthegen-

eral caseis inevitably undecidable.Therearetwo waysin which suchproblemscan

arise,andthey arenotmutuallyexclusive:

Á Non-constructor-form indicesmay appearin the type of a constructor. For ex-

ample,wemightdefinesizedbinarytrees,=?h � >�> D 8 8$� LMNPORQ asfollows:

>�¨ ¤ hIî D =?h � >�> S ¥ D =?h � >�> � � D =Bh � >�> w�y���A> ¥ � D =Bh � >�>W= � ¤ f�¥¦= �ÙwR�
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Á Non-constructor-form indicesmayappearin thetypeof anargumentoverwhich

caseanalysisis to beperformed.For example,wemightwish to write

i ¤ � > ¢ Ë D]E ç D LMNPO�Q�J Ep� � GID 8 8ªJ Ep�ÙD ij>�klhBï � ¤ f�¥y= ��G � J�ij>�klhBï �
The tractability of suchproblems,even by hand,dependson the typesof the non-

constructor-form expressions:

Á Many problemsinvolving the comparisonof typesor functionsaresimply be-

yondus.On theonehand,we donot have theoremssuchasconflict at thelevel

of types—wecannotdisprove 8 8�
ñð ð . On theotherhand,theintensionalityof 

preventsusfrom solvingevensuchsimplehigher-orderproblemsasE ¢ D 8 8&� 8 8KJ � E � D 8 8ªJ ¢�� 
 = �R� � JMJ7J
Eventhoughtheextensionalbehaviour of ¢ is completelydetermined,thereare

many intensionallydistincttermswhichexhibit thatbehaviour.

Á Equationswithin datatypesinvolving definedfunctionslike
¤ f�¥y= arelesstrou-

blesome,especiallyif wehaveequippedthosefunctionswith derivedelimination

ruleswhichdoconstructor-basedanalysisof thereturnvalues.

Let usexaminetheexampleof i ¤ � > ¢ Ë . Inductionon
�

will leavesubgoalscontaining

unsolvedequationalproblems,suchasthe i¦�¦g�f case:

X�i ¤ � > ¢ Ë ³ DsE ç D LMNPORQ1J Ep� � GÉD 8 8ªJ Ep�ÞD ij>�klhBï � ¤ f�¥y= ��G � JS 
 � ¤ f�¥y= ��G � � i¦�yg�fò
 � � i�>�k�hBï �
Caseanalysison

�
will getusoutof thispredica-

ment,but only becauseweknow how
¤ f�¥y= works.

A morecunningapproachis to addressthe trou-

blesome
¤ f�¥y= directly, constructingi ¤ � > ¢ Ë with¤ f�¥y= ’srecursioninductionprinciple,shownonthe

right. Notethatthe
¤ f�¥y= symbolis completelyab-

sentfrom thecases.

¤ f�¥¦=N\�>�k¶FCrDsE ���1w�� u D 8 8ªJMLMNPO�Q

C S wÞw
C �ÙwÞuJMJ7J7JVJ7J7J7JVJ7JC = �Ùw = uE ����w D 8 8ªJ C �Ùw ¤ f�¥y= �Ùw

Targettingthe � ¤ f�¥y= ��G � in goal i ¤ � > ¢ Ë yieldssubgoals:
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X�i ¤ � > ¢ ËVó DsE ç D LMNPORQ�J EHGID 8 8ªJ Ep�ÙD ij>�klhBï G J�ij>�klh.ï S
X�i ¤ � > ¢ Ë ¯°DsE ç D LMNPORQ1J Ep� � G �1u D 8 8KJ� Ep� C D i�>�klh�ï u J�i�>�k�hBï � � �Ep�ÙD i�>�k�hBï@= u J ij>�klhBï@= �

Theremainingindicesarein constructorform!

I draw two conclusionsfrom this discussion. Firstly, dependentlytyped program-

ming with non-constructor-form indicesis difficult—a principledmachinetreatment

is a longwayoff. Secondly, for handtreatmentsof suchproblems,derivedelimination

rulesdescribingthebehaviour of non-constructorfunctionsareof considerablebenefit.
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Chapter 6

Pattern Matching for DependentTypes

We arenow in a positionto build tools for programmingwith dependentdatatypes.

In this chapter, I shall first discussthe interactive developmentof programs. How-

ever, I believeit alsoimportantto considerthetranslationof functionalprogramsfrom

theconventionalequationalstyleinto realOLEG termsbasedon theeliminationrules

primitivefor eachdatatype.

Why shouldwebeinterestedin theseprograms?Somepeoplelike to write programs,1

andraw typetheoryis hardto write, especiallyasit mustrecordexplicitly theunfica-

tion attendantto theeliminationof dependentdatatypes.Thatis why wegetmachines

to do it.

I amanenthusiasticadvocateof theanalyticstyleof programmingaffordedby proof

editors.For me,thekey point is that thesearchfor programsis carriedout in a struc-

turedspaceof partialobjectsconstrainedto make sense:themachineperformsmost

of thebookkeepingandchecksfor typeerrorslocally andincrementally.

Synthesisingprogramsin theconventionalwayinvolvesunconstrainedsearchamongst

arbitrarysequencesof potentialgibberishfor completedobjectswhich a compilerei-

theracceptsor rejects.Theincrementalprogrammingaffordedby interactivedeclare-

before-useenvironmentscommonin the ML community is almostentirely useless

becauseit is incrementalfrom the bottomup: it requiresthe detailsto be presented

beforethe outline andthussupportsonly the kind of lonely obsessivenessthat gives

programminga badname.Themodulesystemofferssomecompensation,at a coarse

granularity.

The troublewith raw type theoryis not that it is hardto write, but that it is hardto

read. Even if a programis generatedwith machinehelp, it is still a good thing if

1Othersaremerelypaidto do it.
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we canrepresentit in a way which is comprehensibleto humans.Sequencesof tactic

applicationsarenotespeciallyinformativeand,in any case,runcounterto thedemands

of agooduserinterface.

I hope,therefore,you will agreethat it is good to have a high-level representation

for synthesisedproofsandprogramswhich nonethelessexposesthe analysisbothby

which it operatesandby which it canbeconstructed.Patternmatchingnotationhas

beenwith us for threedecadesin theoryandin practice[Bur69, McB70]. Perhapsit

is becauseI have beenbroughtup in theseold waysthat I amsoslow to change,but

I still preferequationalpresentationsof programsto this newfangled‘pointer derefer-

encing’or whatever it is theyoungpeopledo thesedays.Onesideeffect of a concise

andreadablenotationis that we canstill write programson the backsof quite small

envelopes.

What do theseprogramslook like? Let us simplify mattersfor the time being,and

consideronly solitaryfunctions:

� D E ^� D ^� J ù� ^�VK � Ã K
...

...
...� ^� ³ � Ã ³

Eacĥ� d will containsome‘free’ variableŝw D ^� d whicharereallyuniversallyquantified.�
maynot appearin any of the

^� d . Both
�
andthe

^w mayappearin Ã�d . It is, of course,

impossibleto guessthe
^� d for arbitrary

^�
and

^� d , althoughit is not hard to imagine

classesof problemfor which it is routine.Let usassumethey arealsosuppliedby the

programmer, but nonethelessomit theminformally whenunremarkable.

Whatdo we meanby sucha program?I suggestthatwe meanto determinethe type

andtheintensionalbehaviour of thedefinedsymbol
�
. It is notenoughthattheprogram

shoulddeterminefor eachclosedinput
^� D ^�

auniqueoutputÃ : thatismerelytodescribe

the extensionof a function—to give equationswhich must cover all the casesand

be true. Theprogramsmustalsoreflecta deterministicandterminatingcomputation

mechanism,evenonopenterms,andtakingcanonicalinputstocanonicaloutputs.That

is, theequationsmusthave computational,not just propositionalforce. Theprograms

mustdecodeinternally into combinationsof abstractions,applications,caseanalysis

andterminatingrecursion. This requirementis reflectedto a considerableextent in

thetaskof translatingsuchprogramsin termsof theeffectivecomputationalbehaviour

primitiveto OLEG datatypes.
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A commonnotionof patternmatchingfrom functionalprogrammingwith simpletypes

requiresthepatterns(the
^� d above)to bein constructorform, nonlinear, exhaustiveand

disjoint. This is not sufficient to guaranteethe intensionalbehaviour requiredhere.

Theclassiccounterexample(due,asfarasI know, to Berry) is thethreejuror ¨ ;�ô � � g�hIî
function:

¨ ;	ô � � g�hIî D i�> � �4g�klhl� i�> � �4g�klh�� i�> � �4g�klh­� ij> � �Ag�k�h¨ ;	ô � � g�hIî g��y�¦��k�>��¦h g��¦�y��kl>��yh g��y�y��kl>��yh � g��y�y��kl>��yh¨ ;	ô � � g�hIî õe¥yg�f�hIî g��¦�y��kl>��yh u � u¨ ;	ô � � g�hIî g��y�¦��k�>��¦h w õ4¥yg�f�hIî � w¨ ;	ô � � g�hIî � õe¥¦g�f�h2î g��y�y��kl>��yh � �¨ ;	ô � � g�hIî õe¥yg�f�hIî õe¥¦g�f�h2î õ4¥yg�f�hIî � õe¥yg�f�hIî
Now, imagineyouarein alow-budgetremakeof theHenryFondafilm, ‘TwelveAngry

Men’, entitled‘ThreeMildly PeevedMen’, andyour taskis to find out what thema-

jority verdict is. Thethreejurorsdo not eachknow whattheothersthink, sotheonly

way you cangainany informationis to askthemindividually for their verdicts: you

cannotask‘shouldyouhave thecastingvote’. Representwhatyouknow by a pattern:

initially, youknow nothing,sothepatternis

�Þwºu
Whenyouaskaquestion,of thefirst juror, say, yourstateof knowledgedividesin two

possibilities

g��y�¦��k�>��¦h wÙu
õ4¥yg�f�hIî wÞu

Basedon thischoice,youcanadoptdifferentstrategiesof questioning,ultimatelygiv-

ing youasetof possibilitiesfrom eachof whichyoudraw a conclusion.DoesBerry’s

collectionof patternsrepresenta setof suchpossibilities,arisingfrom a conditional

questioningstrategy? No: eachjuror appearsundeclaredin at leastonepattern,andat

leasttwo jurorsmustdeclarein orderto determinetheanswer.

The following shorterandintensionallyrealisablefunction hasthe sameextensional

behaviour:2

¨ ;	ô � � g�hIî D i�> � �4g�klhl� i�> � �4g�klh�� i�> � �4g�klh­� ij> � �Ag�k�h¨ ;	ô � � g�hIî g��y�¦��k�>��¦h g��¦�y��kl>��yh u � g��y�y��kl>��yh¨ ;	ô � � g�hIî g��y�¦��k�>��¦h õe¥¦g�f�h2î u � u¨ ;	ô � � g�hIî õe¥yg�f�hIî g��¦�y��kl>��yh u � u¨ ;	ô � � g�hIî õe¥yg�f�hIî õe¥¦g�f�h2î u � õe¥yg�f�hIî
2It alsohasanadvantagein somecasesif youarethethird juror andproneto momentsof angst.
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Extensional presentationsof functions are not useless: they are merely non-

computational.It is highly desirable,at times,to give suchextensionalpropertiesin

specificationsof functions.Thequestionis thenwhetherthey canbetransformedinto

intensionalprograms,preservingtheextensionalrequirements.

The fact that intensionallyrealisablepatternsarisefrom suchquestioningstrategies

militates strongly in favour of the analytic view of programming: generatingpat-

ternsby casesplitting not only guaranteestheir computationalmeaningfulness,but

alsogivessomeguidanceto thewaywe think aboutproblemsin thefirst place.3

Generatingcoverings of patternsby splitting is centralto Thierry Coquand’s charac-

terisationof patternmatchingfor dependenttypes[Coq92], asimplementedin ALF

[Mag94]. It is worth takingthetime to review this now, not only to placethework of

thischapterin its widercontext, but alsobecauseit is in his meta-level footstepsthatI

have followedwith my object-level treatment.

6.1 pattern matching in ALF

Coquandproposesto admitfunctionsdefinedin patternmatchingstyledirectly to the

typetheoryasconstantswith reductionrulesgivenby theequationsprovidedthey sat-

isfy certainsafetyconditions,morestringentthannecessary, but nonethelessallowing

considerablefreedomof expression.For

� D E­^� D ^� J ùE ^w D ^� K J � ^�EK � Ã K
...

...
...E ^w D ^� ³ J � ^� ³ � Ã ³

hedemands

no nesting : for each
� ^� in any Ãød , � doesnotoccurin any � �

guardedrecursion : for some
ç

andevery æ , everyrecursive
� ^� in Ãød has� � guardedin� d �

covering : the
^� d form acovering of

^�
, in thesenseto bedefinedbelow

3WhenteachingstudentsML, I have so frequentlyfoundmyselfasking‘What do you do with the
emptylist? Whatdoyoudowith ö cons÷ ?’ thatit hasbecomesomethingof amantra,for me,if not for
them.
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The definition of coveringcapturesthe notion of successive case-splitting.We shall

first needa definitionof sucha split or elementarycovering—this we iterateto yield

covering.

DEFINITION: elementarycovering

The
^� d form anelementarycovering of

^�
if thereis anargumentpositionç

suchthatÁ � d � is constructor-headedfor eachæÁ for any argumentsequencê� with � � constructor-headed,thereis ex-

actlyone æ andinstantiationof the
^w D ^� d whichmakes

^� d ÿ � ^�
Note that, in particular, sequenceswith differentconstructorsheadingthe

ç
th argu-

mentmustbecoveredby differentpatterns,andthatall possibleconstructorsmustbe

covered:wehavejustaskedthe
ç
th argumentto revealwhichconstructoris at its head.

DEFINITION: covering

Á thefr eepattern4 ^w D ^�
is acoveringof

^�
Á if

^� d (over
^w D ^� d ) is anelementarycoveringof

^�
and

^� d � (over
^u D ^¸ d � )

arecoveringsof the
^� d , thenthe � ^� d � U ^w·� ^� d alsoform acoveringof

^�
Which coveringswe canbuild interactively dependson which elementarycoverings

we canrecogniseassuch—thisis whereunificationcomesin. Let ussupposethatwe

haveafamily of types
ZF[A\

, andthatwewishto form anelementarycoveringof some

telescope

^w D ^� x1w D ZF[A\ ^�cx ^w C D ^� C
by case-splittingon w .

ZF[4\
hasconstructors

^� D ^¥ d9@���¦d ^� D ZF[A\ ^Ã�d
sothepossiblecasesarethosewherethe

^� unify with the
^ Ãød , theflexible variablesbeing^� D ^¥ d x ^w D ^�

.

Weapplyanappropriateunificationalgorithm,suchastheconstructorunificationfrom

lastchapter, gettingoneof threeresponses

4my term
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Á amostgeneralunifier ª_d from variableŝ� D ^¥ d x ^w D ^�
to termsoversomêu D ^¸

Á indicationthatthereis nounifier

Á failuredueto ambiguityor gettingstuck

If theunificationis conclusivefor eachconstructorcase,thenourelementarycovering

hasonepatternfor eachmgu ª_d , givenby

ª_d ^wyxF� 9@���¦d�ª_d ^���}x ^w C (over
^u D ^¸ x ^w C D ª_d ^� C )

We cannow build coveringsby startingwith the freepatternandrepeatedlyapplying

case-splitting,asallowedby theunification.Notethatunificationis ameta-levelnotion

here:it mustbesoundwith respectto thecomputationalequality. Apart from that,we

canmake it asclever or asstupidaswe like. Constructorunificationis alreadyquite

generous—thisis essentiallywhattheimplementationof ALF provides.

Programmingthenproceedsin a type-directedway, building a coveringfor theargu-

menttelescopeof afunction,thenfilling in theright-handsidesby refinement,allowing

recursivecalls,providedtheappropriateterminationcheckis satisfied.5

It is not hardto seethatall the Y -reductionssofar presentedin this thesisfall into this

classof definablefunction(providedwe make theappropriatestraightforwardexten-

sion for mutually definedfunctionson mutually defineddatatypes):the elimination

rulesfor datatypeshave beenconstructedto yield elementarycoveringsof them,with

one-stepguardedrecursion.In fact,we do not evenneedtheunificationalgorithmto

handleconflict, injectivity or cycles: coalescenceandsubstitutionareenoughfor the

datatypeY -reductions,andwemustaddidentity if wewish to support>�;4§pf�g�¨ .

What aboutthe otherway around?If we fix on constructorform unificationasthat

which informs the case-splittingprocess,then we may follow this treatmentat the

object-level.

6.2 interactivepattern matching in OLEG

This sectioncontainsthemainmetatheoreticresultof this thesis:it provesthat func-

tions which canbe manufacturedinteractively in ALF canbe manufacturedinterac-

tively in OLEG. Furthermore,thesimulationis at an intensionallevel—thefunctions

5In the original ALF implementation,this wasleft asa moral obligation,but Coquand’s criterion
aboveis nothardto enforce.
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wemanufacturefrom OLEG eliminationruleshave thesamecomputationalbehaviour

asthosedefineddirectly in ALF.

Beforewecanprogressto thetheorem,wemustexaminecomputationwith elimination

rulesin moredetail.

6.2.1 computational aspectsof elimination

Supposea function
�
canbegivenin termsof anotherÈ asfollows:

� � Y ^� D ^¥ JRÈ ^�
Whatcanwe infer aboutthecomputationalbehaviour of

�
from thatof È ?

This is a very commonsituation. If È is an eliminationrule andwe construct
�

by

eliminatingsomeof its argumentswith È , thisis exactlythestructurewhich
�
will take.

If È hasa reductionbehaviour givenby Y -reductionsor a patternmatchingfunctionin

the Coquandstyle, we may be able to infer the correspondingbehaviour for
�
. For

example,we have alreadyseenhow to construct8 8(9@;A=?> from 8 8(§�f�g�¨ in this way:

how does8 8(9@;4=?> reducewhenit is fedconstructor-headednumbers?It is nothardto

checkthatit inheritstheappropriatebehaviour from 8 8:§pf�g�¨ :

8 8(9@;A=?> C {�ø4{�ù S ÿ � {�ø
8 8(9@;A=?> C {�ø4{�ù = G ÿ � {�ù G

Similarly, if we want to implementthepatternmatchingversionof
¤ f�¥y= by meansof8 8:§pf�g�¨ , we needto be surethat the definingequationsareintensionallyrecoverable.

In particular, weneedto show thatany recursivecallsto 8 8:§pf�g�¨ in theimplementation

canbe replacedby recursive calls to
¤ f�¥y= convertible to them. We canachieve this

by a processof unfold/fold transformationon functionalprogramswhich respectsthe

computationalequalityof OLEG.

Let usconsiderunfoldingfirst.

SupposeÈ is givenby a patternmatchingprogram

È DsE­^w D ^� J ùÈ ^� d � Ã�d (overpatternvariableŝw D ^� d )
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Fromthedefinitionof
�
, wecaninfer thelengthenedequation

� ^� ÿ� È ^� (any
^� D ^¥

)

For eacĥ� d , therearetwo possibilities

Á ^� is at leastaslongas
^� dÁ ^� is shorterthan

^� d
In the formercase,we maysplit

^� as
^��x ^� C , so that

^��� ^� d D ^�
. If ª is a substitutionfrom^�yx ^w to termsover

^u D ^¸
whichunifies

^� d and
^� , thenwehave

� ª ^� ÿ� Èúª � ^�cx ^� C � � Èúª ^� d x ª ^� C ÿ � � ª�Ã�d � ª ^� C (over
^u D ^¸

)

In thelattercase,it is
^� d whichwesplit as

^��x ^� C sothat
^��� ^� D ^û

, where
^û

is aprefixof
^�
.

If ª is aunifying substitution,thenwehave

� ª ^� ÿ� Èúª ^� � Èúª ^�
andtherefore

� ª ^�yx ª ^� C ÿ � Èúª � ^�cx ^� C � � Èvª ^� d ÿ � ªjÃ�d
Note that we may not, in general,padout the applicationof

�
beforethe unification,

because
� ^� maynothave functionaltypeuntil the

^� havebeeninstantiated.

Folding is morestraightforward.If weknow that

� ^� ÿ� � where
^� is thefreepattern,and�]^� ÿ� Ã � ª �7� (over

^w D ^�
)

then

� ^� ÿ� Ã � � ª ^�p� (over
^w D ^�

)

I have not explainedwherethesesubstitutionsª comefrom,6 but I do not have to:

unfoldingandfolding areapairof techniquesby whichwecanderivenew intensional

equationsfrom old ones. I do not proposeto usethemto constructpatternmatching

programs,but ratherto confirmtheir intensionalstatus.For example,theprogram
¤ f�¥y=

maybewritten in patternmatchingnotation

6Perhapsyoucanguess.
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¤ f�¥y= S w � w¤ f�¥y= = � w � = � ¤ f�¥y= �ÙwR�
Thisquiteclearlyfallswithin Coquand’sclassof definablefunctions.Wehavealready

seen
¤ f�¥¦= definedsomewhatlessperspicuouslyin OLEG:

¤ f�¥y= � 8 8(§�f�g�¨ � Y � D 8 8ªJM8 8&�«8 8 �� Y w D 8 8ªJ wR�� Y � D 8 8ªJFY ¤ f�¥y= ³ D 8 8&�«8 8ªJ*Y w D 8 8ªJV= � ¤ f�¥¦= ³ wR�B�
We can checkthat the patternmatchingequationshold intensionallyfor the OLEG

definition.First unfoldingwith respectto eachY -reductionof 8 8(§pf�g�¨ :

¤ f�¥y= S � Y w D 8 8ªJ w¤ f�¥y= = � � Y w D 8 8ªJM= � 8 8(§pf�g�¨ J7JMJ �ÙwR�
Foldingwith respectto theOLEG definition:

¤ f�¥y= S � Y w D 8 8ªJ w¤ f�¥y= = � � Y w D 8 8ªJM= � ¤ f�¥y= �ÙwR�
Lengthening:

¤ f�¥y= S w � w¤ f�¥y= = � w � = � ¤ f�¥y= �ÙwR�
Wehavecheckedour implementationof thepatternmatchingprogram!

In fact,we canuselengthening,unfoldingandfolding to checkall thedervivedcom-

putationlawsin thisthesis,andweshallusethemin particularto ensuretheintensional

validity of thepatternmatchingprogramsweshallshortlyconstruct.

Of particularinterestis thecomputationaleffect of caseanalysisfollowedby unifica-

tion.

Supposewe facethegoal

X �íD�E ^� D ^� J ù
where

� d is some
ZF[A\ ^z , with the

^z in constructorform. Let
ZF[A\

haveconstructors
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^u D ^¸ �9@����� ^u D ZF[4\ ^z �
Eliminating � d by

ZF[A\���[4�?�
yields,in general:

� C � Y ^w D ZF[A\E­^� D ^�E�^� D�^w 
 ^zjx1� dù
...X � � DeE ^u D ^¸ �E­^� D ^�Ey^� DH^z � xF� 9@����� ^u~� 
 ^zyx1� dù
...� � � Y ^� D ^�Z][4\��([A�B� C J7JMJ � �tJ7JMJ ^zyx1� d � � >�� ^zR��xF� � >�� � d �

Now let us apply the unificationalgorithmto
� � . Either thereis no unifier, in which

casewehavenoneedof acomputationalexplanation,or thereis amostgeneralunifierª~� . In thiscase,thenew subgoallookslike

X � C� DVE�^w D ^� �ª~� ù
Furthermore,having found ª~� , we mayalsounfold thedefinitionof

�
with respecttoZ][4\��([A�B�

, discoveringthatfor all
^w

� ª~� ^� ÿ� � �jª~� ^u·x ª~� ^�yxF� � >��üª~� � ^zyx�� d �B�ÿ� � C� ^w
Thelatterconversionholdsby thecomputationalpropertiesof theprooftermgenerated

by theunificationalgorithmestablishedin thepreviouschapter.

This shows us that caseanalysiswith constructorform unificationreally doescorre-

spondintensionallyto Coquand’scase-splittingstep.Wearenow in apositionto prove

acrucialmetatheorem.
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6.2.2 conservativity of pattern-matching over OLEG

THEOREM: conservativity of pattern-matching over OLEG

Suppose � D E ^� D ^� J ùE�^w D ^� K J � ^�EK � Ã K
...

...
...E­^w D ^� ³ J � ^� ³ � Ã ³

is anadmissibleprogramaccordingto thecharacterisationof theprevious

section,with

Á the
^� d (over

^w D ^� d ) acoveringof
^�

built interactively by case-splitting

with constructorform unificationÁ recursivecallsstructurallysmalleron the â th argument

Thenthereis anOLEG term
�ÚD]E ^� D ^� J ù satisfyingfor eachæ , for any

^w D ^� d ,� ^� d ÿ � Ãød
PROOF

Let uspresentthemainproblemasoneof theoremproving. We mustprovegoal

X �íD�E­^� D ^� J ù
However, we mustcheckthathowever we implement

�
, it satisfiesthecomputational

laws intendedby thepatternmatchingequations.

Oneof thekey aspectsof thisconstructionis justifying therecursivecalls.Wecanhelp

ourselvesin this regardif we give themhighly distinctive types. As they stand,they

justhavewhatever typeit is thefunctionreturnsfor thegivenarguments,whichmight

besomethingdull. We canintroduceamuchmoreinformativetypeasfollows

X ô D�E ^� D ^� JMLMNPORQXR� [Ao�o D�E­^� D ^� J � ô ^�R� � ù
X Ç �ýÆ Ç�Ç ä D�E ^� D ^� J ù � ô ^�
XRÈ D�E ^� D ^� J ô ^�� � � Y ^� D ^� J<� [Ao�o � È ^�R�
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Whathashappened?I havedefined
�
in termsof È , a functionwhich returnselements

of anasyet unknown
^�
-indexed LMNPORQ -family,

ô
. Of course,

ô
is goingto turn out to

be Y ^� D ^� J ù , in the style of the decorative
�
-bindingsfrom previouschapters,but for

now, it remainsobscure:we transfervaluesbetween
ù

and
ô ^� by meansof a pair of

unknowns � [4o�o
and

Ç �ýÆ Ç�Ç ä , bothof whichwill turnout to betheidentity function.As

thingsstand,though,the typeof a call to È identifiespreciselyits arguments—when

wewish to makea recursivecall, we,andalsotheblunderbusstactic,shallbeableto

find thehypothesisweneedjustby lookingat its type!

Thenext stepis to eliminatethe â th argumentof È with theappropriateguardedrecur-

sionprinciple.Suppose
� ë is

ZF[A\ ^z , where
ZF[A\

is adependentfamily of datatypes.7

Theguardedrecursionprinciplewe needis thus
ZF[A\nZ¬q È

. Eliminating,we obtainthe

scheme

C � Y ^u D Z][4\ J E ^� D ^� J ^u 
 ^zyx1� ë � ô ^�
In fact,thisschemewill havehadits constraintsoptimisedin theusualway—therewill

benoneat all if
ZF[A\

is a simpletype. Let usnonethelessconsiderthegeneralcase.

Theimmediatesubgoalis

XRÈ�þ7ÿ�� ë � v � DVE ^u D ZF[A\E � �B�}� D ZF[A\WÆKÇ_È C ^uE ^� D ^�E ^� D ^u 
 ^zyx1� ëô ^�
Intensionallyspeaking,unfolding the definitionof È with respectto

ZF[A\�Zsq È
tells us

that

È ^� ÿ � ZF[A\nZ¬q È C È þ7ÿ�� ë � v � ^zyx1� ë ^�Ý� � >�� ^zjx1� ë �ÿ � È þ7ÿ�� ë � v � ^zyx1� ë � Z][4\àÆIÇ_È·ôà� ä C È þ7ÿ�� ë � v � ^zyx1� ë � ^�Ý� � >�� ^zyx1� ë �
The subgoalconstraintsrequireexactly that the

^� arewell typedargumentsof È , so

they reduceby unificationto

XRÈ�� ë v�v DVE ^� D ^�E ���?��� D Z][4\àÆIÇ_È C ^zyx1� ëô ^�
7We mayconsiderany parametersfixed.
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Thatis, wehavethesamegoalasbefore,but with theadditionof theauxiliarypremise

which is readyto unfold revealing the available recursive calls as we split � ë into

cases—itmaynot bethelastargument,asshown here,but its positionis immaterial.

Notealsothatthecomputationalbehaviour of termsgeneratedby unificationgives

È ^� ÿ � È�� ë v�v ^�¼� ZF[A\WÆKÇ_È·ôà� ä C Èmþ7ÿ�� ë � v � ^zyx1� ë �
Now we replaythe interactive case-splittingprocesswhich justified the covering

^� d .
Splitting an argumentmeanseliminatingit by the caseanalysisrule for its datatype,

thenapplyingtheunificationtactic to thesubgoals.Becausetheunificationtactic im-

plementsthesameunificationalgorithmasthatwhichjustifiestheelementarycovering

inducedby thesplit, weknow wewill achieveexactly thesameeffect.

Weareleft with subgoalscorrespondingto thecovering

XRÈ d D}E­^w D ^� dE � �B�}� D ZF[A\àÆIÇ_È C ^z d x1� d ëô ^� d
What is more,we know that caseanalysiswith unificationhasthe right intensional

effect,sothat

È ^� d ÿ � È d ^wÜ� ZF[A\àÆIÇ_È·ôà� ä C È�þ7ÿ�� ë � v � ^z d x1� d ë �
It is time to fill in the right-handside. Let us introducethe premisesandrefinebyÇ �ýÆ Ç�Ç ä :

XRÈ d Ö Y ^w D ^� dY ���?��� D ZF[4\àÆIÇ·È C ^z d x�� d ëX � d D � ^� d U ^�_� ùÇ �ýÆ Ç	Ç ä ^� d � d
Ã�d is theexpressionwe wantto supplyfor � d , but it maycontainsomerecursive

� ^u � , so

we cannotjust refineby it. We mustreplacethoseapplicationsby � [Ao�o
s to freshholes

of type
ô ^u � first. Sincethereis nonesting,we maywrite themin any order, although

if nestingwaspermitted,we would still beableto chooseanorder. I shallonly write

oneof themin.
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XRÈ d Ö Y ^w D ^� dY ���?��� D ZF[4\àÆIÇ·È C ^z d x�� d ëXVÈ d � D ô ^u �Ç �ýÆ Ç	Ç ä ^� dHÃ�d � J7JMJ[� [Ao�o È d � J7JMJ �
Wherearewe to find theseelementsof

ô ^u � ? From ���?��� , of course!Sinceu � ë is, by

assumption,structurallysmallerthan � d ë , andmusthave sometype
ZF[A\ ^z d � , thetypeZ][4\àÆIÇ_È C ^z d x1� ë expandsto aproductcontaining

C ^z d � x1u � ë , ie

E ^� D ^� J ^z d � x1u � ë 
 ^zyx1� ë � ô ^�
Let usprojectthisoutandcall it � . BecauseÈ ^u � is well typed,wecanfind amatching

substitutionwhichsolvestheconstraints.Hencewemayform

� ^u � � � >�� ^z d � x1u � ë � D ô ^u �
andthusinstantiateÈ d�� .
In point of fact, blunderbusswith ���?��� is enoughto solve È d�� , becauseit solvesre-

flexiveequationsandsearchesthrough ú -types.Since
ô ^u � is uniquelythetypeof the

recursive call on thosearguments,thereis no way thesearchcancomebackwith the

wrongvalue.

Let uscheckthatthis type-directedfolding really findstherecursivecall. Thepoint is

that

ZF[A\àÆIÇ_È·ôà� ä C È þ7ÿ�� ë � v � ^z d x1� d ë ÿ�� J7J7J � ZF[4\�Z¬q È C È�þ7ÿ�� ë � v � ^z d � x1u � ë x J7J7J � J7J7J �
Projectingthisoutandapplyingit asshown abovegives

ZF[A\�Zsq È C È�þ7ÿ�� ë � v � ^z d � x1u � ë ^u � � � >�� ^z d � x�u � ë �
Comparethiswith thedefinitionof È above: it folds (by thematchingsubstitution)to

È ^u �
Henceweknow thatfor all

^w
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È ^� d ÿ � Ç �ýÆ Ç�Ç äªÃ�d � J7J7J]� [Ao�o � È ^u � � J7JMJ �
All that remainsis to solve andcut

ô
, � [4o�o

and
Ç �ýÆ Ç	Ç ä assuggestedearlier. We find

that
� ^� is exactly È ^� . Hence(trivially unfoldingandfolding), the � [4o�o

s and
Ç �ýÆ Ç�Ç ä s

disappearandthe È ’s turn into
�
’s. As required,for eachæ andall

^w D ^� d
� ^� d ÿ � Ãød � J7J7J � ^u �tJMJ7J �

©

6.2.3 constructing programs

A manboughta full sizereplicaof Michelangelo’s ‘David’. He put it in

hisback gardenandinvitedhis friendsroundto see.

‘It’ s justa big block of whitemarble.’ saidthey.

His reply: ‘I haven’t unwrappedit yet.’

Theabove theoremmakesuseof theguardedrecursion,caseanalysisandunification

technologyfrom the previous two chaptersto ‘replay’ the justification of a pattern

matchingfunctionknown to lie within Coquand’s classof admissibledefinitions.We

hadtheadvantageof knowing theequationsin advance,andindeedthederivationof

thecovering—wemerelyhadto checkthatwe couldbuild a termwith theright type

andcomputationalbehaviour. As weshallshortlysee,this is only aslightadvantage—

we canuseessentiallythe sametechniqueandconstructthe patternequationsaswe

go.

I proposeto supplya collectionof tacticsfor programming.As well asperforming

theorem-proving actionson the OLEG state,thesetacticswill createandmanipulate

associatedpattern-matchingprogramsin suchawaythatthey arealwaysjustifiableby

Coquand’scriteriaand,oncetheholesarefilled, intensionallycorrect.

By wayof arunningexample,I proposeto constructi¦f�;A=?h , thefunctionwhichextracts

thelastelementof anonemptyvector. Let usfix andsuppresstheelementtype
ç

.

i¦f�;A=?h DsEHGÉD 8 8ªJ E � D i�>�klhÚ= G J ç
I shallnot tell youwhatthepatternmatchingprogramis, for thepoint is to unwrapit.

Webegin with agoal
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XN× £7Â D�D�EHGID 8 8KJ E � D i�>�k�hR= G J ç
Hereis a tacticwhich indicatesthatagivengoalshouldberegardedasaprogramming

problem.

TACTIC: program

XN× £7Â D�D}E �,K D � K
...E � ë D ZF[A\ ^z
...E � ³ D � ³ù � ^�·�

+

X Z DeE ^� D ^� JVLMNPORQXV� [Ao�o DeE�^� D ^� J � Z ^�R� � ù � ^�·�
X Ç �ýÆ Ç	Ç ä DeE�^� D ^� J ù � ^�·� � Z ^�� C � Y ^u D ZF[A\E ^� D ^�E ^� D ^u 
 ^zyx1� ëZ ^�X � ® DeE ^� D ^�E ���?��� D Z][4\àÆIÇ_È C ^zyx1� ëZ ^�� � � Y ^� D ^� J ZF[4\�Z¬q È Cè� ® ^�Ý� � >�� ^z�x1� ë �� × £MÂ D � Y ^� D ^� JR� [Ao�o � ��^�R�
� � ® � � ^� � X � ^� D ^� �

PROOF

Thetactic

program O � ë
turns × £MÂ D , which musthave at least O premises,into a programmingproblem. × £7Â D is

solvedby appealto a function
�
of arity O , recursiveon its â th argument.

As before,the moreinformative type family
Z

is introduced,togetherwith � [Ao�o
andÇ �ýÆ Ç�Ç ä , then� ë is eliminatedwith therelevantguardedrecursiontheorem.This leaves

usfilling in thebodyof thefunction
� ®

. Associatedwith
� ®

is apatternmatchingequa-

tion labelled � � ® � , with its patternvariableslisted in parentheses,which describesthe

aspectsof
�
’sbehaviour for which

� ®
accounts.Theleft-handsideof thisequationis

��^� ,

indicatingthat
� ®

describestheeffect of
�
for any argumentsmatchingthefreepattern^� —thatis, any argumentsat all. Theright-handsideis a placeholderX , indicatingthat

wehavenot yetdecidedwhat
�
returnsfor argumentsmatching

^� .
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As we split the goal
� ®

to yield subgoalsfor specificconstructorcases,so we shall

split theequation� � ® � into thecorrespondingequationswith moreinstantiatedpatterns.

Theseequationsconstitutethe patternmatchingprogramwe are building, and we

shallmaintaintheinvariantthattheirpatternsconstituteacovering in accordancewith

Coquand’sdefinition.This is trivially thecasefor � � ® � . ©
By theway, if theprogramis notrecursive,let usallow theomissionof the � ë from the

tacticcall. Correspondingly, we do not needto apply theguardedrecursiontheorem.

Thetypeof
� ®

is thenthesameasthatof
�
. Therestof thetechiqueis unaffected.

Now, i¦f�;4=?h is structurallyrecursiveoneitherof its arguments,soit is immaterialwhich

wechoose.I shallpick thevector. Let usseetheeffectof thetactic:

X��Éf�;A=?h D�EHGID 8 8ªJ E � D i�>�k�h�= G JMLMNPORQXR� [Ao�o D�EHGID 8 8ªJ E � D i�>�k�h�= G J � �Éf�;4=?h	� �R� � ç
X Ç �ýÆ Ç�Ç ä D�EHGID 8 8ªJ E � D i�>�k�h�= G J ç �
�Éf�;A=?h	� �� C � Y � D 8 8Y w D i�>�klh �EHG D 8 8E � D i�>�klhÚ= GE �LK D]� 
�= GE ��M D w 
 ��Éf�;4=?h�� �X � ® D�E�G D 8 8E � D i�>�klhÚ= GE � �?��� D i�>�klh Ê ¥yË CÜG ��Éf�;A=?h�� �� i¦f�;A=?h � Y GÅD 8 8ªJ*Y � D ij>�klhÚ= G J�ij>�klh © g�Ë C � ® = G �Ý� � >��ê= G ��� � >�� �R�� × £7Â D � Y GÅD 8 8ªJ*Y � D ij>�klhÚ= G JR� [4o�o � i¦f�;A=?h�� ���� � ® � i¦f�;A=Bh	� � � X � GUD 8 8 x1� D i�>�k�h�= G �

Now thatweknow how to starttheprocess,wemustfigureouthow to build coverings.

TACTIC: split
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X � d DVE ^w D ^� dE ���?��� D ZF[4\àÆIÇ·È C ^z d x1� d ëZ ^� d
� � d � �s^� d � X � ^w D ^� d �

+
X � � D�El^u D ^¸ �E ���?��� D Z][4\àÆIÇ_È C ª~� � ^z d x�� d ë �Z ª~� ^� d
...

� � � � � ª~� ^� d � X � ^u D ^¸ � �
...

wherew Ä D ZF[A\ C ^�
and 9@���R� D]E ^� D ^¥ J ZF[A\ C ^ Ã
and ª~� is a mostgeneralunifier (from

^wyx ^� to termsover
^u ) of

^�cx�w Ä and^ Ã xF� 9@����� ^�R� , bothin
ZF[4\ C

PROOF

Thetactic

split w Ä
performsacasesplit on w Ä in subgoal

� d , yieldingabunchof subgoals
� � . Theequation

for
� d is split correspondinglyinto equationsfor the

� � .
As above, we eliminatew Ä in subgoal

� d via thecaseanalysisprinciple for
Z][4\ C

and

thenapply unification. The tactic succeedsprovided unification in eachcaseeither

shows that thereis no unifier or finds a mgu ª~� . The resultingcollection of mgus

justifies the new covering, and it also justifies the unfoldingswhich show that
� d ^� d

reducesin eachcaseto
� � ª~� ^� d .

The invariant that the patternsof the equationsassociatedwith the subgoalsform a

coveringis maintained.
©

In our example,we shall certainlyneedto split on the vector � . Thereis no way to

makea nonemptyvectorwith i¦�yg�f , soonly the i¦kl���y= casesurvives:
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X � ö D�EHG D 8 8E � D çE Ã D i�>�klh GE � �?��� D úêÃ ë v ö DVEp�TD 8 8E � D ij>�klh�= �E �EK DBG 
�= �E �<M D Ã�
 ��Éf�;A=?h�
 �i�>�klh Ê ¥yË CWG Ã�Éf�;A=?h G � i¦kl���y= � Ã �� � ö � i¦f�;A=?h�� � i¦kl���y= � Ã � � X � G�D 8 8 x � D ç x Ã D ij>�klh G �
Notethat thewallet of recursionshasunfoldedby onestep,showing ustherecursive

call wecouldmakefor Ã , but for thefactthatit is notknown to benonempty. Theeffect

of our informativeretypinghasbeento maketheconclusionof
� ö

tell usthepatternsin

thecorrespondingequation.

We mustmake onemoresplit beforewe canfinish the job. If this weresimply typed

programming,we would split Ã to seewhether
�

is the lastelementor not. However,

wedonot needto destructureÃ —splitting
G

will tell usall weneed.

X � ö ó D�E � D çE Ã D i�>�klh SE ���?��� D úºÃ ë v ö D}E��TD 8 8E � D ij>�klhÚ= �E �LK DMS 
�= �E ��M D Ã 
 ��Éf�;A=?h�
 �ij>�klh Ê ¥yË C S Ã�Éf�;4=?h S � i¦kl���y= � Ã �X � ö ¯ D�EpG D 8 8E � D çE Ã D i�>�klhÚ= GE ���?��� D úºÃ ë v ö D}E��TD 8 8E � D ij>�klhÚ= �E �LK D = G 
�= �E ��M D Ã 
 ��Éf�;A=?h�
 �ij>�klh Ê ¥yË C = G Ã�Éf�;4=?h·= G � i¦kl���y= � Ã �� � ö ó � i¦f�;A=?h�� � i¦k����¦= � Ã � � X � � D ç x Ã D i�>�klh S �� � ö ¯ � i¦f�;4=?h¦��� � i¦kl���y= � Ã � � X � GUD 8 8 x � D ç x Ã D i�>�klh�= G �
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Observe that in the former case,thereis no way the matchingproblemcanever be

solvedto allow accessto a recursivecall, whilst in thelatter, theway is clear.

Having split asfar asis necessary, weshouldlike to fill in theright-handsides.

TACTIC: return

X � d DVE ^w D ^� dE ���?��� D ZF[4\àÆIÇ·È C�^z d x1� d ëZ ^� d
� � d � � ^� d � X � ^w D ^� d �

+ � � d � Y ^w D ^� dY � �B�}� D ZF[A\WÆKÇ_È C�^z d x1� d ëÇ �ýÆ Ç�Ç äªÃ Cd
� � d � � ^� d � Ç �ýÆ Ç�Ç ä<Ã Cd � ^w D ^� d �

PROOF

Given

return Ãød
wemay, asbefore,form Ã Cd by replacingtherecursivecalls

��^u by � [4o�o
s to holesof typeZ ^u . If thesecallsarestructurallysmallerat argumentâ , we will onceagainbeableto

solvetheseholesby appealto appropriateprojectionsfrom � �?��� .
The structuralcondition ensuresthat the new equationis acceptable,and the same

argumentasthatin theabove theoremshowsthatit holdsintensionally.
©

Ourexamplehastwo cases.For thesingleton,thevalueshouldjustbethehead.return�
givesus

� � ö ó Y � D ç
Y�Ã D ij>�klh SY ���?��� D ú°Ã ë v ö DVEp�TD 8 8E � D ij>�klhR= �E �EK DMS 
 = �E �<M D Ã�
 ��Éf�;A=?h�
 �ij>�klh Ê ¥yË C S ÃÇ �ýÆ Ç	Ç ä �� � ö ó � i¦f�;A=?h�� � i¦k����¦= � Ã � � Ç �ýÆ Ç	Ç ä � � � D ç x Ã D i�>�klh S �

In thecasewith thenonemptytail, wemake therecursivecall
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return i¦f�;4=?h��­Ã
Thisbecomes

X � ö ¯ D Y G D 8 8Y � D ç
Y·Ã D i�>�klhÚ= GY � �B�}� D ú°Ã ë v ö D}Ep�TD 8 8E � D ij>�klhÚ= �E �EK D = G 
 = �E �<M D Ã 
 ��Éf�;A=Bh�
 �i�>�klh Ê ¥yË C = G ÃX ��� D �Éf�;A=?h���ÃÇ �ýÆ Ç�Ç ä � � [Ao�o ��� �

A quicksearchrevealstheappropriaterecursion

� ��� � ���?��� J Ï G Ã � � >��ê= G ��� � >��ÙÃ �
justifying theequation

� � ö ¯ � i¦f�;4=?h¦��� � i¦kl���y= � Ã � � Ç �ýÆ Ç�Ç ä � � [Ao�o � i¦f�;A=Bh��­Ã �B�� G�D 8 8 x � D ç x Ã D ij>�klhÚ= G �
We cantell whena programis finished—onceall theplaceholdingX s have gone.We

maynow solve
Z
, � [Ao�o

and
Ç �ýÆ Ç�Ç ä asin thepreviouscase.This leavesuswith a real

term
�
whoseintensionalbehaviour correspondsto theassociatedequationalprogram,

whichsatisfiesCoquand’sconditionsby construction.

Ourexamplebecomes

i¦f�;A=?h�� � i¦kl���y= � Ã � � �
i¦f�;A=?hu��� � i¦k����¦= � Ã � � i¦f�;4=?h	�lÃ

Thisis arathersubtlewayto write i¦f�;A=?h whichmakescrucialuseof theextra indexing

information. Näıvely erasingthe indicesin the hopeof recovering a function over

ordinary f�g�=?h s yields
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f�;A=?h � kl���y= � Ã � � �
f�;A=?h � kl���y= � Ã � � f�;A=?h�Ã ( Ð )

This is clearlynot theright function,or indeeda functionatall.

Of course,wecouldhavesplit Ã andbuilt theusual

i¦f�;A=?h � � i¦kl���y= � i¦�yg�f � � �
i¦f�;A=?hu��� � i¦k����¦= � � i¦kl���y= � C Ã � � � i¦f�;A=?h�� � i¦kl���y= � C Ã �

I donotwishto embarkonadiscussionof therelativemeritsof thesetwo programs—I

will merelypointoutthatcomputationontheindicesof atypebehavesdifferentlyfrom

computationon thetypedirectly, andsometimesinterestinglyso.

Thecombinedeffect of thesetacticsis to allow a similar styleof interactive program

developmentto thatavailablein ALF—not only canwe build thesameprograms,but

wecandosoin thesameway.

However, this is not enough. Having built theseprograms,how do we storethem?

For OLEG, therepresentationof theprogramis still a ghastlyterminvolving guarded

recursion,caseanalysisand unification, all painstakinglyrecorded. Why can’t we

just write thepatternmatchingequationsdown? Theconstructionof programsin this

sectionhasreliedonknowingmorethanjusttheequations—wehavealsoexploitedthe

justificationthattheequationssatisfyCoquand’s conditions,andwe have recovereda

processfor building thosejustificationsinteractively.

In thenext section,I considerhow muchwecandowith just theequations.

6.3 recognisingprograms

The questionasked in this sectionis ‘for which patternmatchingprogramscanwe

recover the justification?’. Sadly, as we shall see,the answeris not ‘all of them’.

Nonetheless,it is worth analysingat what point the problembecomesundecidable,

with a view to building a systemwherewe can storeenoughinformation to allow

the recovery. Theaim is to describea classof recognisableprograms.I have made

someprogressin this direction,althoughthereis work still to be done. I feel some

discussionof the problemis worthwhile, not leastbecausethe techniquesdescribed

herearesufficient to recogniseall theexamplesin this thesis,which will save methe

troubleof describingtheconstruction.
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Our existing tacticalpresentationof programconstructionwill beof assistanceto us.

Wehavebuilt ourselvesastructuraleditorfor acceptableprograms.Letusnow imagine

this editorbeingusednot by humansbut by a mechanicalrecogniserwhosetaskis to

take a setof patternmatchingequationsandbuild theprogram.This echoestheview

I have takenof theconstructionswith whichwe mayequipourdatatypes—they make

useof the tools we have developedfor theorem-proving, ie the structuralediting of

OLEG terms.I know relatively little aboutwriting compilers,but it seemsto methata

promisingfirst moveis to build a structuraleditorfor thetargetlanguage.

Thethreetacticsfrom theprevioussectiondividerecognitioninto threephases:

Á identify anargumentpositionon which therecursionin theprogramis guarded

(andapplyprogram)

Á show thatthepatternsform acovering(by applyingsplit)

Á fill in theright-handsides(with return)

The first andthird of theseareeasy. We may simply checkeachargumentposition

in turn for onewhich satisfiesthe guardednessconditionbeforeapplyingprogram.

Meanwhile,return codesup exactly the operationwe need. It is the secondphase,

checkingthecovering,whereundecidabilitycreepsin.

6.3.1 recursionspotting

Givenagoal

XN× £7Â D�D�E ^� D ^� J ù
anda patternmatchingprogramof arity O

� d ^� d � Ã�d � ^w D ^� d �
It iseasytocheckfor recursivecallsto

�
in the Ã�d . It isalsoeasytofind for eachequation

theset
û d of argumentpositionswhichsatisfytheguardednesscondition.We maysay

that non-recursive equationsareguardedin all their argumentpositions. Coquand’s

criterionrequiresthattheintersectionof the
û d benonempty. If so,we mayapplythe

program tacticfor any of theindicatedpositions.
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It is possiblethatthisprocedurewill yield achoiceof positions.While any of themwill

do,we maystill have a preference.For example,structurallyrecursive programsoveri�>�klh s or
¢ � s arenecessarilyalsoguardedon theirnaturalnumberindices.It doesnot

reallymatterwhichwe choose,but I would prefertherecursionto beon thedatatypes

themselves,ratherthantheindices,asthis producesa justificationwhich seemsto me

moreintuitive.

Now wehave found â , wemayapply

program O � ë
This leavesuswith subgoal

� ®
andits associatedequation

� � ® � �p^� � X � ^� D ^� �
Now, let us relatethe program equationswe aretrying to constructwith the asso-

ciatedequationsin the currentstateof the construction. I call the latter the cover-

ing equationsbecausetheir patternsareguaranteedto form a covering. In particular,

we arecertainthateachprogramequationis covered by exactly oneof the covering

equations—onlyoneof thecoveringpatternsmaybeinstantiatedto giveeachprogram

pattern.

For eachcoveringequation,we may collect the programequationsit covers—thisis

justafirst-ordermatchingproblem.Therearethreepossibilities:

Á thereis oneequation,andit is coveredexactly, meaningthat thecoveredequa-

tion alsocoversits coverer—thepatternsarethesame,up to renamingof vari-

ablesandreturn is now applicableÁ thereis at leastonecoveredequation,but nonecoveredexactly, sosplittingwill

benecessaryÁ thereareno equationscovered—thismeanseither that the programis incom-

plete,or that thereis nothingto cover—anundecidabletype inhabitationprob-

lem

Let uslook ateachcasein turn.

6.3.2 exactproblems

If wehave reachedthestagewhereacoveringequation
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� � d � �s^� d � X � ^w D ^� d �
exactlycoversaprogramequation

� ^� d � Ã�d � ^w D ^� d �
thenwemayapplytactic

return Ãød
We know that theguardedrecursive callswill beavailableto us,sowe completethis

branchof thejustification.

6.3.3 splitting problems

Wehavea coveringequation

� � � � �¬^� � � X � ^w D ^� �
whichcoversseveralprogramequations

� ª_d ^� � � Ã�d � ^w d D ^� d �
whereª_d is a (matching)substitutionfrom the

^w to termsover the
^w d .

Eachtime we split a covering equation,we introduceat leastonemoreconstructor

symbolinto its patterns(sincepatternsmaybenonlinear, replacinga patternvariable

by a constructorform mayaddmorethanoneconstructorsymbolto thepattern).We

mayexploit thispropertyto measurehow farawaytheprogramequationsarefrom be-

ing coveredexactly. In orderfor amatchingto exist, a programequationmustcontain

at leastasmany constructorsymbolsasthecoveringequation,sowemaysimplycount

theexcess.

Suppose
� � coversequationæ andis thensplit into severalcases,oneof which,

� Ä say,

covers æ also.We know theconstructorexcessof equationæ over
� Ä is strictly lessthan

thatover
� � , becausethe

� Ä patternscontainmoreconstructorsymbols.Hence,wemay

keepsplitting problemsuntil they becomeexactor emptyandbesurethattheprocess

will terminate.

Whichsplit shouldwemake?In orderto seethis,wemustexpandeachof theprogram

equationsin termsof
� � . Weknow
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� ª_d ^� � ÿ � � �jª_d ^w ü J7J7J?ý
wherethetupleis just thecollectionof accessiblerecursivecall values

If thereis a w Ä suchthat each ª_d w Ä is constructor-headed,then w Ä is a candidatefor

splitting. If that split is successful,constructorsymbolswill appearat w Ä , yielding

simplersubproblems.

Ideally, everythingwill be in constructorform, splitswill alwaysyield solvableunifi-

cationproblems,sowemaysplit any of thecandidatesandcarryon. Whichcandidate

shouldwe choose?I would suggestwe prefercandidateshigherup the type depen-

dency hierarchy, as thesemay inducesplits in other argumentsby unification. For

example,if we arebuilding a coveringof the i�>�k�h s, splitting a vectorwill automati-

cally split its lengthinto
S

and = cases,while merelysplitting thelengthwill leave us

with work still to doon thevector.

Even if thereareawkward non-constructorexpressionsinvolved, therewill only be

a finite numberof candidatesat any stage,so we may keeptrying to split until one

works. It is conceivablethat, in an impureworld, splitting somethingtoo early may

yield unsolvableunficationproblemslater. For the sake of argument,we may con-

sidertherecogniserto benondeterministic—any justificationwill do. This is far from

satisfactory, but it is safe.

6.3.4 empty problems

Wehavea subgoal

X � d D}E­^w D ^� d�J E ���?��� D JMJ7JMJ Z ^� d
but no programequationsto give us a clue what shouldgo on the right-handside,

or how to do any further casesplitting. This eithermeansthat the programmerhas

forgottenacase,or elseoneof the
� d�� is empty, andthereis morallynoneedto explain

whatshouldhappen,asthecasecannotarise.

Typescanbe empty for arbitrarily subtlereasons—thetype inhabitationproblemis

undecidable.Evenif we restricteverythingin sightto constructorforms,we will still

beableto codeup the halting problemasa datatypeinhabitationquestion(seetable

6.1). Someempty types,suchas the simple type with onestepconstructorand no

baseconstructors,requirean inductive argumentto prove themempty. Othersmay
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eventuallydisappearafter enoughcasesplitting, but thereis no way of telling how

muchis required.

If we cannotbe totally clever, canwe be totally stupid? That is, canwe rejectthese

problemsout of hand?Unfortunatelynot. Theeliminationrule for the
S S

typehasnoY -reductionsandthuscorrespondsto an emptyprogram—ifwe areto recognisethe

recursionoperatorsprovidedfor datatypesasbonafide programs,we shallhave to be

ableto solvesomeemptyproblems.

Having rejectedtrying zeroandinfinity stepsof casesplitting,theonlyotherintuitively

plausibleoptionis one. Let ustry onecasesplit on eachargumentin turn, andif any

provesthe goal,we have success.Otherwise,the problemis too hardandwe fail to

recognisetheprogram.This is enoughto allow us to ignorecaseswith argumentsin

typeslike
S S

,
¢ � S

andsoon. Theideais thata typeis obviously empty if thereis no

constructor-headedexpressionwhich inhabitsit.

Effectively, theprogrammermustdealwith non-obviously emptytypesexplicitly, by

calling subprogramswhich eliminatethem. If we constructa programinteractively

which takesseveral stepsof splitting to disposeof a type,we may representthe last

stepby an obviously emptysubprogramwhich getscalledfrom the last casewhere

a patternexisted. This effectively recordsthe splitting processusedto dismissthe

type. If we find ourselvesrepeatingourselves,perhapswe shouldbeableto register

commonlyusedemptinessproofsin suchaway thatthey aretriedalongwith splitting

wheneveranemptyproblemis encountered.

It is conceivablethat onesearchpaththroughcheckinga coveringmay leadto only

obvious emptyproblems,while anothermay leadto a non-obvious emptyproblem.

Onceagain,we may save ourselvesby crudenondeterminism.Whetherwe cando

betterremainsto beseen.

6.4 extensions

I feel I shouldmake brief mentionof a numberof obviousextensionsto the classof

programsweshouldbewilling to consider, noneof whichis particularlycontroversial.

6.4.1 functions with varying arity

In simply typed languages,we are not usedto seeingfunctionswith varying arity.

Certainly, the useof curriedfunctionsis commonplace,but thereis nothingserious
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Á basicdatatypes

=?h�; � h D =?h1;Ah�> �y;4f�h D =Bh�;Ah�> ­<­<­ other =?h1;Ah�> s

£ f�;4��� D =]î�¨ £ ��f ­<­<­ other =]îp¨ £ ��f s
f�>��øh D ¨n�Úij> � g�õ��yh D ¨��·i�>Á describingthemachineh � ;A�y=?g�h�g���� � =Bh�;Ah�> Ð =]î�¨ £ ��f Ð =?h�;4h�> Ð =]îp¨ £ ��f Ð ¨n�Úij>h � ;A�y=?g�h�g����y= � f�g�=Bh�h � ;A�y=?g�h1g����h�; ¤ > � � h�=?g�f�=]î�¨ £ ��f �]Ð =]î�¨ £ ��f Ð:� f�g�=?h·=Nîp¨ £ ��f �kl��� ¢ õe¥ � ;Ah�g���� � =Bh�;Ah�> Ð h�; ¤ >
( h�=Bg�f is the type of lists built by addingelementsat the right-handendwith the
constructor=?�y��k . I overload�¦g�f .)Á list membership(for any elementtype

ç
)� D ç Ã D f�g�=?h ç¢ ��� � Ã D ¨n>�¨ £ > � � � kl���y= � Ã � � D ç ù D ¨�>�¨ £ > � � Ã=B>�>�� � ù D ¨n>�¨ £ > � �Ý� kl���y= � Ã �Á updatingthetape( ¥ ¤ �4;Ah�> D h�; ¤ >U� ¨��·i�> �«h�; ¤ >U� LMNPORQ )� D =Nîp¨ £ ��f � D f�g�=Bh·=]îp¨ £ ��ff £ f�;4��� �y� D ¥ ¤ �A;4h�> ü �¦g�f x���x1� ý(f�>��øh ü �¦g�f x £ f�;A��� x kl���y= �y� ýD�D h�=?g�f}=]îp¨ £ ��f Ã ��� D =Nîp¨ £ ��f � D f�g�=?hÚ=]îp¨ £ ��ff�¨��·i�> D Ã �y� D ¥ ¤ �4;Ah�> ü =?�y��k D Ã x1�¬x1� ý(f�>��øh ü2D x Ã x kl���y= �y� ýDjD h1=?g�f�=]îp¨ £ ��f � D =]îp¨ £ ��f� £ f�;4��� D � D ¥ ¤ �4;Ah�> ü2D x1�¬x �yg�f�ý � g�õ��¦h ü =?�y��k D �cx £ f�;A��� x �yg�f�ýDjD h�=?g�f�=]î�¨ £ ��f ��� Ã D =]îp¨ £ ��f � D f�g�=?h·=]î�¨ £ ��f� ¨n�Úij> D � Ã � D ¥ ¤ �A;4h�> ü9D x1�¬x kl���y=tÃ � ý � g�õ��yh ü =?�y��k D �cx Ã x1� ýÁ onestep( =Bh�> ¤ D h � ;A�y=?g�h�g����y=A�«k���� ¢ õ4¥ � ;4h�g���� � kl��� ¢ õe¥ � ;Ah1g���� � LMNPO�Q )

Ã � D ¨�>�¨ £ > � ü �Rx���x1� C x�� C x2Î ý¸Ã �B� ó D ¥ ¤ �4;Ah�> ü2D x1� C x�� ý Î Ã ÂMzc��A� Ã �4ó D =?h�> ¤ Ã �B� ü ��x ü D x1�¬x1� ý?ý ü � C x Ã Â7zc� ýÁ haltingproblem( �¦;4f�h�= D h � ;4�y=?g�h�g����y=4�«k���� ¢ õ4¥ � ;4h�g���� � h�; ¤ >U� LMNPORQ )
Ã �?� D h � ;A�y=?g�h�g����y= Ã Â7zc� D h�; ¤ >=?h�� ¤ Ã �?� Ã Â7zc� D �y;Af�h�=¦Ã �?� ü �y;Af�h x Ã Â7zc� ýÉÃ Â7zc�� Ã �Bz D =Bh�> ¤ Ã �?� ¥ � � Â D Ã � D �y;Af�h�=¦Ã �?� � Ã ÂMzc�õ4� � Ã �?z � Â D Ã � D �y;Af�h1=�Ã �?� ¥ Ã Â7zc�

Table6.1: codingthehaltingproblem
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happeningthat ·�� -equivalencecannotexplain. Thereseemsto belittle motivationfor

allowing functionsto bedefinedwith arity varyingbetweenpatternequations.

By contrast,therearesomedependentlytypedfunctionsfor whichsucharelaxationin

thesyntaxwouldbeof genuinebenefit.Thesetendto arisewhenwewrite onefunction

to computetypesinvolvedin another. For example

(c¥y¨ D 8 8$� LMNPORQ(c¥y¨ S � 8 8(c¥y¨ = G � 8 8&� (c¥y¨ G
=?¥y¨ DsEHGÉD 8 8@J'(c¥y¨ G
=?¥y¨ S � S
=?¥y¨ = S � � �
=?¥y¨ =?= G �Ùw � =?¥y¨ = G � ¤ f�¥y= �ÞwÚ�

The first argumentof =?¥y¨ is the numberof subsequentarguments,andthe function

computestheir sum. You might well point out that I could make the aritiesuniform

by Y -abstraction,but thatis becauseI amnotdoingany patternmatchingonthenewly

exposedarguments.Of course,in any caseI canalwaysintroducesubprograms,but

why shouldI have to?

You might alsosuspectthat suchfunctionsareuncommonin practice,andthusnot

worth thetrouble.Therearethreethingsto sayto that:

Á Dependentlytypedprogrammingis still in its infancy—we do not know which

techniqueswill turnout to becommonin practice.

Á This is thekind of techniquewhich is usedsomewhatlessfrivolouslyin strong

normalisationproofs—wecomputea meta-level function type from an object-

level functiontype,thenwe computetheappropriatemetal-level functionto in-

habitit.

Á This sortof behaviour is alreadysupportedin asindustriala programminglan-

guageas C. The remarkablycommonprintf commandtakes a formatting

string,followedby argumentsappropriateto thefieldsto beprinted—youhope.

Of course,thereis nocheckto seethatit makessense.C compilersdonotblink

twiceat

printf(‘‘%s%s%s’’);
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but theeffectis seldombenign.Dependenttypessanitisetheseratherfrightening

functions.

We mayaccommodatethis behaviour by adjustingthedefinitionof coveringto allow

lengtheningof patternsequencesby freshpatternvariables,provided the resulttype

beforehandis functional. Theseextendedpatternsmay thenbesplit asbefore. Each

lengtheningcan,of course,be replacedby a call to a subprogramin orderto recover

the uniform arity of the original. The treatmentof recursionis asbefore. Recursive

callscanberecognisedprovidedthey haveat leastthearity of thepatternto which the

guardedrecursionprinciplewasapplied.Longersequencesof argumentscanbecut in

two, leaving a recursive � [Ao�o
of theright lengthwhich is thenappliedfurther.

6.4.2 moreexotic recursion

While it is sufficient to facilitatefunctionswhich areonly recursive on oneargument

position,it is nonethelessconvenientto allow morecomplex structuresto bebuilt into

asinglefunction,ratherthanforcingtheprogrammerto breakthemup. Thetraditional

exampleis Ackermann’s function:

;Ak�� D 8 8&�«8 8$� 8 8;Ak�� SÙG � = G;Ak��Þ= � S � ;4k�� � = S;Ak��Þ= � = G � ;Ak�� � � ;Ak��Ù= ��G �
Therecursionin thisfunctionis lexicographicin thesensethateitherthefirst argument

decreasesstructurally, or elseit staysthesame,but thesecondargumentdecreases.It

canbesplit into apairof Coquand-acceptedprimitiverecursivefunctionalsasfollows:

;Ak�� ¯�� D � 8 8 � 8 8 � �«8 8$� 8 8;Ak�� ¯�� ÂM��Í � S � Â7�[Í � = S;Ak�� ¯�� ÂM��Í � = G � Â7�[Í � � ;Ak�� ¯�� ÂM��Í � G �
;Ak�� D 8 8&�«8 8$� 8 8;Ak�� S � =;Ak��Þ= � � ;Ak�� ¯�� � ;Ak�� � �

What hashappenedhere? For a start, the main ;Ak�� function hasbeen � ’d into a

functional.This enablesthe = � caseto bedelegatedto theauxiliary function ;Ak�� ¯ � .
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This receivesasanargumentthefunction ;Ak�� � , availableby structuralrecursion—it

is thusfreeto applythis function,aswell asmakingits own guardedcalls.8

Would not all but themostdie-hardof origamiprogrammers9 preferto write the lex-

icographicversion? In fact, we alreadyhave the tools to constructit interactively—

supposewehavereachedthefollowing stage:

X Ê k�� D�Ep� � GÉD 8 8KJMLMNPORQXR� [Ao�o D�Ep� � GÉD 8 8KJ � Ê k�� ��G � � 8 8X Ç �ýÆ Ç�Ç ä D�Ep� � GÉD 8 8KJM8 8 � Ê k�� ��G� ;Ak�� ® � Y ���?��� D Ï ÏY G D 8 8= GXM;Ak�� ¯ D�E�� D 8 8E � �?��� D � EHGÅD 8 8ªJ Ê k�� ��G �sÐÞ� 8 8 Ê ¥¦Ë J7JMJ � �E�G D 8 8Ê k��º= ��G� ;Ak�� � 8 8 © g�ËºJ7JMJ
The � �B�}� argumentgivesusaccessto guardedrecursionon thefirst argument.Wemay

now addguardedrecursionon thesecond(for thesamefirst argument)by eliminatingG
with 8 8 © g�Ë , fixing

�
and���?��� :

XM;Ak�� ¯ DVEp� D 8 8E ���?��� D � EHGÉD 8 8ªJ Ê k�� ��G �sÐ(� 8 8 Ê ¥yË J7J7J � �EHG D 8 8E ���?��� C D 8 8 Ê ¥yË � Ê k��º= � � GÊ k��Þ= ��G
Casesplittingon

G
now givesus

8We wouldnotneedto pass!�"	#%$ explicitly throughtherecursionif wecoulddefine &('�)+*�$ locally
to thesuccessorcaseof &,'-) .

9An origamiprogrammeronly usespatternmatchingto definefold operators.
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XM;Ak�� ¯�® D}Ep� D 8 8E ���?��� D � EHGÅD 8 8ªJ Ê k�� � G �]Ð:� 8 8 Ê ¥yË J7J7J � �E ���?���'C D Ï ÏÊ k��Þ= �&S
XM;Ak�� ¯�¯ D}Ep� D 8 8E ���?��� D � EHGÅD 8 8ªJ Ê k�� � G �]Ð:� 8 8 Ê ¥yË J7J7J � �EHG D 8 8E ���?���'C D � Ê k��Þ= ��G �sÐ(� 8 8 Ê ¥yË � Ê k��Ù= � � G �Ê k��Þ= � = G

For the ;4k�� ¯�® case,we may project the appropriatecomponentof � �B�}� . Looking at;Ak�� ¯�¯ in moredetail,thenestedright-handsidetranslatesby � [Ao�o
and

Ç �ýÆ Ç	Ç ä to

XM;Ak�� ¯�¯ D Y � D 8 8Y ���?��� D � EHGÅD 8 8ªJ Ê k�� ��G �sÐÞ� 8 8 Ê ¥¦Ë J7JMJ � �Y G D 8 8Y ���?��� C D � Ê k��Þ= ��G �sÐ:� 8 8 Ê ¥¦Ë � Ê k��Ù= � � G �X ���?��K D Ê k��Ù= ��G
X ���?�RM D Ê k�� � � � [Ao�o � �?��K��Ç �ýÆ Ç	Ç ä � � [4o�o ���?�VM��

� �?��K is solvedfrom � �B�}� C and���?�RM is solvedfrom � �?��� . Thedefinitionis complete.

We can build quite complex structureswith multiple eliminations by guarded

recursion—moreeven than lexicographicrecursionon a numberof argumentposi-

tions. For example,we maydefinea functionon lists of treeswhich at eachrecursion

replacesthe headtreeby its subtrees—somestepsmay make the list longer, but the

decompositionof theheadtreeguaranteestermination.

The questionof how to extendthe classof recognisablepatternmatchingprograms

into this moreexotic territory is animportantandinterestingone.Much attentionhas

alreadybeenpaid to the simply typedcase,for example,in ManouryandSimonot’s

‘ProPre’[MS94]system.Further, CristinaCorneshasequippedCOQ with asubstantial

packagetranslatingequationalprogramswith relatively interestingrecursive structure

into constructorguardedfixpoint expressions[Cor97].

Furtherinvestigationis beyondthescopeof this thesis.However, I shallnonetheless

write suchequationalprogramsin the following chapter, sincethey areshorterand

clearerthan their expandedversionswhereeachrecursionhasits own subfunction.

WhenI doso,I shallalwaysbecarefulto pointout thejustification,imaginingthatwe

arederiving thefunctioninteractively.
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Chapter 7

SomeProgramsand Proofs

We have now developedsubstantialtechnologyfor constructingdependentlytyped

functionalprograms,andalsofor reasoningaboutthem.Letusnow putthattechnology

to work.

In thecourseof this chapter, I offer someexampleswhich I believe illustratethead-

vantagesaffordedby workingwith moreinformativetypes.Weshallseenew versions

of old programswhicharetidier andeasierto provecorrect.We shallseeapplications

of oureliminationruletechnologywhichaidprogramdiscoveryaswell asverification.

Hopefully, weshallseesense.

Later, I shall focuson the manipulationof syntaxasa programmingdomainwhich

shows off to greateffect theexpressive power of dependentpatternmatching.In par-

ticular, I shallconstructandprovecorrectafirst-orderunificationalgorithmwhichhas

thenovel meritof beingstructurallyrecursive.

7.1 concretecategories,functors and monads

In theexampleswhich follow, we shallexaminemethodsof working with syntaxvia

dependentlytypedfunctionalprogramming.Thebehaviour of the functionswe shall

developfits neatlyinto acategoricaltreatment,soit is worthwhilebuilding sometools

for packagingthesefunctionsandtheirpropertiescategorically.

We shallnot needany particularlyheavy category theory, which is just aswell, asfar

asI amconcerned.For a substantialformalisationof category theory, see[SH95]. In

fact, we may restrictour attentionto concrete categories—thosewhoseobjectscan

be interpretedasa family of typesandwhosearrows canbe interpretedasfunctions

betweentypesin thefamily.
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7.1.1 recordsfor categories

So,whatshallwesayis acategory?

Theideais not thatobjectsaretypesandarrowsfunctions,but thatbotharedatawhich

canbe interpretedassuch. Imaginewe aremodellinga programminglanguagecate-

gorically: we might have OLEG datatypesrepresentingthetypesandfunctionsof that

language,togetherwith translationswhich modelthosetypesandfunctionsasOLEG

typesand functions. Thosedatatypesgive us the objectsand arrows of a concrete

category, andthetranslationstheir interpretations.

Let usfix thetypesof objectsandarrows.

. D LMNPORQ/ D . � . � LMNPORQ
Now, let us definea recordtype 9@���¦k � >�h�> to containthe thingswe mustsupplyto

haveameaningfulcategory:

Y D E � D . J � / �0 D E û � � � ù D . J � � / ù � � � û / � � � � û / ù �� � ­ � � D . � LMNPORQ� � ­ � � D E � � ù D . J � � / ù � � � � � � � � � � ù � �\�>�= ¤ F D E � D . J E � D � � � � � J � � Y�1 � �¦� 
 �\�>�= ¤ 9 D E û � � � ù D . J E ¢ D � / ù J E × D û / � J E � D � � û � � J � � ¢ 0 × � �y� 
 � � ¢P� �:� � � × � �y�F�
I think it is safeto overload � � ­ � � . Confusionbetweentheinterpretationsof objectsand

arrowswill notarisein theseexamples.

SaundersMacLane[Mac71] definesa concrete category to be a category equipped

with a faithful functor into Set. That is, the interpretationsmustnot only preserve

identity andcomposition,but mustalsoembedtheobjectsandarrows in Set. I have

given no suchcondition. It begs the question‘what is the appropriateequality on

objectsandarrows?’.

In typetheory, asin marriage,fidelity comesdown to theway youseethings.OLEG’s

intensionalequalityis too discriminatingto beusefulhere.I proposeto considertwo

arrowsthesameif their interpretationsareextensionallyequal:interpretationsarethus

trivially faithful. Consequently, it makes little senseto considerthe category sepa-

rately from the functor which interpretsit—the functor propertiesarehow we know

the category hasthe traditionalabsorptionandassociativity laws with respectto this

extensionalnotionof equality.
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Correspondingly, if ¢R� × D � / ù
, let usmake theabbreviation

¢ Ö × �,+ E � D � � � � � J � � ¢?� ��� 
 � � × � �¦�
Theusualabsorptionandassocitivity properties

¢ 0 Y Ö ¢Y 0 × Ö ×� ¢ 0 × � 0 � Ö ¢ 0 � × 0 � �
all follow by reflexivity.

Discharging theparameters,wehaveournotionof category. I shalltypically write

9@���¦k � >�h�> /
to meanacategory for a givennotionof arrow, leaving theobjecttypeimplicit.

For any typefamily 2 Â � D . �«LMNPO�Q , we maydefine

/2 Â � � Y � � ù D . J32 Â � � � 2 Â � ù D . � . � LMNPO�Q
Wemayeasilydefineanoperation� ­ � onsuchfamiliessuchthat

� 2 Â � � D 9@���yk � >�h�> /2 Â �
with objectsinterpretedvia 2 Â � andarrows, identity andcompositionasthemselves.

This is theusualnotionof functionsbetweentypesin a family, representedwithin our

definedclassof category.

In particular, if welet 4 µ·¶ w betheidentityfunctionon LMNPO�Q , then � 4 µ·¶ w � is thecategory

of OLEG types.

As aspecialcase,wemaypretendany type
ù

is a
Ï Ï

-indexedtypefamily andmanufac-

turetheone-objectcategory � ù � of its endofunctions.

Wewill encountercategorieswhosearrowsarenotrepresenteddirectlyasOLEG func-

tions. A ratherglib exampleis the 9@���yk � >�h�> / 8 8 whosearrows live in 8 8 (actually,Ï Ï � Ï Ï � 8 8 , but never mind), with
G

interpretedas
¤ f�¥y= G

. The identity is
S
, the

compositionis
¤ f�¥y= , andhencethepropertythatinterpretationrespectscompositionis

justassociativity.
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7.1.2 recordsfor functors

A functor takesobjectsandarrowsfrom onecategoryto objectsandarrowsof another,

preservingidentity andcomposition.We cancertainlywrite theserequirementsdown

asaparameterisedrecord.

Let usfix sourceandtargetcategories,thenopenthem:

. ¯ D LMNPORQ/ ¯ D . ¯ � . ¯ � LMNPORQ� ¯ D 9@���¦k � >�h�> / ¯
. � D LMNPORQ/ � D . � � . � � LMNPORQ� � D 9@���yk � >�h�> / �
� ¯ � Y ¯ x 0 ¯ xF� � ­ � � ¯ xF� � ­ � � ¯ x \�>�= ¤ F ¯ x \�>�= ¤ 9 ¯ � � � � Y � x 0 � xF� � ­ � � � xF� � ­ � � � x \�>�= ¤ F � x \�>�= ¤ 9 � �

Relative to these,let usdefinea recordtype
© ¥y�¦k�h�� � with fields

© � D . ¯ � . �© ; D J7J7J � � / ¯ ù � � � © � � � / � � © � ù �Ì � >�=?§�; D J7J7J ¢ Ö × � © ; ¢ Ö © ;²×Ì � >�=<F D J7J7J © ;{Y ¯1 Ö Y � 576 �8139Ì � >�=?9 D J7J7J © ; � ¢ 0 ¯ × � Ö � © ; ¢}� 0 � � © ; × �
Note that I have left out somehuman-inferrableuniversalquantifiersfor the sake of

readability.

Theextracondition—preservationof extensionalequalityof arrows—isnecessary. It is

possiblefor twoextensionallyequalsourcearrowsto bedistinguishedcomputationally,

andhencemappedto differentarrowsin thetargetcategory, unlessweexpresslyforbid

it.

Of course,whenwriting functor types,I shall suppressall the detailsandjust leave© ¥y�yklh�� � � ¯ � �
.

By way of example,every polymorphic1 type family hasan associatedfunctor. It

wouldbeniceif theseweremanufacturedautomatically. I shalloutlinethefunctorfor¨ ;*î £ > .

1in theML sense
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¨ ;)î £ > © D © ¥y�yklh�� � � 4 µ·¶ w �R� 4 µ·¶ w �
¨ ;)î £ > © � ü © � = ¨ ;)î £ >© ; = Y � � ù D LMNPORQ�J*Y ¢ D � � ù J*Y � D ¨ ;*î £ > � J�î~>�= � î~>�= � ¢��F��y� � �y� ù

Ì � >�=?§�; = J7J7JÌ � >�=RF = J7J7JÌ � >�=?9 = J7J7J ý
This functor just lifts functionsto their exception-propagatingimages.I usea ‘table’

notationfor caseexpressions:thecolumnheading� indicateswhatis beinganalysed,

underneathit arethe patterns,andto the right arethe correspondingreturnvalues—

thisnotationis easilyinterpretedby patternmatching.Thethreeremainingfieldsmay

easily be proven by inverting
© ; , ie caseanalysison the ¨ ;*î £ > -typed argument

implicit in theextensionalequations.

Finally, oneirritating aspectof intensionaltype theoryis that we may have to work

with several implementationsof, extensionallyspeaking,thesamefunction. Suppose

we have anothercandidate
© ; C for thearrow part

© ; of a givenfunctor, with thesame

type and extensionalbehaviour. It would be really annoying if we had to redo the

proofsof the propertiesfor the functor with
© ; replacedby

© ; C , but fortunately, we

maymake thisargumentonceandfor all.

Thepoint is that thefunctorpropertiesconcernonly theextensionalbehaviour of
© ; ,

so we may constructa function =B;A¨�> © ¥y�¦k�h�� � which takesour sourcefunctor,
© ; C

andaproof that
© ; and

© ; C havethesameextension,returningthefunctorwith
© ; C on

arrowsandall thesameproperties.I shallnot givethedetailshere—they amountonly

to unremarkablerewriting.

7.1.3 recordsfor ‘concrete’ monads

The formalisationof monadsI shall give is a ‘concrete’versionof the Kleisli triple

presentationdueto Manes[Man76], which he showed equivalent to the convention

definition[Mac71] by anendofunctor: with naturaltransformations� and ; .

DEFINITION: Kleisli triple

A Kleisli triple � : � � � ü=< � 2 onacategory > is givenby

2 ?A@ is pronounced‘bind’.
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Á a function : from > -objectsto > -objectsÁ anobject-indexedfamily of morphisms� �B> ��Ca� : C � , interpreting

theelementsof C in its : -imageÁ a family of functions
ü=<
, indexed by a pair of objects Ca�ED , from> � Ca� : DI� to > � : Ca� : DK�

satisfyingtheequations

Á � üF< � � ÎÁ �ò¢ üF< � 0 � � ¢
Á � �ò¢ ü7< � 0 × � üF< � �ò¢ üF< � 0 � × ü=< �

The Kleisli category arisingfrom sucha structurehasthe sameobjects

as > , and C to D arrows givenby the > � Ca� : DI� . � giveseachobjectits

identity, andthecompositionG is

¢ Gh× � ¢ üF< 0 ×
Consequently, � 0 ­ givesafunctorfrom > to theKleisli category, and ­ üH< givesafunctor

from the Kleisli category to the imageof > under : . Thecompositionof the two is

thusa functorwhichdoes: to objects.

Thepresentationof monadsgivenbelow is basedontheideaof afunctorwhichis split

into � 0 ­ (below
< ý^­ ) and ­ üF< .

Giventwo concretecategoriesanda functor, we may describewhat it meansto bea

concrete monad which splits that functor. Let us keepthe sametarget andsource

categoriesopenedasaboveandfix further

Z D © ¥y�yklh�� � � ¯ � �
Let usopen

Z
with thenamesgivenby thefields.

A concretemonadsplitting
Z

capturesaclassof ‘diagonalarrows’,
�JI ù

(
� � ù D . ¯

),

which are interpretedin � � � � � ¯ � � � © � ù � � � . Thesewill be the arrows of the Kleisli

category, andthey mustbe equippedwith a notion of compositionG which behaves

underinterpretationlike thecompositionin theKleisli category.

Think of the ¨ ;)î £ > ©
functor, viewing î~>�= aspackagingdataand �y� asrepresenting

an error condition. Arrows in the sourcecategory are ‘reliable’ functionsactingon
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actualdata;arrows in the targetcategory are‘error-aware’ functions—they mayhan-

dle errorsor createthem. The functor takesreliablefunctionsto ‘error-propagating’

functions—they will give actualoutputfor actualinput andtransmiterrorconditions.

A ‘diagonalarrow’ is anunreliablefunction—itacceptsactualdata,but mayresultin

anerror. A monadsplitting ¨ ;*î £ > ©
characterisesaclassof theseunreliablefunctions

suchthat

Á everyreliablefunction¢ hasanunreliableimage(which justpackagestheoutput

with î~>�= ) givenby
< ý ¢

if ¢ D � � ù
then

< ý ¢ D � � ¨ ;*î £ > ù
Á every unreliablefunction × in theclasshasanerror-awareimage(which propa-

gatesinputerrors,but maymakenew outputerrors)givenby × ü=<
if × D � �«¨ ;)î £ > ù

then × ü=<HD ¨ ;)î £ > � � ¨ ;*î £ > ù
Á thecombination

< ý ¢ üF< doesthesamething to sourcearrowsas ¨ ;)î £ > ©
if ¢ D � � ù

then
< ý ¢ ü=<~D ¨ ;)î £ > � � ¨ ;*î £ > ù

Moreformally, let usfix thecarriertypefor diagonalarrows

I D . ¯ � . ¯ �«LMNPO�Q
andcollecttherelevantdetailsin a recordtype KW���y;*� with fields

< ý�­ D JMJ7J � � / ¯ ù � � �JI ù
­ ü=<�D JMJ7J � �LI ù � � � © � � � / � � © � ù �G D JMJ7J � �LI ù � � � û I � � � � û I ù �� � ­ � � D JMJ7J � �LI ù � � � � � � � ¯ � � � ù � � �KÜ���y;)�íF D JMJ7J � � ¢ ü=< � � � � � � < ý0Y ¯1 � �y�*� 
 � � ¢P� �y�KW���y;*�A9 D JMJ7J � � ¢ G*× � �y� 
 � � ¢ üF< � � � �B� � × � ���]�( ¤ f�g�h D JMJ7J < ý ¢ ü=< Ö © ; ¢© � ���yh�§�; D JMJ7J ¢ Ö × � < ý ¢ Ö < ý ×© � ���yh�9 D JMJ7J < ý � ¢ 0 ¯ × � Ö � < ý ¢*� G � < ý¦× �M ;4k��c§�; D JMJ7J ¢ Ö × � ¢ üF< Ö × üF<M ;4k��c9 D JMJ7J � ¢ Gh× � ü=< Ö �ò¢ üF< � 0 � � × üF< �

This may look like a lot of stuff, but rememberthat the diagonalarrows might not

berepresentedfunctionally—they mightbesomethingreally concretelikeassociation

lists. Theoperations
< ý^­ , ­ üF< and G shouldbeviewedassyntactic.Wehaveto ensurethat

they have theright semantics.Of course,if they arejust functionsandtheir interpreta-

tion is application,thenthis is veryeasyto do.
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The ¨ ;)î £ > ©
functorhastrivial functionalrepresentationsof arrowssourceandtarget.

For the corresponding̈ ;*î £ >NK D KÜ���y;)� ¨ ;*î £ > ©
, we take the diagonalarrow

typeto be
� � ¨ ;)î £ > ù

andtheinterpretationasapplication.
< ý�­ just composesîH>�=

on thebackof its argumentwhilst ­ ü=< is definedby caseanalysis:

¢ ü=< � î~>�= �]� � ¢��¢ ü=< � �y� � � � �y� ù
Compositionis definedin accordancewith therequirementon its interpretation:

� ¢ Gh× ��� � ¢ ü7< � × �]�
As for theproperties

Á KW���y;*�íF , KW���y;)�49 and
© � ���yh�9 holdby reflexivity.

Á ( ¤ f�g�h and
M ;Ak��c9 holdby caseanalysisthenreflexivity.

Á © � ���¦h1§?; holds,rewriting by thepremise.

Á M ;4k��c§�; holdsby caseanalysis,thenreflexivity in the �¦� caseandrewriting by

thepremisein the îH>�= case.

Thereisafunctionwhichconstructsthe(concrete)Kleisli categoryfor agivenconcrete

monad.

O f�>�g�=?f�g D KÜ���¦;*� I � 9@���yk � >�h�> I
The 9<���yk � >�h1> soconstructedhasoperations:

Y Ä1 � < ý[Y ¯10 Ä � G� � � � � Ä � � � © � � � � �� � ¢?� � Ä � � � ¢ üF< � � �

Observe
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PHP Y Ä1�Q=Q Ä � 
 � � < ý[Y ¯1 � � Ä � (definitionof Y Ä )
 � � < ý[Y ¯1 üF< � � � � (definitionof � � ­ � � Ä )
 � � © ;{Y ¯1 � � � � ( ( ¤ f�g�h )
 R�R Y � 576 ��1E9�S�S
� � ( Ì � >�=RF )
 � ( \�>�= ¤ F � )P=P ¢ 0 Ä × Q=Q Ä � 
 � � ¢ Gh× � � Ä � (definitionof 0 Ä )
 � � � ¢ Gh× � üF< � � � � (definitionof � � ­ � � Ä )
 � � �ò¢ üF< � 0 � � × ü=< �
� � � � (

M ;4k��c9 )
 � � ¢ üF< � � � �B� � × üF< � � � �]� ( \�>�= ¤ 9 �
)
 � � ¢?� � Ä �B� � × � � Ä �]� (definitionof � � ­ � � Ä )

7.2 substitution for the untyped T -calculus

In thissection,I shalldevelopthetechnologyto giveamonadic[Man76,Mog91] pre-

sentationof substitutionfor termswith binding—inparticular, theuntypedY -calculus

with de Bruijn indices[deB72]. BellegardeandHook [BH94] suggestthe following

datatype,which Altenkirch andReus[AR99] describeas ‘heterogeneous’,andBird

andPaterson[BP99] describeas‘nested’.

¥ D LMNPORQZ?;A¨ ¥ D LMNPORQ
� D ¥ij; � � D Z?;A¨ ¥ ��� Ã D ZP;4¨ ¥; ¤A¤ � Ã D Z?;A¨ ¥ Ã D ZP;4¨ � ¨ ;)î £ > ¥ �f�;A¨ Ã D Z?;A¨ ¥

This datatyperelativisestermsto anarbitrarytypeof variables.3 It canbedefinedin

SML, but recursionoverit isnecessarilypolymorphicandhenceunavailable.However,

Haskell now allows functionsover suchdatatypes,so long astheir typesaresupplied

explicitly.

In suchlanguages,termsmaynot appearin types—thisapartheidpolicy is advisable

becausethetermsoftenengagein suchcriminalactivitiesasnontermination.Hence,if

we want to make somekind of indexedfamily, the indicesmustthemselvesbetypes.

This presentationworks by using ¨ ;)î £ > as a kind of type-level = , corresponding

to the ideathat thereis somenumberof variablesandthatabstractionintroducesone

more. Also, Z?;A¨ S S
is a type of closedterms. However, this hacked-uptype-level

3In fact,our schemeof definitionsrestrictsthevariabletype to inhabit a smalleruniversethanthe
termsover it.
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8 8 hasonly introductionrules: no computationon indicesis available. Fortunately,

substitutionis structuralon terms.

We needno suchGroupAreasAct. In our system,termsareastrustworthy astypes.

Wecanusethe 8 8 Godinvented,andthen
¢ � to makesetsof variables.

GUD 8 8Z?;A¨ GUD LMNPO�Q� D ¢ � Gij; � � D Z?;A¨ G ��� Ã D Z?;A¨ G; ¤A¤ � Ã D Z?;A¨ G Ã D ZP;4¨ = Gf�;4¨ Ã D Z?;4¨ G
ZP;4¨ G

is thetypeof Y -termswith
G

freevariables.Later, we shallseeoperationson

syntaxwhicharemadestructuralby theavailability of recursionon this index.

Placingthesetypesin ourcategoricalsetting,wehave

� ¢ � � D 9@���¦k � >�h�> /¢ �
� Z?;4¨ � D 9@���yk � >�h�> /Z?;A¨

Theobjectsin thesecategoriesareelementsof 8 8 , interpretedvia
¢ � and Z?;4¨ respec-

tively. Thearrowsarefunctionspacesinterpretedby application.Henceweeffectively

abbreviate:

� / � G �,+ ¢ � � � ¢ � G� /VU G �,+ Z?;A¨ � � ZP;4¨ G

In thissection,weshallbelooking to build a functor

\�>��y;A¨�> D © ¥y�yklh�� � � ¢ � ��� Z?;4¨ �
which,for everyarrow onavariablespacein � ¢ � � , givesustheoperationontermsfrom� Z?;A¨ � over thosevariablesrenamingthemasindicated.Theobjectpartof thefunctor

is just theidentityon 8 8 . Wemaythenview functionsin thetype

� I G �H+ ¢ � � � Z?;A¨ G
assimultaneoussubstitutionsfrom

�
variablesto termsover

G
variablesandseeka

monadicimplementation
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(c¥ £ =?h+K D KÜ���¦;*� \�>��y;A¨�> I
Notethat \�>��y;A¨n> is not anendofunctor, asin theconventinalnotionof monad,but

wecanstill think of splittingit in amonadicway. TheconsequentKleisli categorywill

thusinterpretsubstitutionsasfunctionsfrom termsover onesetof variablesto terms

overanother.

Beforewe canwork with terms,we needsomebasictoolsfor working with variables

in thedeBruijn style.

7.2.1 , and

deBruijn’s insightwasto seeavariablenot justasanindentifier, but asareferenceto a

binding.Variableindicescountoutwardsthroughthe W -bindings,0 for themostlocal,

1 for thenext andsoon. For example,

W8XZY[W]\�Y-X3\ becomesW,W_^a`
Every time we go undera binder, the new variableis 0 and the old onesget incre-

mented.Wemayrepresentthisdistinctionby theconstructorsof the b]c family.

Now, supposewe have a renaming—anarrow X8dfehgjilk . In orderto applysucha

renamingacrossa term,we mustexplainwhatto dowith theexpandedvariablespace

undera mAnpo —it mustaffectonly thefreevariablesembeddedby q r , leaving thenewly

boundqFs variablealone.

Xut,d]r�evgjiNr	kXwt x qFsaezy { q=s�kXwt x q r|\,y { q�rpxEXE\,y
This is a recognisableprogram.

Discharging over arbitrary k , e and X , we obtainthe functional mA}Aq ~ which takesany

such X to theappropriateXut . I suppresstheboringargumentswhenI applyit.

mA}Aq ~�d���e���k�d�� ��Y��aXEd�b]c�e � b]c�kaY�b�cJr�e � b]c�r�kmA}Aq ~aX x�q=s�e�y { qFs�kmA}Aq ~aX x�q�r|\,y { q r�xEXE\,y
mA}Aq�~ givesusthearrow partof thefunctor
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� }Aq�~�d]����c��8~����_� b]c��(� b]c_�� }Aq�~z{ � ��� = r��n = mA}Aq�~� ����rE��� = Y�Y�Y� ����r[� = Y�Y�Y� ����rE� = Y�Y�Y  
Thereis a recursioninduction principle for mA}Aq�~ which we may regard as generated

automaticallyfrom its equationaldefinition. mA}Aq ~ is not a recursive function, so it is

perhapsmoreinformativeto call it an inversionprinciple mA}Aq ~+� c-¡ :

e¢��k£d]� �X|d�e
g i k¤ d]b]c�r�e¥�¦b]c�r�k§� ¨�©%ª,«
¤ x qFsaezy�x qFs�k�y ¤ x q r|\,y�x q rpx%XE\,y¬y��\­d�b]cJr�e�Y ¤ \ mA}Aq ~aXE\

Thethreefunctorpropertiesleft elliptic above follow easilyby inversion.I shallshow� ����rE� andleave theothertwo to your imagination.

® � ����rE��d���¯°��±]�%²�d�� ��aX dE±�gji­²�´³ dE¯�gjia±� \ d�b]c�r�¯mA}Aq ~�x%X�µN³�y-\�¶·mA}Aq ~�X mA}Aq�~¸³z\
Invertingtheboxed mA}Aq ~ application,weacquiretwo subgoals

® � ����rE�º¹�d���¯°��±]�%²�d�� ��aX d3±�gjiN²�´³ d3¯�gji�±��\ d�b]cJr�¯mA}Aq ~�x%X[µ­³�y�x qFs�¯�y_¶»mA}Aq ~�X�x�q=s�±[y® � ����rE�¦d���¯°��±]�%²�d�� ��aX d3±�gjiN²�´³ d3¯�g i ±��\ d�b]c�¯mA}Aq ~�x%X[µ­³�y�x q r|\,y_¶»mA}Aq ~aXfx q rpx�³�\(y¬y
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Thetwo conclusionsthenreducerespectively to

qFs­²(¶·qFsl²q r�xEX�x�³¼\,y3y_¶»q rpx%Xfx�³¼\,y¬y
As youcansee,thesearebothreflexive.

We canuse mA}Aq ~ to definean importantclassof renamings—thethinnings. Theseadd

a new variableto theset,but not necessarilyat the top.4 If thereare k old variables,

thereare r	k choicesfor thenew variable\ . ~	½�}Ac�\ is therenamingwhich shufflesthe

old variablesin aroundthenew one,withoutchangingtheirorder.

Theideais, morally:

~	½�}Ac�\N¾¿{ ¾ , if ¾ÁÀÂ\¾ÄÃB^ , if ¾�Å£\
In particular, ~	½�}Ac�\N¾vÆ{Ç\ .

Now, if thenew variableis qFs�k , thenthinningis just the q r embedding.Otherwise,it is

a mA}Aq ~ edthinning!

~	½�}AcÈd���k�d�� ��Y�b]cJr�kÉ� x7k£gjiÊr�k�y
ie~	½�}AcÈd���k�d�� ��Y�b]cJr�kÉ� b]c�kË� b�cJr�k~	½�}Ac x qFs�k�y { q rEÌ~	½�}Ac x q r|\,y { mA}Aq ~8x�~	½�}Ac�\,y

Thinningprovidesuswith analternativeview of b�cpr	k . Everyvariableis eitherthenew

one,\ , or anembeddedold one, ~	½�}Ac�\­¾ for some¾§d°b]c�k . Wemayimaginea partial

inverseto ~	½�}Ac whichmakesthedistinction,with thefollowing extensionalbehaviour:

~	½�}A��Í�d���k�d�� ��Y�b]c¼r	k¥� b]c�r�kË� oÎnpÏ-Ðp�Ñx b]c�k�y~	½�}A��Í \ x ~	½�}Ac�\­¾,y ¶ Ïf��r|¾~	½�}A��Í \ \ ¶ c��£x b]c�k�y
~	½�}A��Í is a refinementof thedecidableequalityfor thefinite sets—itnot only tells us

whethertwo elementsdiffer, but alsoin whatway.

Wecangetsomehelpwriting ~	½�}A��Í if wetry to provetheabovepairof equationallaws

(for a commonabstracted\ ) by recursioninductionon ~	½�}Ac , asdefinedin theobvious

way. Wethusseek:

4‘Thinning’ is a liquid metaphor.
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® ~	½�}A��Í�d��-k d�� ��-\���¾_d�b]c�r�koÂn�Ï�Ð��Òx b�c�k�y® ~	½�}A��Í]Ó�d,� k d�� �� \ d�b]c¼r	kÔ ~	½�}A��Í]Õ�d���¾�d�b]c�k~	½�}A��Í�\Lx ~�½�}Ac�\ ¾(y�¶·Ïf��r|¾~	½�}A��Í�\N\Ä¶»c��Ñx�b]c�k�y
Theabstractionof \ outsidebothequationsallows themto betransformedsimultane-

ously. Theinductionyieldssubgoals:

® ~	½�}A��ÍÖd+��k d�� ���\���¾�d�b]c¼r	koÂn�Ï�Ð��Òx b�c�k�y® ~	½�}A��Í]Ó=¹×d|��k d�� �Ô ~�½�}A��Í]Õ�d���¾�d�b]c�k~	½�}A��ÍÄx qFsak�y�x q r|¾,y_¶·Ïf��r|¾~�½�}A��Í�x qFs�k�y�x qFs�k�y_¶»c��Ñx�b]c�k�y® ~	½�}A��Í]Ó7Ø�d|��k d�� ���\ d�b]c¼r	k��X d�b]c�k¥� b]c�r�k��Ù°¾°Ú d Ô ~	½�}A��Í°Õ�d��-¾_d�b]c�k~	½�}A��Ía\Lx%X3¾,y_¶»Ï���r|¾~	½�}A��Í�\­\Ä¶·c��£x b]c�k�yÔ ~�½�}A��Í]Õ�d�� ¾ d�b]c�r�k~	½�}A��ÍÄx q r|\(y mA}Aq ~�X�¾ ¶»Ïf��r|¾~�½�}A��Í�x q r|\,y�x q r|\,y_¶»c��£x b�c�r	k�y
We now know how to ~	½�}A��Í at qFs�k . We cangainfurtherinformationaboutthe q r case

by invertingthe mA}Aq�~ . Allowing thatwe cando this insidethe
Ô

-bindingby appropriate

algebraicmanipulation,weobtain
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® ~	½�}A��Í]Ó7Ø+d(�-k d�� ��-\ d�b�c�r	k��X d�b�c�k¥� b]c¼r	k�-Ù°¾°Ú d Ô ~�½�}A��Í°Õ�d��-¾_d�b]c�k~	½�}A��Ía\zxEXE¾,y_¶»Ïf��r|¾~�½�}A��Í�\N\Ä¶·c��Ñx�b]c�k�yÔ ~	½�}A��Í�Õ�d Ô ~�½�}A��Í�Ø�¹�d�~	½�}A��ÍÄx q r|\,y�x qFsÊr	k�y�¶·Ïf��rpx qFs�k�y��¾ d�b]c�k~�½�}A��Í�x�q r(\,y�x�q r�xEXE¾,y¬y_¶·Ïf��r�x�q r(¾,y~	½�}A��Í�x�q�r|\,y�x�q�r|\,y_¶»c��£x b]c¼r	k�y
Stripping away the excessnotation,we have certainly found the basecasesto our

function:

~	½�}A��Í x�qFsak�y x�q=s�k8y { c��£x b]c�k�y~	½�}A��Í x�qFsak�y x�q r(¾,y { Ïf��r|¾~	½�}A��Í x q r|\,y x�q=sNr�k�y { Ïf��rpx qFs�k�yY�Y�Y
Wehavealsofoundoutsomeusefulinformationaboutthestepcase.It mustsatisfy:

Û ��¾­d�b]c�kaY�~�½�}A��Ía\zxEXE¾,y_¶»Ïf��r|¾~	½�}A��Í�\­\Ä¶·c��Ñx�b]c�k�yÛ ��¾Nd�b]c�kaY�~	½�}A��Í�x q r|\,y�x q rpx%X3¾,y3y_¶»Ïf��rpx q r|¾,y~	½�}A��ÍÄx q r|\,y�x q r|\(y�¶·c��£x b]c�r�k�y
Effectively, eachbranchof the conclusionpropagatesthe resultof thecorresponding

recursive call: Ï���r staysÏf��r and c�� staysc�� 5. That is, therecursive valueis passed

onby theappropriatemonadiclifting Ü  Ýq�r3Ì]�FÜ . Hencethewholeprogramis

~	½�}A��Í x�qFsak�y x�q=s�k8y { c��£x b]c�k�y~	½�}A��Í x�qFsak�y x�q r(¾,y { Ïf��r|¾~	½�}A��Í x q r|\,y x�q=sNr�k�y { Ïf��rpx qFs�k�y~	½�}A��Í x q r|\,y x�q r(¾,y { Ü  �q rEÌ��FÜ�x�~	½�}A��Ía\N¾,y
By construction,this satisfiesthe threebasecaseequationsandreducesthestepcase

to

Û ��¾Nd�b]c�kaY�~	½�}A��Ía\Lx%XE¾,y_¶»Ïf��r|¾~	½�}A��Í�\N\�¶·c��£x b]c�k�yÛ ��¾Nd�b]c�kaYÞÜ  ßq�r3Ì]�FÜ8x ~	½�}A��Ía\Lx%X3¾,y3y_¶»Ïf��rpx q r|¾,yÜ  �q rEÌ��=Ü8x ~�½�}A��Ía\­\,y_¶»c��£x b]c¼r	k�y
5Matthew 5:37
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This holdsby rewriting theconclusionswith thehypotheses.Thedesiredextensional

introductionruleshave thusbeensatisfied.Thecorrespondingnon-computationalin-

versionrule, ~�½�}A��Í(� c-¡ , is therealprize:

kÈd]� �\¢d]b]c¼r	k¤ d]b]c�r�k¥� oÎnpÏ�Ð��Òx�b]c�k�y¢� ¨�©%ª,«
¤ \zx�c��Ñx�b]c�k�y¬y ¤ x ~	½�}Ac�\­¾,y�x�Ï���r|¾,y��¾­d�b]c¼r	kaY ¤ ¾ ~	½�}A��Í�\­¾

~	½�}A��Í(� c�¡ tells us that thereare two possibleoutcomesfrom ~	½�}A��Í and underwhat

circumstancesthey arise.Fixing ‘new variable’ \ , thenany ¾ is either\ (in whichcase~	½�}A��Í returnsc�� ) or an‘old variable’thinned(in which case~	½�}A��Í identifiesit). It is

a very usefulrule, becauseit effectively performsa constructorcaseanalysison the

outputof thefunction.Wewill seejustwhy this is sohelpful lateron.

Canyou guesshow we prove this rule? That’s right: by ~�½�}A��Í ’s recursioninduction

principle,makingsureto keep
¤

in thescheme,so thatany inductive hypothesesare

themselveseliminationrules.Westartwith

® ~	½�}A��Í(� c�¡�d�� k d�� �� \ d�b]cJr�k� ¤ d�b]cJr�kË� oÎnpÏ�Ð��Òx�b]c�k�y¢� ¨�©%ª,«�´à|á´d ¤ \Lx c��£x b]c�k�y3y�´à�â_d��-¾_d�b]c�k¤ x�~	½�}Ac�\N¾,y�x Ïf��r|¾,y��¾ãd�b]cJr�k¤ ¾ ~�½�}A��Í�\Ê¾
I have indicatedby boxing how the recursioninduction schemeis abstracted.We

acquirethreebasesubgoals,correspondingto thebasecasesof thefunction,andtheir

conclusionsall follow directly from à�â (off thediagonal)or à�á (for \Î{ä¾å{vx�q=s�k�y ).
It is on thestepsubgoalwhereyou shouldconcentrateany remaininginterestyou can

muster.
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® ~	½�}A��Í(� c�¡�Ø�Ø%d��-k d�� ��-\_��¾�d�b�cJr�k�-¾ t d�oÎn�Ï�Ðp�Ñx b]c�k�y�-Ù°¾°Ú_d�� ¤ d�b]c¼r	k¥� oÎnpÏ-Ðp�£x b]c�k�y�� ¨�©%ª(«�_à�á]d ¤ \Lx�c��Òx b�c�k�y¬y�_àæâ°d���¾�d�b�cJr�k¤ x ~	½�}Ac�\­¾,y�x�Ï���r|¾,y¤ ¾­¾ t� ¤ d�b�cJr3r�k¥� oÂn�Ï�Ð��Ñx�b]cJr�k8y¢� ¨�©%ª,«�_à|á·d ¤ x q r|\,y�x c��£x b]c¼r	k�y3y�_à�â»d��-¾_d�b�c�r	k¤ x ~	½�}AcÁx q r(\(y-¾,y�x Ïf��r|¾,y�-¾ d�b�cJr�k¤ x q r ¾ y�x+Ü  ßq rEÌ]�=Ü ¾ t y
We arenot yet in a positionto useeither à|á or à�â , becausewe do not yet know which

applies. In the conclusion,the computationis blocked at the point where Ü  �q rEÌ��=Ü is

appliedto ¾ t , the resultof the recursive call, not yet in constructorform. However,

caseanalysison the resultof the recursive call is exactly the effect of the inductive

hypothesis.Eliminatingwith theindicatedscheme,weobtain:

® ~	½�}A��Í(� c�¡�Ø�Ø ç-d �´à|á]d ¤ x q r|\,y�x c��£x b]c�r�k�y3y
¤ x q r|\,y�x+Ü  �q rEÌ��FÜ�x c��Ñx�b]c�k�y¬y3y® ~	½�}A��Í(� c�¡�Ø�Ø Õ-d �´à�â�d���¾�d�b]cJr�k¤ x ~�½�}AcÁx q r|\,y-¾,y�x Ïf��r|¾(y

��èéd�b]c�k¤ x q rpx ~�½�}Ac�\Nè�y3y�x%Ü  ßq�r3Ì]�FÜ8x Ïf��r|è�y3y
Thelifted q r now reduces,propagatingthetwo casescorrectly. Both conclusionsnow

follow from theindicatedhypotheses.Theeliminationruleholds.

In fact, theway the inductive stepwasprovenshows ushow this rule is usefulin the

wider setting.Applying this rule unblockscomputationswhich arewaiting to do case

analysison theresultof a call to ~	½�}A��Í , andthesearevery common.For example,we

maydefinethefollowing function:
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�7ê�ë� êw��d���k�d�� �ÄY���\­d�b]c¼r	kaY��¸²�d � n�oìk�Yfx�r�k§íîk�y
� \Lë� ²��w¾ { ~�½�}A��Í�\N¾c��£x b]c�k�y ²Ïf��r|¾ t ¡¸np��¾ t

�7ê8ë� êu� (pronounced‘knockout’) generatesa substitution(function from variablesto

terms)which removes \ , replacingit by a term ² over the ‘remainingvariables’. A

sourcevariable¾ otherthan\ , ie a x ~	½�}AcÄ\­¾ t y , is mappedto the ¾ t givenby removing\ from thevariablesetwithout reorderingtheothers.

Whenproving propertiesof �=ê�ë� êu� , wewill seeit reduceto thecaseanalysison ~	½�}A��Í .

At this point, eliminationby ~	½�}A��Í(� c�¡ hasexactly the effect requiredto unblockthe

computation.We areinterestedin whatcomesout of ~	½�}A��Í , sothemoreconventional

eliminationof whatgoesin is aclumsyway to proceed.

Now thatwehave thetoolsto work with variables,let usturnourattentionto terms.

7.2.2 the substitution monadsplits the renamingfunctor

Wehavealreadydecidedthattheobjectpartof thefunctor ï_��c�n�oÈ� is justtheidentity

on � � . It is alsofairly clearthata renamingbecomesa substitutionjust by composing¡´n�� on theback,ie

Ü  ×X_\j{ð¡¸np�´x%X%\,y
Hence¡´n�� is theidentity for substitution.

Theremainingprogrammingconsistsof thearrow partof ï_��c�n�oÈ� andthe ê��FÜ opera-

tion of ñ°��ÐprE~%ò —theeffecton terms.

It is fairly clearthatweshallhave

X��FÜ�xH¡´n���\,y¢{ X%\ (a monadlaw)X��FÜ�x�nÞópóz±�²	y¢{ãnÞópó»x�X �FÜf±�y�x�X �FÜ,²	y
...

It is notsoclearhow to push X undera binder. We needsomethinglike

...X��FÜ�x�mAnpoð²	y¢{ômAnpoãx�X t�õßöö ²�y
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where X t is thelifting of X which takesthesourceboundvariableto (a referenceto) the

targetboundvariable,andwhosebehaviour on thefreevariablesrespectsthatof X .
Now, wehavealreadydefinedmA}Aq ~ to lift renamings.How dowe lift substitutions?The

bound/freecaseanalysison thesourcevariableis easyenough.We know what to do

with theboundvariable,otherwisethecaseanalysisalsotells uswhich ‘old’ variableX shouldbe appliedto. The latter yields a term over the old variables,which must

thenberenamedto thefreevariablesin thetargetset.Now, we know thatthevariable

renamingis just q rEÌ , but weneedthis lifted to terms.Thatis, weneedsomethinglike

rEmA}Aq ~8X-x qFsaezy�{v¡¸np�_x qFsak�yrEmA}Aq ~8X-x q r|\,y÷{ Ü  �q rEÌ��FÜ�x%X%\(y
However, it is ê��FÜ whichwearetrying to define,andapplyingit recursively to theresult

of X is notstructural.

Onesolutionis to definetherenaming�[n operationin advance—wealreadyknow how

to lift renamings:

�[nøX�xF¡¸np��\,y¢{ð¡¸np�´x%X%\,y�[nøX�x nÞó�óz±�²Ýy¢{ônÞó�ó»x �[nùXE±�y�x���nøX[²	y�[nøX�x mAn�o
²	y�{ômAn�oãx �[núx mA}Aq ~�X=y´²�y
Oncewehavethis,wecandefinerEmA}Aq ~ with �[nzq rEÌ for Ü  ßq rEÌ��FÜ , leaving usfreeto define ê��FÜ
in termsof it.

As Altenkirch and Reuspoint out, this involves writing two very similar functions

over terms,whereonenonstructuralfunctionwould do. Of course,thenonstructural

function saves threelines of codeat the expenseof a well-foundedinductionon an

orderingwhich they mustexhibit andprove satisfactory. They suggestthat, turninga

blind eye to theproof obligations,thenonstructuralfunctionis preferable,expressing

thevaguehopethatthecarpetunderwhich they aresweepingtheactualwork will one

daybecomemagic.

As it happens,no carpetsarenecessary, magicor otherwise. ê��=Ü and �[n canbeimple-

mentedwith a singlestructurallyrecursive function, provided it is madesufficiently

parametric.Supposethatfor sometypefamily û wehavea function

X|d�b]c�e � û�k
Wecanmapthis functionacrossterms,providedweknow
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ü how to convert X outputfrom ûýk to terms
� npoék

ü how to representvariablesin û�k
ü how to lift functionsbetweenb]c setsand û sets

Wealreadyknow how to do thesethingswhen û is b]c , sowehaverenaming—wecan

thenbuild thethreeoperationsfor usewhen û is W : . .

In fact,wewill haveaneasiertimeproving themonadicbehaviour of substitutionif we

takethisopportunityto generaliselifting from insertingnew variablesat q=s to inserting

themanywhere—~	½�}A��Í and ~�½�}Ac make this just aseasyto implement. We only ever

use~	½�}A��Í onvariables,sothe‘how to lift’ requirementbecomes‘how to thin’.

Thegoalis

W�û d�� �þ� ¨�©%ª,«W�ÿ(û d���k�d�� ��Y�b]c�k¥� û�kW�û�����eÁd���k�d�� ��Y×ûýk¥� � npoékW�² Ù��uk�ûýd���k�d�� ��Y���\Nd�b�cJr�k�Y×ûýk¥� û¼r�k® oÂnÞó�d���eÁ��kad�� ��aX d�b]c�e � ûýk�¸² d � npoée� npoék
Subjectto theseparameters,wemayfirst build lifting for û from thethinningparame-

ter:

mA}Aq ~���d���eÁ��k�d�� ��Y���\Nd�b]c¼r	eÁY+��\ t d�b]c�r	kaY��aXEd�b]c�e � ûýk�Y�b]c¼r	e � ûºr�k
mA}Aq ~��a\N\ t�� ¾V{ ~	½�}A��Í�\N¾c��£x b]c�e�y ÿ(û�\ tÏf��r|¾ t ² Ù�� k�û�\ t x%X3¾ t y

\ is the ‘new’ sourcevariableand \ t is the correspondingtarget variable. The lifted

functionuses~	½�}A��Í to distinguishnew from old, andeitherembeds\ t via ÿ(² or thins

theresultof X with ² Ù�� k�û .

The oÂnÞó functionmaynow bewritten

oÎnÞóøX-xF¡¸np��\,y¢{¦û	����e¥xEX%\(yoÎnÞóøX-x nÞó�óz±�²Ýy¢{ônÞó�ó»x oÎnÞóùXE±�y�x�oÂnÞóøX[²	yoÎnÞóøX-x mAn�oð²	y�{ômAn�oãx oÎnÞóúx mA}Aq ~���x�q=s�eLy�x qFs�k�y�XFy´²	y
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Oncetheparametersaredischarged,wemaytake:

�[nî{ãoÎnÞóÎb]c�
 i ¡¸np��~�½�}Ac~	½�}Ac � Ì¸\¿{ã�[núx ~	½�}Ac�\,yê��=Ü�{ôoÂnÞó � n�o ¡¸np��
�
 ~	½�}Ac �

Notethatthenotionof lifting usedin renaming

mA}Aq ~��Êb]c�
�i_¡¸np�-~	½�}Ac§x�qFs�ezyax qFsak�y
is extensionallythesameasthe mA}Aq�~ functionwe definedearlier. This followseasilyby

invertingthe ~	½�}A��Í containedin mA}Aq ~�� . It thereforeinheritsall thesamefunctorproperties

via r3npoÈ������c���~	��� .
Our taskis now to plug theseinto therelevant functorandmonad.I amafraidto say

that a little forward planningat this point will pay dividendslater. I will motivateit

asbestI can. Both ����c��8~	��� and òz��c�n�� requiretheextensionalequalityof arrows

to berespected:conditionswhich will apply to both �[n and ê��=Ü . Sincetheseareboth

implementedby oÎnÞó , it is worthproving thispropertyfor oÎnÞó while theparameters

arestill abstracted.Thegoalis

® oÂnÞó����ld���eÁ��kad�� ��aX �%³Vd�b�c�e � û�k��Ù°¾°Ú�d���\�d�b]c�eXE\�¶ø³º\� \ d � n�o eoÂnÞóùX3\�¶ oÂnÞóå³z\
You will, I hope,beunsurprisedto learnthat thetechniqueI recommendis recursion

inductionon oÂnÞó . Either oÎnÞó will do—I have chosenthesecond.Threesubgoals,

oneata time:

® oÂnÞó�������d���e¢��kad�� ��aXZ�+³äd�b]c�e � û�k��Ù°¾°Ú÷d���\�d�b�c�eX%\�¶ù³¼\��\ d�b]c�eû	����e¥xEXE\,y_¶øû	����e¥x�³¼\,y
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Rewrite by Ù°¾°Ú . Next Y�Y�Y
® oÂnÞó�������d��-e¢��k�d�� ���XZ�+³vd�b]c�e � ûýk�-Ù°¾°Úúd���\�d�b]c�eX%\Ä¶ø³�\�-±��%² d � npoée�-± t �%² t d � npoék�-±EÙ°¾°Ú´d��aX d�b]c�e � ûýk��Ù°¾°Ú�d���\�d�b]c�eX%\Ä¶ø³�\oÎnÞó X3±p¶å± t�´²7Ù°¾°ÚadnÞó�ó»x oÎnÞóøX%±[y�x�oÎnÞó X×²Ýy_¶·nÞó�óz± t ² t

If weplug Ù°¾°Ú into ±EÙ°¾°Ú , wecanturn x oÎnÞóùXE±[y into ± t . Thesamethinghappenswithx oÎnÞó X-²	y . In fact, all the inductive proofs(implicitly) on
� n�o we shall encounter

in this thesishave an nÞópó casewhoseproof is ‘rewrite by theinductive hypotheses’.

Fromnow on, I shallomit them.

Of course,therealinterestis in the mAnpo case:

® oÂnÞó�������d���e���kNd�� ��aXZ�+³éd�b]c�e � ûýk��Ù°¾°ÚÈd���\�d�b]c�eX%\Ä¶ø³¼\�¸² d � npovr�e�¸² t d � npovr�k�¸²7Ù°¾°Ú�d��aX d�b]c¼r	e � û¼r�k��Ù°¾°Ú�d���\�d�b�cJr�eX%\Ä¶·mA}Aq ~��Äx�q=s�e�y�x qFs�k�y_³¼\oÎnÞóùX[²(¶ú² tmAn�oôx oÎnÞó»x mA}Aq ~���x�qFs�e�y�x qFsak�y�XFy´²	y�¶·mAn�o
² t
Now, equationrespectsfunctionapplication,sowemaystripoff thoseW s. Theconclu-

sionis now

oÎnÞó»x mA}Aq ~��Äx qFsak�y�x�q=s�e�y�XFy´²(¶ú² t
andthis is ripe for theinductivehypothesis,leaving uswith
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® Ù°¾°Ú t d���\�d�b�c�r	emA}Aq ~���x�qFs�e�y�x qFsak�y�X3\�¶»mA}Aq ~���x�qFs�e�y�x qFsak�y_³¼\
ExpandingmA}Aq ~�� , we find this is really

® Ù°¾°Ú t d���\�d�b�c�r	e~	½�}A��ÍÄx�qFs�e�y-\c��£x b]c�e�y ÿ(û�x qFs�k�yÏf��r(¾ ²7Ù��uk�ûÁx�qFs�k�y�x%X%¾(y { ~	½�}A��Í�x qFs�eLy-\c��Òx�b]c�eLy ÿ(ûÁx qFsak�yÏf��r�¾ ² Ù��uk�û�x qFs�k�y�x�³º¾,y
Thecomputationis blockedby thetwo ~	½�}A��Í applications,but we know how to invert

them.Indeed,sincethey havethesamearguments,wemayinvertthemsimultaneously.

Of course,in this instance,acaseanalysison \ wouldhave thesameeffect,but thatis

only becausewearethickeningat x qFs|k�y , andweknow how ~�½�}A��Í is implemented—we

wanttheeffectof inversion,sowedo inversion.We areleft with two cases:

®�� ��±���ç-d3ÿ(û ( qFs�k ) ¶åÿ(û ( qFs�k )®�� ��±���Õ-d���¾�d�b]c�k² Ù�� k�û§x qFsak�y�xEXE¾,y_¶ø² Ù�� k�ûÁx�q=s�k8y�x�³¼¾,y
Thefirst is reflexive; thesecondbecomessoafterrewriting with Ù°¾°Ú . We haveprovenoÂnÞó���� andmaynow dischargetheparameters.

Let us prove that renamingis functorial—wehave alreadysupplied ��� and �[n . It

remainsto prove theproperties.
� ����r3��� is justa specialcaseof oÂnÞó���� .

The
� ����r[� propertygivesusthegoal

® � ����r[�Ad��-e�d�� ��´²¼d � n�oée�[n�
 i� ²|¶ø²
Here, at last, my devotion to recursioninduction comesunstuck. The trouble is

twofold:

ü Theschemefor oÎnÞó recursioninductionis abstractedoverdifferentsourceand

target objectsand herethey are unified. The elimination tactic will supply a

constraintto resolve this,but it is a little clumsy.
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ü Theschemeis abstractedoveranarbitraryrenaming,but weareconcernedwith

averyparticularone.Againthetacticwill giveusaconstraint—thatthefunction

is intensionallyequalto 
 i . We will only haveextensionalequality, sotheproof

will not go through.

Thereis still muchwork to doto cometo anunderstandingof thecorrectmanipulation

of constraintsfor this kind of inductive proof. In the meantime,let us do structural

inductionon ² ! The ¡¸np� and nÞó�ó casesareeasy.6 Hereis mAnpo :

® � ����r[� � d��-e d�� ��´² d � npo r�e�´² Ù°¾°Ú_d��[n�
 i� � ²(¶ú²mAnpoãx �[núx mA}Aq ~��ÊY�Y�Y×x�qFsae�y�x�q=s�eLy�
 i� y´²	y_¶»mAn�oð²
We mayintroducethehypothesesandstrip off the mAn�o s. This leavesuswith Y�Y�YE¶B² .
The inductive hypothesislooks a bit like that, so let us try transitivity (or rewriting

backwards).

® � ����r[� t � d��[nøx�mA}Aq ~��NY�Y�Y�x qFs�eLy�x qFs�ezy�
 i� y´²|¶»�[n�
 i� � ²
Now we geta bonusfor proving oÎnÞó���� in advance.Thegoalasksus to show that

two renamingsdothesamethingto aterm ² . If weapply oÎnÞóp�-� , it is enoughto show

thatthey agreeateveryvariable:

® ±���e���d���\�d�b]c¼r	emA}Aq ~��NY�Y�Y[x qFsaezy�x qFsae�y�
 i� \�¶�
 i� � \
But mA}Aq ~��NY�Y�Y×x qFs�eLy�x qFsaezy hasthesamefunctorpropertiesas mA}Aq ~ , includingpreservation

of identity—exactly thegoalhere.

Next,
� ����r3� :

® � ����rE��d��¸²���¯°��±�d�� ��aX dE±�gji­²�´³ dE¯�g i ±� \ d � n�o ¯�[núx%X[µ i ³�y�\Ä¶»�[nùX �[n£³L\
6Trustme,I’m doingtheproofasI write this.
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Recursioninductionis oncemoreour friend. Eliminating the boxedapplication,we

againfind easy¡¸np� andnÞópó cases.The mAnpo caseis verysimilarto thatin theprevious

proof:

® � ����rE� � d��¸²¬��¯°��±]d�� ��aX dE±�gjil²�´³ dE¯�gji�±��\ d � n�o r	¯��\ t d � n�o r	±��Ù°¾°Ú d��¸²�d�� ��aX�d�r	±�g i ²�[n»xEX�µ]ilx�mA}Aq ~��NY�Y�YE³�y¬y-\�¶»�[nøX%\ tmAnpoôx���n»x�mA}Aq ~��NY�Y�Y�x%X�µ]i�³�y3y-\,y_¶·mAn�ohx��[n»x mA}Aq ~��NY�Y�Y�X=y-\ t y
Onceagain,stripthe mAnpo s,applytransitivity with theinductivehypothesisontheright,

andthen oÂnÞó���� , leaving:

® � ����rE� � d���\�d�b]c�r�¯mA}Aq ~��NY�Y�Y×x%X�µ i ³�y-\�¶»mA}Aq ~��ÊY�Y�Y�Xfx mA}Aq ~��NY�Y�Y%³¼\,y
Quellesurprise!Thepropertythatthelifting functorpreservescomposition!Renaming

is a functor!

Now let usturn to showing thatsubstitutionis monadic.We have alreadysupplied Ü  �ê
(compositionwith ¡´n�� ) and ê��=Ü . Sincetherepresentationof í is functional,we inter-

pretthesearrows by application.We mayalsosupplydirectly theKleisli  demanded

by ò���c�n��p� :

X! ³¼\¿{ X��FÜ�x�³#"%$,y
ò���c�n�� � reducesto reflexivity and òz��c�n��p� is trueby construction.���Z��c�~���� fol-

lowsbecause¡´n�� respectsequalitywhilst &(np��Í°�-� is aninstanceof oÎnÞóp�-� . ���Z��c�~	�
is reflexive. Only ñ°ópmA}A~ and &,n���Í°� requireany realwork.

ñ°ópmA}A~ says

® ñ°ópmA}A~Ed+��eÁ��kad�� ��aX d3evgjiak� ² d � n�oìeÜ  ×X��=Ü,²|¶ �[nùX_²
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We canprove this with exactly the sameplan asbefore. Recursioninductionleaves

easy¡¸np� and nÞó�ó cases.The mAn�o casereducesby thesamestrategy asbeforeto

® ñ°ópmA}A~'� d���\�d�b]cJr	emA}Aq ~��ÊY�Y�Y¬~�½�}Ac � x qFs�ezy�x�qFs�k�y�x+Ü  [X y-\Ä¶§¡´n���x�mA}Aq�~(�NY�Y�Y�~	½�}Ac§x�q=s�eLy�x qFs�k�y�X%\,y
That is, composing¡¸np� and lifting must commute. Both mA}Aq�~(� s, on expansion,are

blockedat x�~	½�}A��Í�x qFs�ezy-\(y . Inverting ~	½�}A��Í leavestwo trivial subgoals.

&,n���Í°� startsthesameway:

® &,n���Í°�÷d���¯°��±]�%²¬d�� ��aX d3±lí ²�´³ d3¯líÖ±� \ d � n�o ¯xEX! ³�y��=Ü�\�¶¦X��=Ü ³­�=Üf\
But aftertheusualstory, the mAn�o caseis reducedto

® &,n���Í°� � d���\�d�b]c�r	¯mA}Aq ~��NY�Y�Y�x%X) ³�y-\�¶·mA}Aq ~��ÊY�Y�Y�Xfx mA}Aq ~��NY�Y�Y%³¼\,y
This saysthat lifting for substitutionsmustrespectcomposition—weonly know this

resultfor renamings.Wecanboil thegoaldown a little furtherby expandingtheoutermA}Aq�~(� s andinverting their blocked ~�½�}A��Í s. This give us two cases:onefor the newly

boundvariable,just a reflexive equation,indicatingthat it is correctlypropagatedby

lifting; theother, for thefreevariables,is still awkward.

® &,n���Í°� � d���\�d�b]c�¯~	½�}Ac � x qFsl²�y�x�X��=Ü8x�³¼\,y¬y_¶hx mA}Aq ~��ÊY�Y�YpX=y��FÜ8x�~	½�}Ac � x�q=s�±[y�x�³¼\,y¬y
This is a specialcaseof the last lemmawe needto prove—acrucial fact aboutthe

relationshipbetweenthinningandsubstitution:
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® ~	½�}Ac�ñ°��Ð�rE~�d���eÁ��kad�� ���\ d�b�c�r	e��\ t d�b�c�r	k�aX d3e¥íÖk� ² d � n�oìe~	½�}Ac � \ t X��=Ü,² ¶hx mA}Aq ~��ÊY�Y�Yæ\N\ t X7y��=Ü�x ~�½�}Ac � \Ä²�y
Thatis, substitutingthenthinninghasthesameeffectasthiningfirst, thenapplyingthe

lifted substitution.

Thereis no point inventinga new proof planwhenanold onewill do. ¡¸np� and nÞópó
areeasyasbefore.Modulo theneedto switchbetweena mA}Aq ~�� ed ~	½�}Ac anda mA}Aq ~ ed ~	½�}Ac
(ie another~	½�}Ac ), we canagainreducethe mAnpo caseto anequationinvolving blockedmA}Aq�~(� s whichwesimplify by inversion,leaving uswith thefreevariablecase:

® ~	½�}Ac�ñ°��Ð�rE~ � d���¾�d�b]c�e~�½�}Ac � x q r|\ t y�x ~�½�}Ac � x qFs�k�y�x%X3¾,y3y_¶»~	½�}Ac � x qFsNr	k�y�x ~�½�}Ac � \ t x%XE¾,y¬y
Now ~�½�}Ac �

is just renamingvia ~	½�}Ac , sowhatwereallyhave is

® ~	½�}Ac�ñ°��Ð�rE~ � d���¾�d�b]c�e�[núx mA}Aq ~�x ~�½�}Ac�\ t y¬y�x �[n»x q rEÌ�y�xEX%¾,y3y_¶·�[núx q r � Ì�yax �[n»x�~	½�}Ac�\ t y�x%X%¾,y¬y
Wemayrewrite bothsidesby thepropertythatrenamingpreservescomposition(back-

wards):

® ~	½�}Ac�ñ°��Ð�rE~ � d���¾�d�b]c�e�[núx3x�mA}Aq ~�x ~	½�}Ac�\ t y3y_µ]i�q rEÌ�y�x%X%¾(y�¶·�[núx q r � Ìaµ]ilx�~	½�}Ac�\ t y3y�x%XE¾(y
But all the mA}Aq ~ doesis shuffle q�r through x�~	½�}Ac�\ t y . The two sidesof theequationare

intensionallythesame.Wehaveproventhatsubstitutionis monadic.

7.3 a correctfirst-order unification algorithm

This is themainexampleof dependentlytypedfunctionalprogrammingin this thesis.
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I proposeto studyunificationfor ‘treeswith holes’.Thealgorithmis avariationonthe

themewhichgoesbackto Alan Robinson[Rob65]. It is theprogramimplementingthe

algorithmwhich is new, andwhich benefitsfrom thedependenttypesystemin a way

which is justnotavailablein thesimplytypedworld, evenwith theremarkablehigher-

orderpolymorphicextensionswhicharebecomingavailablein themoreupmarketsorts

of programminglanguage.Herewe shallmake critical useof the fact thatour types

dependondata—realdatawith eliminationaswell asintroductionrules.

Justaswith
� npo , let usrepresentvariablesvia b]c , but sincetreeshavenobinding,we

mayfix thenumberof variablesasaparameterof thetype.

ü formationrulekÈd]� �~	�����ºk£d�¨�©%ª(«ü constructors\¢d]b]c�k¡´n���\¢d]~	�����ºk mA��npq Ì d�~	�����ºk ±°�%²8d]~������¼kqZ����Íp±�²�d�~	�����ºkü eliminationrulekÈd]� �¤ d]~	�����ºk¥� ¨�©%ª,«

¤ xF¡¸np��\,y ¤ mA��npq Ì
¤ ± ¤ ²Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y¤ x�qZ����Íp±�²	y� ²�d]~	�����ºk Y ¤ ²

We may constructthe renamingfunctor andsubstitutionmonadfor ~������ following

muchthesamepathasfor
� n�o , but without thework requiredto copewith binding.

For thissection,let ushave

evg+*-k¥{-, ~������¼e � ~	�����ºke¥í k¥{., b]c�e � ~	�����ºkï_��c�npoÈ�»d]����c��8~	���_�Ab�c_�(�A~������8�ñ°��ÐprE~+òvd|òz��c�n��§ï_��c�npoÈ�
íñ°��ÐprE~0/ { /-mA��}ArEmA}+ñ°��ÐprE~%ò
Within this framework, wemayequipsubstitutionswith thepreorderinducedby prior

composition:
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X! ³21ô³
Thetaskof unifying some±°�%²pd�~�������e is to find (an k and)anarrow X_d�eðíôk such

that

X��FÜ-±Ñ{ X �FÜ,²
if any exists,andin particular, to find onewhich is maximalwith respectto theabove

ordering.

Unificationis thusanoptimisationproblem,andit is worthspendingalittle timethink-

ing aboutsuchproblemsin general,beforeproceedingwith thisparticularexample.

7.3.1 optimistic optimisation

Unificationis just oneexampleof a probleminvolving optimisationwith respectto a

conjunctionof constraints.I shouldlike to draw your attentionto a particularclassof

constraintwhichmakessuchproblemsvulnerableto a reassuringlynäıve technique—

optimism.

Thatis, webegin by guessingthattheoptimumis thebestthingwecanthink of. Then,

aswe encountereachconstraintin turn, we continueto think the bestthat it allows,

reducingourcurrentguessby only somuchasis necessary. Oncewehaveworkedour

way throughall theconstraints,it is to behopedthatourfinal guess,howeverbattered

by bitterexperience,is genuinelyoptimal.

This hopeholdstrue if eachconstrainthasthepropertythatoncea solutionhasbeen

found,anything smallerremainsa solution. Let us call suchconstraintsdownward-

closed, or closedfor short.This propertyof constraintsgivestheunderlyingrationale

to the transformationof recursive optimisationalgorithmswhich relativisesthemto

anaccumulatingsolution—atechniquewhichhasalreadyfoundits way into theauto-

matedsynthesisof (partsof) aunificationalgorithmin [ASG99].

Wecangivearecordtypecharacterisingsuchpropertiesfor arrowsorderedby compo-

sition. Fixing a category anda sourceobject 3 , we mayrepresenta closedconstraint

on 3 out-arrowsasinhabitantsof therecordtype �ºmA��rE�4�53 with fields:

6 ½,Ï´d �¸ûaY°x73¢g û�y÷� ¨�©%ª,«�ºmA��rE�4�p�-� d �¸ûaY+�aX��+³ºd'3÷g û�Y-X98V³v� 6 ½¸ÏLX � 6 ½¸Ï�³�ºmA��rE�����Þd �¸ûaY+�´³�d'3÷g û�Y 6 ½¸Ï�³ð� �.:�Y��aXEd	ûÂg :¼Y 6 ½,ÏLX�µN³
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Note the extra conditionthat the constraintmustnot distinguishextensionallyequal

arrows. This is thepriceof allowing functionalrepresentationsof arrowsin intensional

typetheory.

We mayfurtherdefinewhat it meansto bemaximalwith respectto sucha constraint.

Fixing andopeninga �ºmA��rE�4�;3 record,andalsofixing atarget û andanarrow X|d<3¢gû , wemaycollecttherelevantconditionsin a record òzn�=�}AoÂn�m�X with fields:> ��m?�pr×d 6 ½¸ÏLX�[np�8~	����r×d �.:�Y��´³¼d'3¢g :�Y 6 ½,Ï�³
� ÔA@ dfûÈg :ºY�³�8 @ µ�X
Thatis, X mustbea solution,andeveryothersolution ³ mustbesmallerthan X , with a

witness
@

suchthat ³B8 @ µ(X . Wemayeasilyprovethatmaximalityrespectsextensional

equalityof arrows.

Next, let usdefineanoperatorwhichconjoinsclosedconstraints.C �EDjd��.3´Y��GFN�IHåd��ºmA��rE�4�53_Y��ºmA��rE�4�53C �ED � 6 ½,ÏL{BFKJ3�ºmA��rE�4�p�-�»{LF�M�N�J3�ºmA��rE�����È{LF�OQP� � 6 ½,ÏL{�HRJ3�ºmA��rE�4�����»{SHTM	N�J3�ºmA��rE�����£{UH�OQP  {þ� 6 ½,ÏL{ W(û�Y[W�XZYfxVF·X7yXWlxYH¿XFyZJ�Y�Y�Y% 
Theproofsof thepropertiesareunremarkable.

Theoptimisticstrategy ateachconstraintF extendsanaccumulatedguess³ by enough

of an X that FNY 6 ½,ÏåXæµ�³ holds. We may regard this aseffectively constrainingthe

witnessesX to the existenceof solutionsto F boundedby ³ . The constrainton X is

closedprovided F is. Let usthereforeconstructanoperator

&,����c[� d��.3_�%û8Y��´³¼d\3¢g û�Y��ºmA��rE�4�53V� �¼mA��r3�4�Âû&,����c[�å³£� 6 ½,Ï�{LFKJ3�ºmA��rE�4�p�-�»{LF�M�N�J3�ºmA��rE�����È{]F�OQP� {þ� 6 ½,Ï�{äW�:ºY[W�X%d�ûåg :ºY�F»X�µ­³^J�Y�Y�YE 
Again,thepropertiesareeasilyproven.

Wearenow readyto prove theoptimist’s lemma:

®`_ ó�~	}AoÈ}ArE~3d��Ga��I3´�%ûËd)b� � PcFÊ� � P�H¼d��ºmA��rE�4�da�´³ d�aäg 3�Ge<f���\ d°òzn�=�}AoÎnpmgFÎ³�aX d)3÷g û�)hifj��\ d°òzn�=�}AoÎnpm]x�&(����c[�å³;Fpy�Xòzn�=�}AoÎn�m°x C �EDkFlH�y�x%X�µN³�y
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This is thekey stepin thecorrectnessproof for theoptimisticstrategy. It tellsusthata

conjunctionx C �EDmFRHÄy maybeoptimisedby extendingtheoptimum ³ for F with just

enoughX to satisfy H . Theproof is not very difficult, which is oneof thereasonswhy

I like it.

First, let us unpackthe definitionsby the eliminationrulesfor the argumentrecords

andintroducethehypotheses:

Wna��I3´�Eû d)bWnF d]Y�Y�YWnF�M	N d]Y�Y�YWnF�OQP d]Y�Y�YW�H d]Y�Y�YW�H�M	N d]Y�Y�YW�H�OQP d]Y�Y�YW|³ d�a g 3Wne<o�pqPsr°± d�F§³Wne<t�� � ²(p�¯E±�d(�-: d)b�vu d�a g :�9F[w�d�FluÔA@ d)3÷g :ux8 @ µÊ³W�X d)3÷g ûWZhie<o�p<Pcr°±Vd)H¿X[µ­³WZhie<t�� � ²(p�¯E±°d(�-: dyb�vu dy3¢g :�-HKw`e_dyHzuNµ­³ÔA@ d[ûåg :ux8 @ µ�X® e���\ d°òzn�=�}AoÂn�m°x C �EDkFlH�y�x%X�µ­³�y
Wemayalsoattackthegoalwith theintroductionrulesfor recordsandimplications:

® F�h'e�d�F»X�µN³® H4hie´dyHjX�µN³W�: dybW�u d�a g :WnF�wäd�FkuW�HKw¢dyHzu® @ d[ûåg :® wqM	N�dXuT8 @ µ�xEX�µ­³�y
214



Now, HéX�µý³ is alreadyknown to hold, and F X�µý³ follows by F�OQP from e<oTpqPcr°± , so

we have certainlyfounda solutionto thecompositeproblem. It remainsto show the

optimalityby expressingthehypotheticalsolution u assomeÙÄµ�X�µN³ .

The proof successively exploits the optimality of the solution to eachsubproblem.

Firstly, weusee<t�� � ²Vp�¯E± to acquirefor some
@ t(dq3¢g :

u{8îÙ t µN³
By HTM	N , wenow know that HÈÙ t µN³ , hencehie<t�� � ²Vp�¯E± givesusan ÙÁdfûåg : with

@ t 8 Ù�µ�X
Wesupplythis

@
asthewitness,for wehave

u{8îÙ t µN³|8 x=Ù�µ�XFy_µ­³|8 ÙÄµ�x%X�µN³�y
asrequired.

Notethattheproof doesnot make useof H�OQP . In effect,we canoptimisewith respect

to a collectionof constraintsall but oneof which aredownward-closed,aslong aswe

addressthenon-closedconstraintlast—it is nota freedomweshallneed.

The
_ óp~	}Aoå}ArE~ lemmaallows us to solve a complex closedconstraintby recursively

decomposingit into an equivalentconjuctionof simpler closedconstraints,eachof

which we addressin turn, accumulatingthe solution. Accordingly, we shall needa

bookequivalenceonclosedconstraints

������} ¡£d��.3_Y��ºmA��rE�4�53V� �ºmA��rE�4�53V� ¨�©%ª,«������} ¡Î� 6 ½,ÏL{]FAJ�Y�Y�YE J� 6 ½,ÏL{�HRJ�Y�Y�Y% {£�¸û�Y��aX%d\3¢g ûaY�x}F»X � H¿XFy�W­x7H¿X � F·X=y
togetherwith a proof ������} ¡pò�n�= that for equivalentconstraintsanarrow maximising

onealsomaximisestheother—this is easy.

Lotsof algorithmsfollow theoptimisticstrategy, from finding thelargestelementof a

nonemptylist of numbersto principaltypeinferencefor ML. Let usseehow it works

for unification.
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7.3.2 optimistic unification

A unifierfor ±°�%²8d]~	�����ae is asubstitutionX|d�e¥íÖk subjectto theconstraintX��7Ü ±-¶éX �FÜß² .
We maythusconsiderthecomputationof mostgeneralunifiersto beanoptimisation

problemover theKleisli category ñ°��ÐprE~I/ inducedby thesubstitutionmonad.Fortu-

natelyfor us,theconstraintis downward-closed.Wemayconstruct

~ c�}Ab]��r�±�²�d]�¼mA��r3�4�ze~ c�}Ab]��r�±�²L{ � 6 ½¸Ï�{þW°kaY[W�X Y­X��=Ü�±�¶ X��FÜ�²�J�Y�Y�Y% 
Thetwo propertiesareeasilyproven.Extensionalequalityof arrows in ñ°��Ðpr3~0/ means

exactly that they have thesameeffect on terms.Downwardsclosurefollows from the

fact that the interpretationof arrows in the Kleisli category—substitution—respects

composition.

It is easyto provide the justification for the structuraldecompositionof rigid-rigid

problems:

������} ¡ x ~ c�}Ab]��r�x q ����Íp±n�¸²��3y�x�qZ����Í�±)��²Y�+y3yx C �EDþx ~ c�}Ab���r�±n��±)�+y�x ~ c�}Ab]��r�²��´²Y��y3y
Wemayrepresentout-arrows from e by adependentpair

q � ��oée {., Ô k£d]� ��Y3e¥í k
Wemightwell guessthatthetypeof theunificationalgorithmshouldbe

oj���£d���e�Y���±°�%²�d�~	�����ºeÁY�oÎn�Ï�Ðp�Ñx q � ��oéeLy
Theadoptionof theoptimiststrategy meansdefining oj��� in termsof a subfunctionÐpoj��� computingunifierswhicharemostgeneralrelative to anaccumulatedbound.

Ðpo����Èd���eÁY���±°�E²�d�~	�����ºe�Y�q � ��oée � oÎn�Ï�Ðp�Ñx q � ��oéeLy
Theidentitysubstitutionis thebiggestsubstitutionin thecompositionordering,sowe

take

oj��� � ±�²L{ôÐ�oj����±�²��7e�J�
� 
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Note that for any given ± and ² this function is an arrow in the Kleisli category of

the oÎnpÏ�Ð�� monad—wealreadyknow how to propagateunificationfailurescorrectly.

Thissuggestsa functionaldefinitionof Ð�oj��� , with therigid-rigid casesgivenby:

Ðpo���� mA��npq � mA��npq � { W�XZY�Ïf��rÞXÐpo���� mA��npq � x�qZ����Í�±�²�y { W�XZY�c��Òx�q��Z��oéezyÐpo���� x�qZ����Í�±p² mA��npq � { W�XZY�c��Òx�q��Z��oéezyÐpo���� x�qZ����Íp±n�¸²i�3y x�qZ����Íp±)��²Y��y { x�Ðpo����L²��´²7�+y. �x Ð�oj���Ä±��-±)�+y
...

So far, this is structuralon terms. The troublecomesoncewe encountera variable.

How do we unify a variablewith a tree, relative to a nontrivial boundingguess³ ?

Thetraditionalapproachis to unloadtheaccumulator³ , andwe mayeasilyprove the

lemma
~ c�mA��n��

������} ¡ x�&,����c[�å³£x ~ c�}Ab���r�±p²�y3y x ~ c�}Ab]��r�³N�=Ü�±�³N�=ÜÝ²Ýy
Unfortunately, applyingthesubstitutionblows up the terms,sothecorrespondingre-

cursive programis not structural. This is whereyou might think we needto impose

anexternalterminationorderingor accessibilityargumentwhichexploits thefactthat,

althoughthesubstitutionsblow up theterms,they do getrid of variables.In fact,this

is not thecase.

7.3.3 dependenttypesto the rescue

Incidentally, I have just noticedthat Augustssonand Carlsson’s paper[AC99] also

containsasectionwith this title—I expectit to becometraditional.

Now, we certainlyneedto exploit thepropertythat theaccumulatedsubstitutiongets

rid of variablesasit blowsupterms.Everydevelopmentof unificationin theliterature7

doesthis externally to the program,by meansof a moreor lessad hoc termination

ordering.This invariablyrequiresanauxiliary functionto countthedistinctvariables

in a termandan auxiliary lemmawhich relatesthe valueof this functionbeforeand

afterasubstitutionsubjectto theoccurcheck.

That is to say, a vital componentof the sensemadeby the unificationalgorithmhas

beenabsentfromeveryoneof its implementationsuntil now—understandably, because

the datastructureswhich manifestthat sensehave not beenavailableuntil now. The
7or at leastthosewhichcareabouttermination
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point is that by explaining termsasbuilt over a finite context of variables,we have

equippedthemwith exactly thenaturalrecursive behaviour which we need.To count

the numberof variablesin a term is to make a posteriorphenomenonof what is, at

leastto structurallinguists[Sau16],a prior requirementfor thetermsto beconsidered

meaningful.Thenumberof variableshasfinally arrivedwhereit belongs—inthetype

of terms.

Look againat thetypeof Ðpo���� :

Ðpo����Èd���eÁY���±°�E²�d�~	�����ºe�Y�q � ��oée � oÎn�Ï�Ðp�Ñx q � ��oéeLy
This entitlesusto proceednot only by structuralrecursionon trees,but alsoby struc-

tural recursionon e . I cannotstresstoo stronglythat it is the indexing of typeswith

termswhich allows this. Parametricpolymorphismis not enough,becausewe cannot

computeon types.Therearestructuralformsof computationavailablein our depen-

dentlytypedsettingwhich just cannotbefoundin simply typedlanguages.

TherecursivestructureI thereforesuggestis lexicographic,first on e andthenon ± . If

weareunifying treesover r	e variables,weareentitledto makerecursivecallsfor any

treesover e variables,however large.

Of course,the numberof variablesmust not merely be decreasing—itmust do so

in a structuralway, oneat a time if we areto avoid further appealsto well-founded

recursion.Wehavealreadyseenhow to defineasubstitutionwhichgetsrid of asingle

variablevia the �=ê-ë� êu� function.Hereit is again:

�7ê�ë� êw��d���k�d�� �ÄY���\­d�b]c¼r	kaY��¸²�d�~������¼k�Yfx�r	kÎíÖk�y
� \Lë� ²��w¾ { ~�½�}A��Í�\N¾c��£x b]c�k�y ²Ïf��r|¾ t ¡¸np��¾ t

�7ê�ë� êw� caneasilybe shown to have extensionalbehaviour (or, thinking relationally,

introductionrules):

� \Lë� ²��w\Ä¶ú² � \Lë� ² �Ýx�~	½�}Ac�\N¾,y_¶Î¡´n���¾
Thesefollow directly from theestablishedextensionalbehaviour of ~	½�}A��Í . Thecorre-

spondinginversionrule, Í°c�����Í°����~+� c-¡ , followsfrom ~	½�}A��Í(� c�¡ :
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Í°c�����Í°����~+� c-¡
evd]� �\¢d]b]c¼r	e²�d�~	�����ºe¤ d]b]c�r�e � ~������¼e � ¨�©%ª,«

¤ \Ä² ¤ x�~	½�}Ac�\N¾,y�xF¡¸np��¾,y¤ ¾L� \zë� ² �w¾
If our accumulatoris a compositionof �7ê�ë� êw� s, we may apply it onestepat a time

wheneverwereachavariable.In fact,this is notmerelyastructuralway to dounifica-

tion, but alsoquiteanefficient one. Of course,we mustconstraintheaccumulatorto

take this form, andtheeasiestway to do this meansabandoningour functionalrepre-

sentationof substitutionin favourof a moreconcrete‘associationlist’ treatment.

Let usthendefinethefollowing datatype

ü formationrule e���k£d�� �n�mA}ArE~°eùk£d]¨�©%ª(«
ü constructors npc�}AmAÌ d]n�mA}ArE~fk�k \¢d]b]cJr�e ²�d�~	�����ºe ³úd�npmA}ArE~feøknp����c�r(\�²|³úd�npmA}ArE~|r�eùk

This datatypeis a combinationof a conventionalassociationlist andthe Å relation.

It is definablein ALF, COQ and OLEG, but not in Agda or Cayennebecauseof its

nonlinearbaseconstructortype.

Wemayequipit with

ü acompositionwhichbehaveslikeappendfor associationlistsandtransitivity forÅ XX��npc�}Am { XXX�Êx n��8��c�r,\�²|³�y { n��8��c�r|\Ä²�x%X���³�yü aninterpretationvia �=ê�ë� êu� into ñ°��Ð�rE~0/npc�}Am9� { 
x n��8��c�r(\�²�XFy�� { xEX��ly� �� \�ë� ²��
Correspondingly, we may manufacturea concretecategory

C�� }Ar3~Jd8�º��c��8����~	�ånpmA}ArE~
with
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 = n�c�}Amµ = �� � e�� � = ~	�����ºe� �w³8� � = ³��Ä�FÜ
Thereis trivially a functorfrom

Cº� }ArE~ to ñ°��Ð�rE~0/ whichdoes� to arrows,becausethe

interpretationsof arrows in sourceandtargetarethesame.

It is amongstthe arrows of
Cº� }ArE~ that I proposewe searchfor unifiers,althoughwe

shouldstill show thatany mostgeneralX computedyieldsamostgeneralX�� in ñ°��Ð�rE~0/ .
Correspondingly, let ustake

q � ��oée {., Ô k£d]� ��Y�n�mA}ArE~feøk
anddefine

Ðpo����Èd���eÁY���±°�E²�d�~	�����ºe�Y�q � ��oée � oÎn�Ï�Ðp�Ñx q � ��oéeLyoj���£d���e�Y���±°�%²�d�~	�����ºeÁY�oÎn�Ï�Ðp�Ñx q � ��oéeLyoj����±�²L{ãÐ�oj����±�²ænpc�}Am
We now have all we needto outline a structurallyrecursive defininition of Ð�oj��� ,

deferringthetreatmentof thebasecases:

220



Ðpo���� � mA��n�q � mA��n�q � Xh{ Ïf��rÞXÐpo���� � mA��n�q � x q ����Íp±�²	y Xh{ c��Òx�q��Z��oéezyÐpo���� � x q ����Íp±�²	y mA��n�q � Xh{ c��Òx�q��Z��oéezyÐpo���� � x q ����Í�±n�´²��¬y x q ����Í�±!��²7�+y Xh{x�W8XZY�Ð�oj��� � ²��´²7�ÞXFy��FÜ8x�Ðpo���� � ±���±`�ÊXFy
Ðpo���� � � xF¡¸np��\,y xF¡¸np��¾,y Xh{Xn�c�}Am Ïf��rpx ��mA�4=���mA�4=�\­¾,ynp����c�r(èa¯p³ Ü  �x���=�~	��c[�zè�¯[y��FÜx�Ðpo���� � � èÄë�î¯��	�7Ü+xF¡¸np��\,yz� èÄë� ¯��Ý�FÜ�xF¡¸np��¾,y_³�y
Ðpo���� � � xF¡¸np��\,y mA��npq � � Xh{Xn�c�}Am ��mA�4=�ï_}?��}?��\�mA��n�q � �np����c�r(èa¯p³ Ü  �x���=�~	��c[�zè�¯[y��FÜx�Ðpo���� � � èÄë�î¯��	�7Ü+xF¡¸np��\,yz� èÄë� ¯��Ý�FÜÝmA��npq � � ³�y
Ðpo���� � � xF¡¸np��\,y x q ����Íp±�²	y Xh{Xn�c�}Am ��mA�4=�ï_}?��}?��\zx�qZ����Íp±�²Ýynp����c�r(èa¯p³ Ü  �x���=�~	��c[�zè�¯[y��FÜx�Ðpo���� � � èÄë�î¯��	�7Ü+xF¡¸np��\,yz� èÄë� ¯��Ý�FÜ�x q ����Í�±�²	y_³�y

... andthesymmetriccasesY�Y�Y
where

��=�~	��c[�Lè�¯Á� kQJ+³� Á{ � k�J3n��8��c�r|è�¯p³� 
and Ü  ��9=�~	��c[�zèa¯��FÜ is its failure-propagatingimage.

7.3.4 correctnessof

In thespirit of refinement,let usnow reducecorrectnessof theunificationalgorithmto

correctnessof ��mA�4=���mA�4= and ��mA�4=�ï_}?��}?� . We havenot yet definedthelatter, but we can

motivatethedefinitionby seeingwherewegetstuck.

Hereis thespecificationof oj��� in theform of aninversionprinciple o������ c�¡ :
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o������ c�¡
evd]� �±��%²�d]~	�����ºe ¤ d]oÂn�Ï�Ð��Òx q �Z��oìeLy�� ¨�©%ª(«

� � ~ c�}Ab]���[±�²Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y¤ x c��£x q � ��oéeLy3y
X�d]npmA}ArE~°eùkòzn�=�}AoÎnpm]x ~ c�}Ab]��r�±�²	y�xEX�� yY�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y¤ x�Ïf��rz� kQJ�X= 3y¤ x o�����±�²	y

where

� � ~ c�}Ab]���[±�²L{-, ��k�Y��aXEdZeËíÖkaY­X �FÜ�±VÆ¶ X��7Üß²
Wecanprove o������ c�¡ from aninversionprinciple Ð�oj����� c-¡ for Ðpo���� :

Ð�oj���p� c-¡
evd]� �±��%²�d]~	�����ºe¤ d]q��Z��oée � oÎn�Ï�Ðp�Ñx q � ��oéezy�� ¨�©%ª,«

³úd]n�mA}ArE~°eùk�l� ~ c�}Ab���� ³����7Ü ±Á³����FÜß²Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y¤ � k�J�XF �x�c��Ñx�q��Z��oée�y3y

X|d�n�mA}ArE~feøk³»d]n�mA}ArE~fk�k tòzn�=�}AoÎn�m°x�&,����c[�»x%X	� yax ~ c�}Ab]��r�±�²�y3y�x�³��lyY�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y¤ �7k�J�XF �x�Ïf��r�� k t J+³��°X7 ¬y�aXEd�q � ��oéeÁY ¤ X-x�Ðpo�����±p²�XFy
The proof simply expandsoj��� in termsof a call to Ð�oj��� which is theninverted.

This leaves Ð�oj���p� c-¡ subgoalswith ³ instantiatedto n�c�}Am . Recallthat n�c�}Am�� is just
 . Thepropertiesof
Cº� }ArE~ and ñ°��Ð�rE~0/ thenreducethesesubgoalsto thoseof oj����� c-¡ .

The interestingwork is proving Ðpo������ c-¡ . Of course,like all our other proofsof

non-computationalrulesby recursioninduction,theproof is by recursioninductiononÐpoj��� keeping
¤

universallyquantified. In the subgoalsinvolving variables,let us

alsofollow theprogramanddocaseanalysisontheaccumulatedsubstitution.Wemay

classifythesubgoalsasfollows

ü rigid-rigid off-diagonal(alsoknown as‘conflict’)
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Herewe aretrying to unify mA��npq with qZ����ÍÊ±Ê² . Ð�oj��� returnsc�� , sowe must

applythe c�� case.This leavesusproving

® Pc���ghit�p�¯�wæd��-k d�� ��_³ d�npmA}ArE~feøk�-�I�`r�d°³����7Ü	mA��n�q|¶ ³����=Ü+x q ����Í�±p²�y�
Fortunately, reducing ê��FÜ pushesthesubstitutionundertheconstructors,leaving

uswith ahypothesis

���!rÁd]mA��n�q|¶»q ����Í£³����7Ü�±�³����7Üß²
Thegoalcanthusbeprovenby theunificationtacticfrom chapter5.

ü rigid-rigid on-diagonal(alsoknown as‘injectivity’)

Correctnessfor mA��npq with mA��n�q is veryeasy.

As for x�qZ����Í�±n�_²i�¬y and x q ����Í�±)��²\�+y , thecomputationreducesthegoalconclusion

to ¤ Xfx+x�W�X�Y�Ð�oj��� � ²��´²7��X=y��FÜ�x Ðpo���� � ±n��±)�ÊXFy¬y
If my propagandahasworked,you shouldnow expectme to usethe inductive

hypothesesto invert therecursive calls. I shallnot disappointyou. This leaves

uswith four subgoals.

In threeof them,theunificationhasfailedsomewhereandtheultimatevalueisc�� —the inversionwill give us a proof of � � ~ c�}Ab]���f±�Ó(²�Ó for some� . We may

usethis to show thattheoriginal q ����Í shavenounifier.

Otherwise,wehavesubstitutions
@

and ³ , togetherwith proofsof

W�e<f���\�d°òzn�=�}AoÂn�m°x�&,����c[�»x%X�� yax ~ c�}Ab]��r�±X��±!�+y3y�x�³�� yW]Ù<f���\�d°òzn�=�}AoÂn�m°x�&,����c[�»x3x�³��°X7y��lyax ~ c�}Ab]��r�²��´²7�%y3y�x @ � y
Unificationhasreturnedx @ �×³�y��fX andapplyingthe Ïf��r caseleavesus trying to

prove.

® e<p!�qP�d°ò�n�=�}AoÎnpm]x�&(����c[�»x%X��lyax ~ c�}Ab]��r�x q ����Í�±n�´²���y�x�qZ����Í�±)��²\�+y3y¬y�x3x @ ��³�y��ly
By �-�p��} ¡pòzn�= with

~ c�mA��n�� , followed by structural decompositionandCº� }ArE~EY ï_��rEó�� thisbecomes
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® e<p!�qP�d°ò�n�=�}AoÎnpm]x C �EDþx ~ c�}Ab]��rÁX����=Ü�±��÷X��Ä�=Ü�±n�¬yx ~ c�}Ab]��rÁX����7ÜÝ²��÷X��Ä�FÜ�²7�%y3y�x3x @ �ly� �x�³�� y¬y
Applying

_ ó�~	}AoÈ}ArE~ , weacquiretwo subgoals

® e<p!�qPV�fd°ò�n�=�}AoÎnpm]x ~ c�}Ab]��rÁX��Ä�=Ü�±n��X����7Ü�±n��y�x�³��ly® e<p!�qP(�°d°ò�n�=�}AoÎnpm]x�&(����c[�»x�³��ly�x ~ c�}Ab]��r�X����7Üß²i�¢X��Ä�=Üß²7�+y¬y�x @ �ly
In theformer,

~ c�mA��n�� backwardsletsusmove X outasabound,giving usagoal

which follows immediatelyfrom e<f���\ . In thelatter, we mayshuffle thebound

inside,thenapplycompositionlaws to get

® e<p!�qP � d°ò�n�=�}AoÎnpm]x ~ c�}Ab]��r¢x�³��°X7y����7Üß²i��x�³��°X=y����7Üß²Y�+y3y�x @ �ly
Now, pulling out thecompositionasabound,wereducethegoalto Ù<f���\ .

ü flexible caseswith np����c�r|è�¯p³
All of thesework thesameway. Wehavesome

Ðpo�����±�²�� kQJ¬np�8��c�r|è�¯p³� 
whereeither± or ² is avariable.This reducesto

Ü  ���=�~	��c[�zèa¯��=Ü8x Ð�oj���Î� è�ë�Ö¯��u±l� èÄë� ¯���²|³�y
Inverting the recursive call with the inductive hypothesis,we find one of two

things

– � � ~ c�}Ab]���l³����7Ü�x+� è�ë� ¯��	�7Ü�±�y�³L�Ä�=Ü�x+� è�ë� ¯��	�FÜß²	y
andwemustprove

�l� ~ c�}Ab����Äx�np�8��c�r|èa¯p³�y����7Ü�±Èx n��8��c�r|è�¯p³�y��Ä�=Üß²
But x np����c�r�èN¯ ³�ym� is just x�³�� y� �� èÈë� ¯�� , so it is just a questionof

pushing ê��=Ü throughthecomposition.

–
@

suchthat òzn�=�}AoÎnpm]x�&(����c[�»x�³�� yax ~ c�}Ab���r�� èÄë� ¯��w±l� è�ë�Ö¯�� ²	y3y�x @ �ly
andwemustprove

òzn�=�}AoÎnpm]x�&(����c[�»x¬x np����c�r|èa¯p³�y��ly�x ~ c�}Ab]��r�±�²	y¬y�x @ �ly
Theproof is easyboundshuffling andcompositionhacking.
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ü flex-flex basecase

Thecomputationof

Ðpo����§xF¡¸np��\(yaxF¡¸np��¾,y,npc�}Am
hasreducedto

Ïf��rpx ��mA�4=���mA�4=�\N¾,y
We may safelypresumea Ï���r answer, becausewe are in either the ‘identity’

or the ‘coalescence’situation,accordingas \ equals¾ or not. Hence,we must

choosethe Ïf��r casein theproof, leaving uswith theobligation

® e<p!�qP�d°ò�n�=�}AoÎnpm]x�&(����c[��
�x ~ c�}Ab���r�xF¡¸np��\,y�xF¡¸np��¾|y3y3y�x¬x ��mA�4=���mA�4=�\N¾,y��ly
Wemayeasilyremovethetrivial bound,yielding

® e<p!�qP�d°ò�n�=�}AoÎnpm]x ~ c�}Ab]��r�xH¡´n���\(yaxH¡´n���¾,y¬y�x3x ��mA�4=���mA�4=8\­¾,y��ly
Sincewe have not yet implemented��mA�4=���mA�4= , we can go no further with the

proof. Let usexport thisgoalasthespecificationof ��mA�4=���mA�4= .
ü flex-rigid basecases

For thesefive subgoals,we aretrying to unify ¡´n��]\ with some² which is not a

variable.We maycollectthemall togetherin thefollowing rule,expressingthe

latterasasidecondition:

evd]� �\�d]b]c¼r	e²�d]~	������r	ek�p°²\�.��¯�d���¾Nd�b]c�r	e�Y�²ÈÆ¶Î¡¸np��¾¤ d]q � ��ovr	e � oÂn�Ï�Ð��Ñx�q��Z��o
r�e�y÷� ¨�©%ª,«

³·d]npmA}ArE~feøk�l� ~ c�}Ab����æ³��£\ø³����=Üß²Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y¤ � kQJ%³� �x c��Ñx�q � ��oéezy¬y

X|d�npmA}Ar3~�eúk³»d]npmA}ArE~fk�k tò�n�=�}AoÎnpmx�&(����c[�»xEX�� y�x ~ c�}Ab]��r�xF¡¸np��\,y´²	y¬yx�³��lyY�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y¤ � kQJ�X= ¼x Ïf��rz� k t J+³��fX= 3y¤ n�c�}Am]x���mA�4=�ï_}?��}?��\�²	y
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Wecouldregardthisasaninversionrulespecificationfor ��mA�4=�ï_}?��}?� , but it is still

a little too general.For example,thehypothesesof therule eachhave arbitrary

accumulators,but we know the accumulatoris npc�}Am . Oncewe have madethe

accumulatornpc�}Am everywhere,wenolongerneedto let it varyin thescheme.Let

ustidy upa little.

evd]� �\�d]b]c¼r	e²�d]~	������r	ek�p°²\�.��¯�d���¾Nd�b]c�r	e�Y�²ÈÆ¶Î¡¸np��¾¤ d]oÎnpÏ�Ð��Òx�q��Z��ovr	ezy¢� ¨�©%ª,«
�l� ~ c�}Ab����´xH¡´n���\,y´²Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y¤ x c��Ñx�q � ��oée�y¬y

³úd]npmA}ArE~°k�kò�n�=�}AoÎnpm]x ~ c�}Ab]��r�xH¡´n���\(y´²	y�x�³��lyY�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y¤ x Ïf��rz� kQJ+³� 3y¤ x ��mA�4=�ï_}?��}?��\Ä²�y
Thetidy versionprovestheuntidy versionbecausethetidy hypothesesarespe-

cial casesof theuntidyones,modulosomeequationalreasoning.Let ustakethis

asthespecificationof ��mA�4=�ï_}?��}?� .

We have proven correctnessof unification,contingenton correctimplementationof��mA�4=���mA�4= and ��mA�4=�ï_}?��}?� . Youmayhavenoticedthatwedid nothaveto unwrapany of

the òzn�=�}AoÂn�m s in theabove proof—wemerelyshowedthat themostgeneralunifiers

computedin thebasecaseswerecorrectlypropagated.It is in ��mA�4=���mA�4= and ��mA�4=�ï_}?��}?�
thatwecreatethesubstitutionsandwherewe shallhave to do realwork proving max-

imality. In orderto achieve this,we mustcometo anunderstandingof variableoccur-

rence.

But evennow, wehaveseenenoughto know thatourunificationalgorithmis terminat-

ing of its own accord.

7.3.5 what substitution tells usabout the occurscheck

In conventionalpresentationsof unification,the occurscheckis a booleandecision,

and its role in ensuringterminationis external to the program. For us, though,the

situationis somewhatdifferent—whatis to happenif thereis nooccurrenceof xF¡¸np��\,y
in somerigid ² with which it is to beunified? We do not just substitute² itself for \ .
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We mustmake manifestin theprogramtheeliminationof \ by computingthe image

of ² in thesyntaxwith onefewervariable—² t suchthat

Ü  ß~	½�}Ac�\��FÜ,² t ¶ú²
If wecanfind sucha ² t , then

� \Lë� ² t �
is amostgeneralunifier for xF¡¸np�×\,y and ² . Let usprovethis lemma,asweshallneedit

severaltimes.

® /-c�����Í°����~Ed��-e¢d�� ��-\¢d�b]c�r	e�´² t d�~	�����ºeòzn�=�}AoÂn�m°x ~ c�}Ab]��r�xF¡¸np��\,y�x+Ü  �~	½�}Ac�\��=ÜÝ² t y¬y�� \Lë� ² t �
Now, at last,wemustdosomerealwork. Introducingthe ò�n�=�}AoÎnpm record:

® Ù<pqPcr°±Vdæ� \Lë� ² t �	�=Ü�xH¡´n���\,y_¶B� \zë� ² t �	�7Ü�x%Ü  �~	½�}Ac�\��FÜß² t y® hi� � ²(p�¯E±]d(�-k d�� ���X d�r	e¥íîk�-Ù°¾°Ú_d|X��=Ü�xH¡´n���\,y_¶ X��=Ü�x+Ü  �~	½�}Ac�\��=ÜÝ² t yÔ ³ d¬e
g kX98 ³� �� \�ë� ² t �
Taking Ù<pqPcr°± first, noticethattheleft-handsideis just � \�ë� ² t �w\ , whichwecanrewrite

by the ‘introductionrules’ to ² t . Observe that the right-handsideis a compositionof

substitutions.After a little monadictinkering,weobtain

® Ù<pqPcr°± t d�Ü  I
¬�=Üß² t ¶Bx3� \�ë� ² t �< �Ü ß~�½�}Ac�\�y��=Üß² t
This saysthat two substitutionshave the samebehaviour at an arbitrary tree ² t . By&,n���Í°��� , it is enoughto prove thatthey behave thesameatvariables.

® Ù<pqPcr°± t d��-¾�d�b]c�eÜ  0
×¾Ä¶�x¬� \zë� ² t �� ¼Ü �~	½�}Ac�\_y-¾
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Reducing,weobtain

® Ù<pqPcr°± t d��-¾�d�b]c�e¡¸np��¾�¶�� \Lë� ² t �(x�~	½�}Ac�\Ê¾,y
Again,this followsby theestablishedextensionalbehaviour of �=ê�ë� êw� .
We have found a unifier—let us now show that any otherunifier factorsthroughit.

Introducingtheassumptionsandthepair:

W�k d�� �W�X d�r	e¥íÖkW�Ù°¾°Ú�d|X��=Ü+xF¡¸np��\,y_¶ X��FÜ�x+Ü  Ý~	½�}Ac�\��FÜß² t y® ³ d3e¥íîk® hi� � d-X98 ³� Ä� \zë� ² t �
Let ustry to proveh'� � first, hopingto shedsomelight on ³ . Thisgoalalsocomesdown

to checkingthatthetwo substitutionsagreeatall variables:

® hi� � t d�� ¾ d�b]cJr	eXE¾Ä¶ ³­�FÜ � \zë� ² t ��¾
Predictably, thenext stepis to invert theblockedcomputationwith Í°c�����Í°����~%� c-¡ :

® hi� �)� d�X%\�¶·³N�=Üß² t® hi� � Õ d+��¾´d�b]c�eXfx ~	½�}Ac�\­¾,y_¶ù³º¾
Thelattersubgoalgivesusabig clue.Wecanprove it by taking

³v{ W]¾Nd�b]c�eÁY�X-x ~	½�}Ac�\­¾,y
Wemustnow prove hi� �)� . A little monadicmassageshows ³ is extensionallythesame

asthecomposition

X! ¼Ü �~	½�}Ac�\
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Making thereplacement,

® hi� � t� d�X%\�¶Bx%X` �Ü �~�½�}Ac�\�y��=Üß² t
Unwindingthecompositionreducesthisgoalto Ù°¾°Ú .

This is progressindeed,for all the nontrivial substitutionsgeneratedby ��mA�4=���mA�4= or��mA�4=�ï_}?��}?� will bemostgeneralunifiersby this lemma.Indeed,we arenow in a posi-

tion to write ��mA�4=���mA�4= :
��mA�4=���mA�4=ºd���eÁY+��\���¾Êd�b]c�r	e¢Y�q � ��oðr�e
��mA�4=���mA�4=8\N¾¿{ ~	½�}A��Í�\­¾c��Òx b�c�eLy ��r�e�J3n�c�}Amu Ïf��r|¾ t � e�J3n��8��c�r(\LxF¡¸np��¾ t y,n�c�}Am  

Recallthatto establishcorrectness,wemustprove

® ��mA�4=���mA�4=�� � � d��-e d�� ��-\_��¾�d�b]c�r�eò�n�=�}AoÎnpm]x ~ c�}Ab]��r�xH¡´n���\,y�xH¡´n���¾,y¬y�x3x ��mA�4=���mA�4=8\­¾,y��ly
Since��mA�4=���mA�4= is definedwith ~	½�}A��Í , it is verifiedby ~	½�}A��Í(� c�¡ , leaving two cases

® ��mA�4=���mA�4= � d��-e�d�� ��-\�d�b�cJr	eò�n�=�}AoÎnpm]x ~ c�}Ab]��r�xH¡´n���\,y�xH¡´n���\,y¬y�x npc�}Am9� y® ��mA�4=���mA�4=�Õ]d��-e�d�� ��-\�d�b�cJr	e�-¾�d�b�c�eò�n�=�}AoÎnpm]x ~ c�}Ab]��r�xH¡´n���\,y�xH¡´n��_x�~	½�}Ac�\N¾,y3y¬y�x3x n��8��c�r|\zxH¡´n���¾(y,n�c�}Amwy��ly
For theformer, recall that npc�}Amv� is the identity substitution—thisclearlyunifiestwo

equalvariables,andequallyclearly, everyotherunifierfactorsthroughit. For thelatter,

interpretingtheassociationlist andtidying, weget

® ��mA�4=���mA�4=�tÕ d���e�d�� ���\�d�b]c¼r	e��¾�d�b]c�eòzn�=�}AoÂn�m°x ~ c�}Ab]��r�xF¡¸np��\,y�x+Ü  �~	½�}Ac�\��=Ü8xF¡¸np��¾,y3y¬y�� \Lë�Ö¡¸np��¾��
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This followsfrom /-c�����Í°����~ .
Therole ~	½�}A��Í playsin ��mA�4=���mA�4= is to attemptto computetheimageof ¾ in thevariable

setwith \ removed. If this succeeds,we manufacturethecorrespondingknockout. If

it fails, thatis because¾ is \ andtheidentitysubstitutionwill do.

Theanalogousrole in ��mA�4=�ï_}?��}?� is playedby theoccurscheck,seenasanattemptto

computetheappropriate‘thickened’treefor usein a knockout—thiswill fail exactly

in thecaseof anoffendingoccurrence.Correspondingly, theoccurscheckis no longer

a booleandecision—itprovidesus with the witnesswhich explainswhy it is safeto

substitute.Moresensehasappearedin theprogram!Thetypeof theoccurcheckis

�8½�����Í�d���eÁY���\Nd�b]cJr	e¢Y��¸²]d�~	������r	e�Y�oÂn�Ï�Ð��Òx ~������¼ezy
Its inversionruleshouldbesomethinglike:

evd]� �\¢d]b]c¼r	e¤ d]~	������r�e � oÂn�Ï�Ð��Òx ~������¼eLy�� ¨�©%ª,«

¤ x+Ü  �~	½�}Ac�\��=ÜÝ²	y�x Ïf��r�²	y
_ �8�8����r�\�²Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y�Y¤ ²�x�c��£x ~������¼ezy3y�¸²�d�~	�����÷r�eÁY ¤ ²�x ��½�����Í�\�²	y

where
_ �8�8����r is someusefulmeansof characterisingwhen\ occursin ² .

In otherwords, �8½�����Í�\ is thepartial inverseof Ü  �~�½�}Ac�\��FÜ . Hencewe will implement�8½�����ÍN\ by pushing~	½�}A��Í­\ throughtrees,with any c�� at a variablecausinga c��
overall. However, beforewecanreallywork with theoccurscheck,wemustformalise

thenotionof occurrence.

7.3.6 positions

The ideaof patternmatchingis to explain decompositionby inverting construction,

andI wasexposedto it at suchan early agethat it simply refusesto wearoff. We

have alreadyseen� � ��� in termsof duplicationand ~	½�}A��Í in termsof ~	½�}Ac . Since

searchingfor anoccurrenceis a kind of decomposition,I cannothelpaskingwhatthe

correspondingconstructionmightbe.
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Let us thereforeidentify the operationwhich makes an occurrence—theoperation

which putssomethingat a givenposition. In orderto do this, we shall needto rep-

resentpositionswithin a tree.

Every datatypeû hasanallied datatypeof positionsor ‘one-holecontexts’ within el-

ementsof û , togetherwith an operationwhich puts a û in the hole. Huet gives a

beautifulconstructionof ‘zipper’ typeswhichcodeupone-holecontextsaspathsfrom

theholebackto theroot of theterm,recordingthecontentsof otherside-brancheson

the way. We may equivalently, andslightly moreconvenientlyfor our purposes,re-

versethedirectionandcodeuppathsfrom theroot to thehole.Let usthereforedefine

theparameteriseddatatypeó���r(k of positionswithin k :

ü formationrule k£d]� �ó���r|k£d]� �
ü constructors ½������8Ì d]óp��r|k ² Ù<�E¯g��d]óp��r|k ²�d]~	�����ºkmA��q ~¸²7Ù<�E¯g�p²�d�ó���r|k±�d]~	�����ºk ² Ù<�E¯g��d]óp��r|k��}?��½�~f±�² Ù<�3¯���d�ó���r(k

Theconstructorsmaybeinterpretedasdirectionsfor findingthepositionfrom theroot,

respectively ‘stop ½������ ’, ‘go mA��q ~ ’ and‘go ��}?��½�~ ’. Consequently, the functionwhich

putsa termatapositionis

ê]ê!������rld���k�Y��¸²7Ù<�E¯g��d�óp��r|k�Y��.�Z²�d�~	�����ºk�Y�~	�����ºk
Allow meto breakwith conventionandwrite ������r postfix—itsdefinitionis:

½������ � ² ������r { � ²x mA��q ~,² Ù<�3¯���²�y � ² ������r { qZ����Íºx�² Ù<�E¯g��� ²�������r+y´²x ��}?��½�~°±�² Ù<�3¯��×y � ² ������r { qZ����Íp±lx�²7Ù<�E¯g���Z²�������r%y
In particular, wemaynow describea termcontaining¡¸np��\ as

� Ù<�3¯��­xH¡´n���\,y�������r
In order to reasonaboutpositions,it will be useful to have someother apparatus.

Indeed,we may consider������r to interpret óp��r�k asthe arrows of a category with

one object interpretedas ~������§k . ½������ is the identity. Let us thereforedefinethe

composition,which, in thespirit of thepiece,I shallwrite asan infix operatorcalled~	½���c :
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~	½���cÈd���k�Y��¸²7Ù<�E¯g�°� � Ù<�E¯��´d�óp��r|kaY�ó���r(k½������ ~	½���c � Ù<�E¯�� { � Ù<�E¯g�x mA��q ~,² Ù<�3¯���²�y ~	½���c � Ù<�E¯�� { mA��q ~�x�²7Ù<�E¯��a~	½���c � Ù<�3¯��×y´²x ��}?��½�~°±�² Ù<�3¯��×y ~	½���c � Ù<�E¯�� { ��}?��½�~f±lx�²7Ù<�E¯���~�½���c � Ù<�E¯��[y
Thedefinitionof ������r ensuresthecorrectinterpretationof ½������ . An easyrecursion

inductionprovesthecorrectinterpretationof ~�½���c :

x � Ù<�E¯g��~	½���cL²7Ù<�E¯��[y-� ²�������r�¶ � Ù<�E¯g�­x�²7Ù<�E¯g���Z²�������r+y�������r
By theway, datatypes(eg mA}ArE~ , � � ) with a singleandconstantbaseconstructor(eg c�}Am ,�
) andlinearstepconstructors(eg �8��c�r , r ) areisomorphicto theirown positiontypes.

The ������r and ~	½���c operationsarethesame(eg nÞópó���c�� , ó�mA��r ). This mayaccount

for theirpeculiarlyregularbehaviour.

Returningto our ~	����� syntax,we shall alsoneedto pushsubstitutionsthroughposi-

tions.Overloadingslightly:

ê��=Üfd���e���kaY��aX%d e¥í k�Y�ó���r|e � ó���r(kX��FÜÝ½������ � { ½�������ÌX��FÜ�x mA��q ~(² Ù<�E¯g��²	y mA��q ~8x�X��7ÜÝ² Ù<�E¯g�[y�x�X��=Üß²	yX��FÜ�x ��}?��½�~°±�² Ù<�E¯g��y ��}?��½�~�x�X��FÜ�±[y�x�X��=Üß²7Ù<�E¯g��y
Recursioninductionon thisoperationgivesusaproofof �º��½�������c��8� :

X��FÜ�x�² Ù<�3¯����Z²�������r�y_¶ x�X��FÜ�² Ù<�E¯g�[y�x�X��=Ü��Z²	y�������r
Now, in order to prove that occurscheckfailure causesunificationfailure, we shall

needto show thattheonly positionatwhichwemayfind a terminsideitself is ½������ :

® � ���ºÏ��8mA�Êd��-k d�� ��-�Z² d�~	�����ºk�´²7Ù<�E¯���d�óp��r|k�-Ù°¾°Ú¿d)� ²|¶ø²7Ù<�E¯g���Z²�������r²7Ù<�E¯���¶»½������
We have seena similar theorembefore.Theproof goesby inductionon �Z² , thencase

analysison ² Ù<�E¯g� . A lot of impossiblecasesare removed by unification—thereare

obviously no mA��q�~ or ��}?��½�~ positionswithin ¡¸np��\ or mA��n�q . The only real work to be

doneis when ² Ù<�E¯g� is not ½������ and � ² is a qZ����Í . Therearetwo suchcases,onemuch

like theother, soI shalljustgivetheproof for qZ����Í and mA��q ~ :
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® � ���ºÏ��8mA� i � d���k d�� ���±°�%²���¯�d�~	�����ºk��±�o�¾°Ú´d��¸² Ù<�E¯g�°d�ó���r|k��Ù°¾°Ú d3±p¶ø²7Ù<�E¯��_±Q������r² Ù<�E¯g�p¶»½�������¸²(o�¾°Úad�¸² Ù<�E¯g��d�óp��r|k��Ù°¾°Ú d�qZ����Íp±�²|¶ x�mA��q�~(²7Ù<�E¯g��¯[y�x q ����Í�±�²Ýy�������r² Ù<�E¯g�p¶·½������
Thetrick is to rotatethecycle. Reducing������r , Ù°¾°Ú becomes

qZ����Í�±p²|¶»q ����Íºx�²7Ù<�E¯g�­x q ����Í�±p²�y�������r+y-¯
Unificationidentifies² and̄ andtellsusthat

±�¶ø² Ù<�E¯g�lx q ����Í�±�²	y�������r
Now, if wearecareful,wecanturnthisinto acyclein ± andapplytherelevantinductive

hypothesis.Ourcategoricaltoolsallow usto rewrite theaboveequationto

±�¶ x�²7Ù<�E¯��a~	½���cÁx mA��q ~|½�������²�y3y-±Q������r
Theinductivehypothesis±�o�¾°Ú now tellsusthat

x�²7Ù<�E¯���~�½���cÁx mA��q ~|½������¢²	y3y_¶»½������
This is manifestnonsense,but we needto make a constructorappearat the headon

theleft-handsideto revealtheconflict. Thatis to say, a furthercaseanalysison ² Ù<�3¯�� ,
accompaniedby theunificationtactic,completestheproof.

Wearenow in apositionto fill in thelastcomponentof theunificationalgorithm.

7.3.7 and

As suggestedearlier, the �8½�����Í functionpushes~�½�}A��Í througha ~	����� .

�8½�����Í \ xF¡¸np��¾,y { Ü  �¡´n���Ì]�FÜ�x ~�½�}A��Ía\­¾,y�8½�����Í \ mA��npq � Ì { mA��npq Ì
�8½�����Í \ x q ����Í�±p²�y {

�8½�����Í�\N± �8½�����Í�\�²Ï���r|± t Ïf��r�² t Ï���rpx�qZ����Íp± t ² t yÏ���r|± t c��£x ~	�����ºk�y c��Ñx ~	�����ºk�yc��£x ~	�����ºk�y ² t c��Ñx ~	�����ºk�y
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Now that we know how to talk aboutpositions,we can give this function a better

inversionprinciple, �8½�����Í(� c-¡ :

�8½�����Í(� c-¡
evd]� �\¢d]b]c¼r	e¤ d]~	������r�e � oÂn�Ï�Ð��Òx ~������¼eLy�� ¨�©%ª,«

¤ x+Ü  �~	½�}Ac�\��=ÜÝ²	y�x Ïf��r�²	y ¤ x � Ù<�E¯g�­xF¡¸np��\(y�������r�y�x c��£x ~	�����ºe�y¬y�¸²]d�~	������r	e¢Y ¤ ²�x��8½�����Í�\Ä²	y
Theproof, which I omit, is by recursioninductionandinversionof theblockedcom-

putations.

Now let usdefine��mA�4=�ï_}?��}?� :

��mA�4=�ï_}?��}?�z\�²L{ ��½�����Í�\�²Ïf��r�² t Ïf��rz� e�J3np����c�r|\�² t n�c�}Amw c��Ñx�~	�����ºezy c��Ñx�q��Z��ovr	ezy
Wemustshow thatthis functionsatisfiesits specification:

® ��mA�4=�ï_}?��}?� Ø d���e d�� ���\ d�b]c¼r	e�¸² d�~	������r	e��k�pf²7�.��¯fd���¾�d�b�cJr�e²åÆ¶Î¡´n���¾� ¤ d�oÎnpÏ-Ðp�Ñx q � ��ovr�ezy�� ¨�©%ª(«�´à�á d��Gp �0� d�� � ~ c�}Ab]���¸xH¡´n���\(y´²¤ x c��Ñx�q � ��ovr	eLy3y�´àæâ d���k d�� ��aX d�n�mA}ArE~feøk�)h'f���\�d°òzn�=�}AoÂn�m°x ~ c�}Ab]��r�xF¡¸np��\(y´²Ýy�x%X�� y¤ Ï���rz�7k�J�XF ¤ x ��mA�4=�ï_}?��}?��\�²Ýy
This we prove by expanding��mA�4=�ï_}?��}?� andinverting �8½�����ÍN\L² , leaving two cases.

Thefirst is
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® ��mA�4=�ï_}?��}?� Õ d �¸²äd�~������¼e� ¤ d�oÎn�Ï�Ðp�Ñx q � ��ovr	eLy�� ¨�©%ª(«�´àæâ]d��-k d�� ���X d�n�mA}ArE~°eùk�yh'f���\�d°òzn�=�}AoÂn�m°x ~ c�}Ab]��r�xF¡¸np��\,yJÜ  Ý~	½�}Ac�\��=Üß²	y�xEX�� y¤ Ïf��r�� kQJ�XF 
¤ x Ïf��rz�7e�J3n��8��c�r|\Ä²ænpc�}Amu 

Introducingthehypotheses,refiningby à�â andunpackingtheassociationlist, we are

left proving

® ��mA�4=�ï_}?��}?�ptÕ dfòzn�=�}AoÂn�m°x ~ c�}Ab]��r�xF¡¸np��\,yJÜ  ß~	½�}Ac�\��=Üß²	y�� \�ë� ²��
This followsby the /-c�����Í°����~ lemma.

Meanwhile,theothercaseof theinversionis

® ��mA�4=�ï_}?��}?� ç d � � Ù<�E¯��åd�ó���r�r�e�-k�pf²7�.��¯°d��-¾_d�b]c¼r	e� Ù<�E¯��­xH¡´n���\,y�������r Æ¶Á¡´n���¾� ¤ d�oÎnpÏ-Ðp�Ñx q � ��ovr	eLy�� ¨�©%ª(«�_à|á d��9p �0� d�� � ~ c�}Ab]���¸xH¡´n���\,y�x � Ù<�E¯g�­xF¡¸np��\,y�������r+y¤ x c��Ñx�q � ��ovr	eLy3y
¤ x c��Ñx�q � ��ovr	e�y¬y

This time,introducingthehypotheses,refiningby à|á andexpanding� � ~ c�}Ab]��� leaves

® ��mA�4=�ï_}?��}?�ptç d��-k d�� ���X d�r	e¥íÖk�-���!r�d�X �FÜ�xF¡¸np��\,y_¶ X��=Ü�x � Ù<�3¯��­xH¡´n���\,y�������r�y�
By �º��½�������c��8� , wemaypush X through������r , telling us
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XE\Ä¶ x�X��FÜ � Ù<�E¯��×y�x%X3\,y�������r
� ���ºÏ��8mA� now tellsusthat

� Ù<�3¯���¶»½������
reducingk�pf²7�.��¯ to

��¾�Y�¡¸np��\ðÆ¶Î¡´n���¾
from whichwemayeasilyprovethegoal.

7.3.8 comment

This verificationof a unificationis anotherin a long line of suchdevelopments.From

ZoharMannaandRichardWaldinger’s pioneeringhand-synthesis[MW81], through

LawrencePaulson’s machineverificationin LCF [Pau85] to themorerecentwork in

diverseproofsystems[Coen92,Rou92, Jau97, Bove99], all havefacedthesameinher-

entproblemof explaininga programwhich simply doesnot make thesenseits maker

intended.

Critical to thecorrectnessof theunificationalgorithmis therelativisationof termsto

theircontext of variables.Suchrelativiseddatastructuresoccurnaturallyin dependent

type systems.Unification hasalwaysbeenstructurallyrecursive—it is just that the

structurecouldnotbemadedatauntil theright typescamealong.Now they have,and

thatis somethingto bepleasedabout,andto bevocalabout.

Thereare threedelicateaspectsof unification which must be handledsomehow in

every treatment,andthey arenotentirelyindependent:

ü theterminationof thealgorithm

ü thepropagationof a unifiercomputedfor onepartof a problemthroughtherest

of theproblem

ü thefailureof unificationdueto failureof theoccurcheck

Theterminationissuehas,over theyears,beenseparatedfrom partialcorrectnesswith

increasingpanacheandaplomb,but the techniquestandardin the literatureis well-

foundedrecursionoveranadhocordering.MannaandWaldinger[MW81] aresensible
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enoughto leave thechoiceof this orderinguntil they have extractedtheconditionsit

mustsatisfy:

‘We have deferredthe choiceof an ordering  K¡+ç to satisfythe ordering

conditionswe have accumulatedduring theproof. Thechoiceof this or-

deringis not sowell-motivatedformally astheotherstepsof this deriva-

tion.’

Thenecessaryorderingcombineslexicographicallythesizeof thevariablesetandthe

structureof the problem—thedifferent treatmentsmanifestthis in slightly different

ways. Paulson[Pau85]pointsout that heworks ratherharderthanhe would like to,

motivating the desirefor ‘an LCF packagefor well-foundedinduction’ in order to

emulateMannaandWaldinger’spaperdevelopmentmoreclosely.

Implementationsof what would otherwisebe generallyrecursive programsin type

theorynecessarilyinvolvecomputationover theproofof termination.Differentstrate-

giesexist to minimisethe impactof this unwelcomeintrusionof proof into program.

JosephRouyer[Rou92] managesto confinethe logical componentto the outermost

well-foundedrecursionon thenumberof variables,theinnerrecursionon termsbeing

purelystructural.

Ana Bove movesthe goalpostsin a pleasinglysystematicway [Bove99]. Her ALF

programdoesits recursionovertheproofof anaccessibilityrelationconstructedalmost

directlyfrom theHaskell programshewishesto import—theargumentsto theprogram

becometheindicesof therelation.A singleinductionover this relationthussplitsinto

casescorrespondingto theleft-handsidesof theoriginal program,while theexposed

sub-proofsgiveexactly therecursivecalls.Of course,shestill hasto prove thatall the

elementsareaccessiblebywell-foundedlexicographicinduction,butby packagingthis

complicatedinductioninto a singlerelation,shehasnot only supportedthe program

but alsoeffectively acquiredipso facto its recursioninductionprinciple—usefulfor

proving its properties.

Of course,my programdoesa similar lexicographicrecursion,but it is internalisedin

thedatastructures.I avoid anappealto well-foundedrecursionon 1 for thenumber

of variablesby unloadingthe accumulatedsubstitutionsincrementally, which is not

unreasonableas they are built incrementally, and which incidentally enablesme to

delaythemuntil they becomecritical.

It might perhapsbeinterestingto considerhow muchmoretroubleit would beto use

a normalisedrepresentationof substitution,appliedall at once.However, normalising
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substitutionsis, in any case,computationallyquiteexpensive.

Mannaand Waldingerwork ratherhard to synthesisethe accumulationof a unifier

acrossa list of subproblems.Theidempotenceof theunifierplaysapivotal role. Paul-

son’s proof is apparentlysimpler, but he is unforthcomingaboutthe ‘occasionalugly

steps’. Coen[Coen92]describesthis problemasthe only awkward aspectof partial

correctness.

The ‘optimistic’ treatmentof accumulatorsmakesthis problemrathereasierto deal

with—introducingthe accumulatorasan extra parametereffectively strengthensthe

inductivehypothesesfor thesubproblemsin exactly thenecessarymanner. Armando,

Smaill andGreen’s automatedsynthesismanagesto profit from thiswithoutexcessive

prompting[ASG99]. Bove also exploits an accumulatingparameterwith the same

benefit. As I have shown, it is a naturaltechniqueto employ when the orderwith

respectto whichweseekanoptimumis inducedby somenotionof composition.

As for showing thereis nounifierwhentheoccurcheckfails,my treatmentis morally

the sameasMannaandWaldinger’s, packagedslightly morecategorically. It is also

slightly moreconcrete.The useof the datatypeof positionsandits attendantopera-

tions, togetherwith ~	½�}Ac , meansthat the inversionof theoccurcheckinstantiatesthe

investigatedtermwith patternscapturingtherelevantinformation,ratherthanpresent-

ing it propositionally. However, thepositiondatatypecomesintoplayonly in theproof,

not in theprogram,soin thiscase,thereis notmuchto choosebetweenthetwo.

Nonetheless,wemayonedaywantaunificationalgorithmwhichaugmentsthefailure

responsewith diagnosticinformation,sothataPhDstudentdesperatefor cashcanhave

aneasiertimefindingthetypeerrorsin anundergraduate’sML program.At thispoint,

a concreterepresentationof positionsbecomesa must.Thetypeof �8½�����Í couldjust

aseasilyhavebeen

�8½�����Í d���k�Y�b]c�r�kË� ~	������r	k¥� ~������¼kR¢�ó���r�r	k
returninga witnessin the caseof failure. A treatmentof positionsis hardly wasted.

Furthermore,asHuetpointsout [Hue97], thereis no reasonwhy the constructionof

positionapparatusshouldnotbeautomatedfor arbitrarydatatypes.

Finally, I would like to commenton two ‘packaging’aspectsof the developmentof

unificationin this thesis. Firstly, the monadictreatmentboth of failure-propagation

and of substitutionitself seemsto presentthe necessaryequipmentin a useful and

orderlyway.

Secondly, the useof inversionandrecursioninductionprinciplesto capturethe be-
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haviour of componentslent sucha regularity andtangibility to thecomponentsof the

correctnessproof that I believe I have givensubstantialcredenceto themethodology

of capturing‘leverage’in thisway. Recall,for example,how theinversionof theoccur

checknotonly exposedtheinformationpertinentto thetwo possibilitiesbut performed

theconsequentrewriting, allowing still furtherprogressby computation.Further, the

whole effect was triggeredby askinga single high-level questionabouta program

component

‘what canhavehappenedin thatoccurcheck?’

ratherthana low-level questionaboutdata

‘what valuescanthat oÂn�Ï�Ð��Òx ~������¼k�y have?’

Wehavebeenableto stareatunificationwithoutgoingblind.
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Chapter 8

Conclusion

Whatarethecontributionsof this thesis?

Firstly, andsomewhattangentially, it introducedOLEG, atypetheorywith holeswhich

hastwo advantages:

ü separationof partialconstructionsfrom thecorecomputationaltermsin sucha

waythatthepartialconstructions—wheretheholeslive—behavewell enoughto

have thereplacementproperty

ü internalisationof the accountof the holeswithin the judgmentsof the theory,

allowingthestateof atheoremprovertoberepresentedexactlybyavalidcontext

Of course,relative to systemswhichexplainholeswith theaidof explicit substitution,

it hasthedisadvantageof forbiddingcertaininteractionsbetweenholesandcomputa-

tion. For thework presentedhere,this hasnot troubledusat all. Admittedly, this has

not involvedthekind of higher-orderproblemfor whichthebannedinteractionsmight

help.

On the other hand,the resemblanceto Miller’ s ‘mixed prefix’ [Mil92] treatmentis

strongenoughto suggestthathis brandof higher-orderunificationmight befeasible.

Hetoohandlestheinteractionbetweenholesandcomputationby ‘raising’ theholesto

thefunctionalityrequiredto ensurethatthecomputationhappensentirelywithin their

scope.Nonetheless,deeperexplorationis neededbeforewe cansaythat OLEG is a

suitablebasisfor sophisticatedtheoremproving. It is, however, aneffective basisfor

thetacticsandmechanisedconstructionsonwhichthemainwork of thethesisdepends.

That work was to build object-level support for pattern matching on dependent

typesin a conventionaltype theoryextendedwith uniquenessof identity proofs. It
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closesthe problemopenedby Thierry Coquandasto the statusof patternmatching

[Coq92,CS93] asimplementedin ALF [Mag94]: it demonstratesthat uniquenessof

identityproofsis sufficientto supportpatternmatchingwheretheunificationunderpin-

ningcaseanalysisis for first-orderconstructorforms—thisis theunificationsuggested

by Coquandandimplementedin ALF. Thenecessitywasshown by HofmannandStre-

icher[HoS94,Hof95].

In thecourseof thatdemonstration,I usedanew ‘JohnMajor’ formulationof proposi-

tionalequality. Thisallowselementsof differenttypesto aspire to equality, butensures

thatthey areonly treatedequallyif they comefrom thesametype.JohnMajor equal-

ity is equivalentto Martin-Löf equality, but considerablymoreconvenientin practice.

It facilitatestheexpressionof unificationproblemsover sequencesof termsinvolving

typedependency, without requiringany dependency in theequations.

Consequently, I was able to extend the object-level first-orderunificationalgorithm

presentedfor simply typedconstructorforms in my MSc work [McB96] to the de-

pendentlytypedcase.Thenecessary‘no confusion’and‘no cycle’ theoremsfor each

family of typescanbeconstructedautomaticallyin a uniformway. This is theobject-

level unificationrequiredto supportpatternmatching,andit shows that the needfor

uniquenessof identityproofsis no idle coincidence.

However, following the famousdictum of Marx andEngels,it is not enoughmerely

to show that dependentlytypedpatternmatchingcanbegivenmeaningin an almost

conventionaltypetheory—thepoint is to show that it is goodfor something.I hopeI

havesuccessively arguedfor theprincipleof representingrelativiseddatain relativised

types.I believe thedevelopmentsof substitutionandunificationin chaptersevenlend

tangiblecredenceto this argument. The unificationexample,in particular, demon-

stratestheimportanceof allowing datatypesto dependon terms.

Thelattermayrequiregeneralrecursiontobeabandonedfor thesakeof typechecking,1

but it makesmoreprogramsstructurallyrecursivebecauseit givesusmorestructures—

typesindexedby termsallow computationon the indices;typesindexedby typesdo

not.

MANTRA:

If my recursionis notstructural,I amusingthewrongstructure.

Dependenttypesmakesensewheregeneralrecursionis madesenseof, if wearelucky.

1LennartAugustssondisagrees,asdoanumberof others.In my opinionthey aretrying to havetheir
cakeandeatit, but they arenonethelessconvincedof theadvantagesof cake.
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Therearemany exampleswherethe‘right structure’is hardto representinternallyto

the program,andwherean externalterminationargumentseemsthe prudentcourse,

but the expressivenessof a dependenttype systemnonethelessoffers the improved

prospectof principledstructuralalternatives.Thefunctionalprogrammingcommunity

ignoresdependenttypesat its peril.

Turning from programsto their proofs, I suspectthe ideaof usingeliminationrules

to capturethe behaviour of programcomponentsabstractlyfrom their implementa-

tions to bean importantone. Specificationsshouldnot only tell uswhatprogramsto

write—they shouldtell uswhatwe needto know aboutthe functionwhenit is used.

Thelatterbehaviour is clearlylike eliminationin character. Thekind of second-order

rulesupportedby OLEG’s eliminate tacticexploitssuchinformationin acompactand

powerful way, relativisedto thegoalwhichmotivatesits use.

We arequite happy to specifyandwrite programs(derived introductionrules) in an

abstractandmodularfashion—weshouldderive the correspondingeliminationrules

so that we canreasonaboutprogramsin an abstractandmodularfashion. We have

beentrying far too long to prove propertiesof programsby fiddling aboutwith the

primitiverulesfor data—wewouldneverdreamof writing programsthatway. Henrik

Perssonhasalsoidentifiedthis styleof reasoningasof considerableassistancein his

formalisationof thepolynomialring [Per99]. First-orderequationalspecificationsonly

do half the job—they are inappropriatefor reasoningaboutthe usage of programs.

That is, they aregoodfor characterisingintroductionbehaviour, but they needto be

complementedby amoreeffective treatmentof elimination.

I believethetechnologyandmethodologydevelopedin this thesiscontributesnotonly

to thewriting of programswhich make sense,but to theeffective exploitationof that

sensein reasoningaboutthem.

8.1 further work

‘Theworld will befar betterwhenweturn thingsupsidedown.’

(J.BruceGlasier)

Thereis agreatdealto bedone.

Firstly, as far as the technologysupportingdependentlytypedprogrammingis con-

cerned,it is an importanttaskto identify a recognisabledependentlytypedprogram-

ming language.As thingsstand,theequationalprogramswemight like to write corre-
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spondonly to thededuciblecomputationalbehaviour of complex proof terms—ifwe

wantto beableto checka reloadedprogram,weneedto reloadits justification.

As I pointedout in chaptersix, theproblemlies in ensuringthatstoredprogramsgive

asatisfactoryaccountof theiremptycases.I believethata reasonableway to goabout

this is to make the machinecapableof detectingthoseargumenttypeswhich canbe

shown to be emptyby onestepof caseanalysis. If morethanonestepis required,

thentheemptytypecannonethelessbesplit into nontrivial constructorcases,andthis

is somethingtheprogramcanandshouldrecord.In effect, theprogrammustcontain

enoughhintsto allow thereconstructionof theemptinessproof.

Wemightconsiderinsistingthattypesbe‘filled up’ with markersindicating‘badness’

in regionswhichwould otherwisebeempty. Whatimplicationsfor theexpressiveness

of thetypesystemtheenforcementof thisdisciplinewouldentail,it is tooearlyto say.

However, thepropagationof ‘badness’surelyinvolvesthesamework asthepropaga-

tion of emptiness.It is a questionof which givesthe clearesttreatment,anda more

explicit approachis certainlyworthyof attention.

With thedevelopmentof improvedtechnologyfor programmingwith dependenttypes,

thereis an imperative to write programs. Despitethe clearargumentfrom principle

thatmoreprecisedatastructuresleadto tighterprograms—otherwise,why have types

atall?—it is not rhetoricwhichchangespracticebut competition.

Oneexample,closeto home,which springsto mind is thedevelopmentof a polymor-

phically typed strongly terminatingfunctional programminglanguage:parser, type

inferencealgorithm,interpreter. DelphineTerrassehasencodedNaturalSemanticsin

Coq [Ter95a,Ter95b]usinga simply typedpresentationof termsandtypes,with in-

ductively definedrelationsdescribingvalid formationandtyping. It seemsreasonable

to hopethattheselatterpropertiescanbebuilt directly into datastructuresvia depen-

denttypes.Thework of AltenkirchandReus[AR99] andof AugustssonandCarlsson

[AC99] is alreadymoving positively in this direction.Further, having developedfirst-

orderunification,anML-style typeinferencealgorithm[DM82] seemsanobviousnext

step,especiallyasfindingprincipaltypesis anotheroptimisationproblemaddressable

by theoptimisticstrategy. Also, thereareexistingdevelopmentsin simpletypesavail-

ablefor comparison[NN96, DM99].

However, in tandemwith thecontinuingdevelopmentof programmingtechnology, the

developmentof astrongspecificationmethodologywhich includeseliminationaswell

asintroductionrulesseemsa taskof genuineimportance.The focusof thatdevelop-

mentshouldbe on programderivationat leastasmuchasverification. Even at the
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earlystagereachedin this thesis,we have seena small exampleof eliminationrules

usedto transforma specificationtowardsa program—thedevelopmentof ~�½�}A��Í from~	½�}Ac .

More thanthis, anareaof interestnot touchedon in this thesis,but prominentin my

thinking is theuseof derivedeliminationrulesfor programmingitself. As a starting

point, it seemsvery likely that Phil Wadler’s suggestionto equipdatatypeswith dif-

ferent‘views’ [Wad87]supportingdifferentnotionsof patternmatchingfor thesame

underlyingtypecanbeputonasoundfooting.

Themotivationfor sucha developmentis verystraightforward.As a matterof course,

wewrite ‘derivedconstructors’—functionswhichbuild elementsof datatypesin more

abstractpatterns,reflectingthemacroscopicstructureof theproblemathand.WewriteópmA��r to addnumberstogether, r3c���� to addanelementto theendof a list, andsoforth.

It would surelybehelpful to equipprogrammerswith themeansto analysedataat the

samemacroscopiclevel.

Althougha greatdealof attentionhasbeenpaidto developingwhatgoeson theright-

handsideof patternequationsin a principledway, the left-handsidehaslong been

neglected.It is timetheleft cameinto its own. Wehavenothingto losebut ourchains.

Wehavea world to gain.
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Appendix A

Implementation

A few pointsabouttheprototypeimplementation:

ü OLEG wasimplementedprimarily astechnologyfor themachineconstructionof

thestandardtheoremswith which I equipdatatypes,andto supportthewriting

of tacticsat a relatively high level. Theseparationof partialconstructionsfrom

termsis not rigidly enforced.Further, asit usesLEGO’s unificationalgorithm,

the scopingconditionsfor solvingholesarenot enforcedeither. However, the

completetermsgeneratedareindependentlychecked by LEGO’s reliabletype-

checkerbeforethey aretrusted.

Therestrictionson thepositioningandbehaviour of holeswerenot rationalised

until after the implementationwascomplete. Nonetheless,in all the develop-

mentsI implemented,I foundthat I obeyedthem. This givesat leastanecdotal

supportto thesuggestionthatthey are,in someway, naturalrestrictionsto make.

ü Theimplementationof theeliminate tacticdoesnothavetheabstractionfacility

describedin chapterthree. This still makesit entirelyadequatefor all thepro-

grammingin this thesis,assuchabstractionsarenot necessarywhenworking

with datatypeeliminationrules.

Thetacticdoesnot, however, supportderivedeliminationrulesfor functionsin

the way that it should. Although the examplesusingsuchruleshave all been

implementedandmachinechecked,theeliminationrulesfor functionswereap-

pliedby hand.

ü The inventionof ‘John Major’ equalitycamesometime after I stoppedwork

on the prototype. Consequently, the traditional equality (plus uniqueness)is

used. Telescopicequationsarethusrepresentedin a somewhat awkward way,
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with eachequationin the telescopecoercingby all the previous onesin order

to be well typed. This significantlycomplicatedthe eliminationtactic andthe

unificationtechnology, but nonethelessthey work.
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[SP94] PaulaSeveri, Erik Poll. PureType Systemswith Definitions.In LFCS
’94. Springer-VerlagLNCS813,pp316–328.1994.

[Sli97] KonradSlind. FunctionDefinition in Higher-OrderLogic. In Theorem
Proving in Higher-OrderLogics.9th InternationalConference,TPHOLs
’96. Springer-VerlagLNCS1125.August1996.

252



[Str93] ThomasStreicher. Investigationsinto intensionaltype theory. Habilitia-
tion Thesis,Ludwig Maximilian Universiẗat.1993.
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propositional,54¶ , 54,119
constructionfrom Ä , 124������mA}Ao , 119��� � c[�p�-mA}Ao , 120����ñ°��ÐprE~ ç , 121��� ~ c�}A�p��� ç , 122Ä , 118

255



constructionfrom ¶ , 124}?����mA}Ao , 118}?��ñ°��ÐprE~ , 118}?� ~ c�}A�p��� , 119���p��} ¡ , 215

faithful functor, 185�X¶�· , 97,163�y¶�·�È�É�Ê , 115,163�y¶�·�È�É�Ê	Ë ¿4Ì , 115,163�y¶�·zÍE¶�Î ¿ , 108�y¶�·jÏ À?Ð · , 97�y¶�·j� Ð Ê , 115,163
family

indexed,50
type,50

Fibonaccifunction,110
fields,101b]c , 96b�c��-mA}Ao , 96
fixpoint, guarded,110,113
folding, 71,159
Ford,Henry, 63
freepattern,156q��Z��o , 216,220����c��8~	��� , 187
functor, 187

������r , 231
guarded,111
guardedfixpoint, 110,113
guess,28

haltingproblem,177,179
hole,25®

-binding,28
life of, 34

hubris,108,113

identity , 129,130,136Ñ Ì[Á
, 89Ñ Ì[Á È�É�Ê , 113Ñ Ì[Á È�É�Ê	Ë ¿4Ì , 113Ñ Ì[Á Ï À?Ð · , 91Ñ Ì[Á � Ð Ê , 113

indentifiers,17
indexedfamily, 50
inductionprinciple

strong,99
weak,70,100

inductivedatatypes,87
dependentfamilies,96
parameterised,92
records,101
simple,89
with higher-orderconstructors,94

inductively definedrelations,98
injectivity , 129,130,136
intr o- � , 39
intr o-

¤
, 39

inversion,57
 -reductions,89
iteratedsequence,49
iteratedtelescope,49

J rule,118
judgments

core,19
development,28

justify , 38

K rule,119
Kleisli

category, 189
triple, 188/-mA��}ArEmA} , 191

knockout,200,218Í°c�����Í°����~%� c-¡ , 218� n�o , 193
lengthening,159,181À , 71,99ÀÞ�-mA}Ao , 991 , 57

Clarkcompletion,57
Clark-styleinversion,571�� c-¡ , 58,64
weakinductionprinciple,70¤

-reduction,20
lexicographicrecursion,181� }Aq ~ , 194mA}Aq�~ , 194mA}Aq ~+� c-¡ , 195mA}ArE~ , 93mA}Ar3~	��mA}Ao , 57,93

256



Major, John,119oÂn[Ò ����}A~�Ï , 154
mantra

aboutblockingcomputations,61
aboutcontexts,20
aboutdecomposition,56
aboutrecursion,241
aboutthemeans,53ò�n�=�}AoÎnpm , 213oÂn�Ï�Ð�� , 104oÂn�Ï�Ð���� , 187oÂn�Ï�Ð��Nò , 191

mgu,133oj��� , 216,220o������ c-¡ , 221ò���c�n�� , 190
monad,188
mostgeneralunifier, 133
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