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Abstract

Researclin dependentypetheoriedM-L71a] has,in the past,concentratednits use
in the presentatiomf theoremsandtheorem-preing. This thesisis concernednainly
with the exploitationof the computationabspectof typetheoryfor programmingin
a context wherethe propertiesof programsamay readily be specifiedand established.
In particular it developstechnologyfor programmingwith dependeninductive fami-
lies of datatypesndproving thoseprogramscorrect.lt demonstratethe considerable
advantageto be gainedby indexing datastructureswith pertinentcharacteristienfor-
mationwhosesoundness ensuredy typecheckingratherthanhumaneffort.

Type theory traditionally presentssafe and terminating computationon inductive

datatypesy meansof eliminationruleswhich sene asinductionprinciplesand,via

theirassociatedeductionbehaiour, recursioroperatorgDyb91]. In theprogramming
languagarenatheseappeasomeavhatcumbersomandgiveriseto unappealingode,
complicatedby the inevitable interactionbetweencaseanalysison dependentypes
and equationakeasoningon their indiceswhich mustappearexplicitly in the terms.
Thierry Coquands proposal[Coq92] to equiptype theory directly with the kind of

patternmatchingnotationto which functional programmersave becomeusedover

the pastthreedecade$Bur69, McB70] offersa remedyto mary of thesedifficulties.

However, the statusof patternmatchingrelative to thetraditionaleliminationruleshas
until now beenin doubt. Patternmatchingimplies the uniquenessf identity proofs,
which Martin Hofmannshovedundervablefrom the corventionaldefinitionof equal-
ity [Hof95]. This thesisshaws that the adoptionof this uniquenesss axiomaticis

sufficientto make patternmatchingadmissible.

A datatypes eliminationrule allows abstractioronly over the whole inductively de-

finedfamily. In orderto supportpatternmatching theapplicationof suchrulesto spe-
cific instancef dependentamilieshasbeensystematisedThe underlyinganalysis
extendsbeyonddatatypeso otherrulesof asimilar seconcrdercharactersuggesting
they mayhave otherrolesto playin the specificationyerificationand,perhapsgerva-

tion of programs.Thetechniquedevelopedshiftsthe specificityfrom the instantiation
of thetype’sindicesinto equationatonstrainton indicesfreely chosenallowing the

eliminationrule to beapplied.



Elimination by this meansleaves equationalhypothesesn the resulting subgoals,
which mustbe solved if further progresss to be made. The first-orderunification
algorithmfor constructorformsin simpletypespresentedn [McB96] hasbeenex-

tendedto cover dependentlatatypesaswell, yielding completelyautomatedsolution
to aclassof problemswhich canbe syntacticallydefined.

The justificationand operationof thesetechniquesequiresthe machineto construct
andexploit a standardisedollectionof auxiliary lemmasfor eachdatatype. This is
greatlyfacilitatedby two technicaldevelopmentf interestin their own right:

e amorecorvenientdefinitionof equality with arelaxedformulationrule allowing
elementsof differenttypesto be comparedput nonethelesgquvalentto the
usualequalityplustheaxiomof uniqueness;

e atypetheory OLEG, whichincorporatesncompleteobjects accountingor their
‘holes’ entirelywithin the typing judgmentsand, novelly, not requiringary no-
tion of explicit substitutiorto manageheir scopes.

A substantiaprototypehasbeenimplementedgxtendingthe proof assistanLEGO
[LP92]. A numberof programsare developedby way of example. Chiefly, the in-
creasecdexpressvity of dependentiatatypess shovn to capturea standardirst-order
unificationalgorithmwithin the classof structurallyrecursve programsremoving ary
needfor aterminationargument.Furthermorethe useof eliminationrulesin specify-
ing thecomponent®f the programsimplifiessignificantlyits correctnesproof.
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Chapter 1

Intr oduction

‘The philosopherhiave merelyinterpretedheworld in variousways. The
point, however, is to changet.’ (Marx andEngels)

Computemprogramsarenot expectedo make senseln fact,they areseldomexpected
to work, which is asmuchasto saythat computermprogrammersre not expectedto
make senseeither Thisis understandable—programmiisgprimarily aform of giving
orders.

Nonethelessthereare groundsfor optimism. This is becauserogrammersio not
really want genuinelystupid ordersto be obeyed, andwe understandhat the more
sensave areableto make, theshorterour ordersneedbe. The benefitcomesby taking
thesensewithin the programmes mind andmanifestingt explicitly in the program.

From namedvariablesand looping constructshroughto functional abstractiorand
methodencapsulatiorthe evolution of programminganguagesasgreatlyfacilitated
the programmemwho actively seeksto make sense.In particular type systemsnow
allow so much senseto be madethat they are even becomingcompulsoryin some
industrialprogrammindanguagesWherethe purposeof typingin C is to indicatethe
numberof bits left anarraysubscriptshouldbe shifted,stronglytypedlanguagesik e
Javagenuinelyreducethe gullibility with which machinefaceshuman.

It is with theobjective of promotingsensen programghatl have pursuedheresearch
documentedh thisthesis.lts mainpurposes to shov theadvantagea dependenttype
systemlendsto the causeof principledprogramming.

Briefly, the principal contritutionsarethese:

e OLEG, atypetheorywith ‘holes’ (or ‘metavariables’)standingfor the missing



partsof construction®xplainedentirelywithin thejudgmentsof the calculus—
thestateof atheorenmprover maythusberepresentedsa valid judgment

¢ theidentificationof whatmustbe addedto conventionaltype theories(suchas
thoseunderlyingLEGO or CoQ) to facilitate patternmatchingfor dependent
types(asimplementedn ALF)

e asystematiwiew of eliminationrules,leadingto theuseof derivedelimination
rulesto characterisend indeedspecify programsin a compactand powerful
way

1.1 overview

This thesisrecordany developmenbf technologyto supportfunctionalprogramming
overdependendatatypesdy patternrmatchingandstructurakecursionn anintensional
type theory This technologyalsosuggestsovel tools andtechniquedor reasoning
aboutsuchprogramsLet me give anoverview, identifying theinnovations.

| openwith anaccountof atheoremproving in atypetheory OLEG,! whichis based
on Luo’s ECC[Lu094], but includesanaccountof ‘holes? in terms.Thereis alot of
theoremproving in this thesis.Someof it is doneby hand.Much of it is doneby ma-
chines,manufcturingandexploiting standardequipmentfor working with datatypes
andequationaproblems.| thereforefeel obligedto give a precisetreatmennot only
of theoremsbut alsotheoremproving.

The novelty is that holesare handledmuch as other variablesand accountedor by
bindingentirelywithin thejudgmentsof the system.This systemis workablebecause
the core calculusof termsis embeddedn a ‘developmentcalculus’,which is where
thehole-bindingsareto befound—acoretermin the scopeof a holemaynonetheless
referto that hole. The effect of the separationis to preventtroublesomenteraction
betweencomputationand holes. Consequentlyterms(called ‘partial constructions’)
in the developmentcalculusenjoy the propertythat one may safely be replacedby
anotherof the sametype—remarkablygoodbehaiour for adependentype system.

As a result,theoremproving in OLEG consistsexactly of editing OLEG judgments
in wayswhich areguaranteedo presere their derivability. Although OLEG is more

1The name'OLEG’ is a tribute to Randy Pollacks proof assistanl_EGo. The new treatmentof
partialproofsrequiredonly a minorrearrangement.

2alsoknown as'metavariables’,'existentialvariables’,‘questionmarks’ andmary othernamesbe-
sides



restrictve thansystemswith explicit substitutionthoserestrictionswill not hinderus
in theslightest.

The inductive datatypeswe shall be concernedwith are muchlike thoseof LEGO,
CoQ[Coq97 or ALF [Mag94]. Theirelementsareintroducedby constructoisymbols
whoserecursve algumentssatisfya strict positivity condition.Recursve computation
andinductive proof are provided in the old-fashionedelimination rule’ style. This
necessitatethe innovation of principledtactical supportfor suchrules,documented
in chapterthree.However, the technologyis not restrictedto eliminationrulesarising
from datatypes.

The contritution from this thesisto the methodologyof programverificationlies in
the useof derived eliminationrulesto capturethe leverageexertedby a given piece
of informationon an arbitrarygoal. The abstractiorof the predicatein aninduction
principle or thereturntype in a datatypefold operatorpoint the way. Givena piece
of information,we have beenindoctrinatedo askwhatwe candeducefrom it—we
shouldratherask how we candeducewhat we want from it. The tacticsof chapter
threeweredevelopedo supportdatatypesliminationrules,but they allow usto exploit
a wide classof ruleswhich similarly abstractthe type of their conclusions.| give
numeroussxamplescapturingthe behaiour of programsn this way, and| believe |
demonstratéhe efficacy of thepolicy.

Once we understandelimination rules, we may give proper attentionto inductve
datatypes.In particular we may usechapterthrees technologyto derive from each
‘conventional’ eliminatora pair of alternatve eliminatorswhich usefullyuntanglethe
treatmenbf caseanalysisandrecursionon structurallysmallerterms. This givesef-
fectively the samepresentatiorasthe Case andFix constructsvhich areprimitive
notionsin CoQ. The equivalencewas establishedy EduardoGiménez[Gim94]—
only minor adaptationsare requiredto mechanisehis construction. Chapterfour is
reassuringlyunremarkable.

Caseanalysison arestrictednstanceof aninductive family (hencefortha subfamily)
inevitably involvesequationakeasoning.For example,we may definethe family of
listsindexedby their length—whenanalysingheinstanceconstrainedo containonly
nonemptylists, we rule outthe ‘nil’ constructobecausehelist it generatesloesnot
satisfythatconstraint.More generally for eachconstructorwe mustrepresenttthe
object-level the constraintthat its returntype unifieswith the subfamily underanaly-
sis. Theseconstraintaresimilarto the unificationproblemswhich arisein ‘unfolding’
transformationgor logic programgTS83,GS91]. My MSc work involveda system-
atic solutionfor simply typedproblemsin constructoform, implementedn the form

8



of atactic[McB96].

Chapterfive extendsthe treatmentto dependentypes. Of necessitythis requiresus
to comparesequencesf termswherelater elementamay have propositionallyequal
but computationallydistincttypes,an areawhich hasalwaysproved troublesomeor
intensionaltype theory | presenta new, slightly morerelaxed definition of equality
which scalesup to sequencewithout significantattendantlumsinesslt turnsoutto
be equialentto the moretraditionalinductive definitionaugmentedby the axiomthat
identity proofsareunique.Soequippedwe mayeasilyprove for eachdatatypets ‘no
confusion’property—constructorareinjective and disjoint—in the form of a single
eliminationrule. | alsogive a systematigroof thateachdatatypecontainsno cycles.
It is thesdemmaswhich justify thetransitionsof the unificationtactic.

In [Coq92], Thierry Coquandtharacteriseaclassof ‘patternmatching’programsover
dependentypeswhich ensurethat patternscover all possibilities(deterministically)
andthat recursionis structural. This is the classof programsmadeavailable (with

unrestrictedecursion)n the ALF systemMag94. Chaptersix containghe principal
metatheoreticesultof this thesis,confirmingthatthe sameclassof programscanbe
constructedrom traditional datatypeeliminationrules, given uniquenes®f identity
proofs. Themeta-l&el unificationin Coquands presentatiois performedattheobject
level by thetacticdevelopedin chapteffive.

By way of illustration, if not celebrationthe work of the thesiscloseswith two sub-
stantialexamplesof verifieddependentlyypedprogramsBoth concerrsyntax:

e substitutiorfor untyped\-terms,shavn to have the propertieof amonad

e astructumlly recussivefirst-orderunificationalgorithm,shovn to computemost
generalnifiers

It is well understoodat leastin the type theorycommunity that we may only really
make senseof termsrelativeto a context which explainstheir free variables. Both
of theseexamplesexpressthat sensedirectly in their datastructuresa gainwhich is
reflectedn thecorrectnesgroofs.

Neitherexampleis new to theliteratureof programsynthesisandverification. Substi-
tutionhasbeentreatedecently{BP99,AR99] via polymorphicrecursionandl include
it simply to shav thatdependentypeseasilyoffer the samefunctionality, withoutre-
courseto counterfeitingndex dataatthetypelevel.

The existing treatmentf unificationturn on the useof an externallyimposedtermi-
nationordering. The novelty hereis thatby indexing termswith the numberof vari-

9



ableswhich may occurin them,we gainaccesgo computatiorover thatindex—this
Is enoughto capturethe programfor structuralrecursion.Witnessthe benefitfrom a
programwhich capturesnuchmorepreciselythesensef thealgorithmit implements.

Bothdevelopmentadoptthemethodologyof characterisinghebehaiour of theirsub-

programsby meansof eliminationrules. Establishingorogramcorrectnes$ecomes
sufficiently easythatin presentingheproofs,l cutcornersonly whereto do otherwise
would be monotonousn the extreme.

I would like to apologisefor the length and linearity of this thesis. | hopeit is not
nearlyasmuchtroubleto readasit wasto write.

1.2 this thesisin context

‘I do pressyou still to give me an accountof yourself, for you certainly
did notspringfrom atreeor arock. ..’ (PenelopeOdyssg, Homer)

| sprangfrom a little-known Belfastpattern-matchein 1973. | have spentmy whole
life surroundedy patternmatching,| have implementedatternmatchingalmostev-
ery year since1988, and now | am doing a PhD aboutpatternmatchingwith Rod
Burstall. Fortunately my motherwasnot a computerscientist. Enoughaboutme.

Martin-Lof’ stypetheory[M-L71a] is awell establishe@dndcornvenientarenan which

computationalChristiansare regularly fed to logical lions—until relatively recently

muchmoreemphasisasbeenplacedon typetheoryasa basisfor constructve logic

thanfor programming.Comparatrely boring programshave beenwritten; compara-
tively interestingtheoremshave beenproven. Thisis a pity, asthe expressvenesof

typetheorypromisegnuchbenefitfor both. But thingshave changed.

Inductiononthenaturalnumbersvaspresente@xplicitly in differentguisesby Pascal
andFermatin the seventeenthcentury althoughit hasbeenusedimplicitly for a lot
longer FregeandDedekindndependentlgave inductive definitionsanexplanationin
impredicatve settheory ‘Structuralinduction’ hadbeenwidely usedin mathematical
logic [CF58,MP67] by thetime Burstallintroducedthe notion of inductive datatypes
to programming,with elementsbuilt from constructorfunctionsand taken apartby
caseanalysigBur69].

Inductive datatypeshave escapedrom programminglanguage§McB70, BMS80F
and arrived in type theory [M-L84, CPM90]. Sincethen,they have becomemore

3My fathers LISP-with-pattern-matching/asa programminganguagenhich escapedrom anin-
ductive datatype.

10



expressve, with theindexing power of dependentypetheorygiving anaturalhometo
inductive familiesof types[Dyb91]. For example,ashintedabove, the polymorphic
datatypdist A, with constructors

h:A t:listA
nil A : list A consht:list A

canbepresentedh a usefullyindexedway asvectors—Ilistf a givenlength

h:A t:vecCtan
vNily : vecta O  vconsht:vect, sn

Typing is strongenoughto tell whena vectoris empty so potentiallydisastrousie-
structive operationgik e ‘head’ and‘tail’ canbesafelydefused.

However, there are significant ways in which dependentdatatypesare more
troublesome—theguestionis ‘what datatypeshall we have andhow shall we com-
putewith them?’. Thedatatypesndfamiliesproposedy Thierry CoquandChristine
Paulin-Mohringand PeterDybjer have beenintegratedwith type theoryin a number
of variations.

ZhaohuiLuo’s UTT [Luo94] is closestto the traditionalpresentationequippingfam-
ilies basedon safe'strictly positve’ schematavith eliminationconstantgloublingas
inductionprinciplesandrecursioroperatorsThisis aconserativetreatmentor which
the appropriatdorms of goodbehaiour wereestablishedby Healf Goguen/Gog94.

Unfortunatelyrecursioroperatorsnake somavhatunwieldyinstrumentgor program-
ming, asanyonewho haseveraddednaturalnumbersn LEGO[Pol94] will tell you.

ThierryCoquanas 1992presentationf patternrmatchingfor dependentypes|Coq92],
implementedn the ALF systemby LenaMagnussorjMag94, wasshown to be non-
conserative over corventionaltypetheoryby HofmannandStreichersinceit implies
uniquenessf identity proofs[HoS94]. Patternmatchingfor the full languageof in-
ductive familiesis contingenbn unification,whichis neededo checkwhetheragiven
constructorranmanugcturean elementof a givenfamily instance.Unification,once
it escapefrom simplefirst-ordersyntayes,becomedrighteningto anyonewith awell
developedinstinctfor survival, althoughsomedo survive.

Subsequergystemsn the ALF family, suchasAgda[Hal99], have beenmuchmore
cautiousaboutwhatdatatypeshey will allow, in orderto bemuchmoregenerousvith
facilitiesfor working with them. In particular the questiorof unificationis avoidedby
forbiddingdatatypeconstructorgo restricttheir returntypesto a portionof thefamily

11



(eg, emptyvectors,nonemptyvectors). Familiesaredeclaredn a similar mannerto
datatypesn functionalprogrammindanguages:

datafamily xy...x, = conTy... Ty | ...

Theindicesx; ... x,, aredistinctvariablesjndicatingthateachconstructoicon, what-
everitsdomaintypesT; . .. Ty, its ranges overtheentirefamily Patternmatchingover
aninstantiatecdsubfamily justinstantiateshex’sin thetypesof the constructorstather
thangeneratinganarbitrarily comple< unificationproblem.

This is a sensiblerestrictionwith a soundmotivation. It is alsoa seriousone, for-
bidding, for example,the formulationof the identity type—thereflexivity constructor
restrictsits returntypeto the subfamily wheretheindicesareequal.As we decompose
elementf thesedatatypestheir indicescanonly becomemoreinstantiated—Agda
datatypandicesonly ‘go up'.

Someof the power lostin this way is recapturedy computingtypesfrom data. For
example,the type of vectors,althoughnot a datatypein Agda canbe computedrom
thelengthindex:

vect, 0 = 1
vecty, sn = Ax(vectyn)

This kind of computedypeis goodfor datawhich arein someway measuredy the
indices—elementarefinite, not becausehey containonly finitely mary constructor
symbolsper se, but becauseas we decomposeahem, their indicesrecursvely ‘go

down’ somewell-foundedordering. Thereis no place,in this setting,for inductve

familieswhoseindices,lik e thoseof the stockexchangecango down aswell asup.

The practicallimitations of this systemrequirefurther exploration. Certainly the re-
moval of unificationfrom the patternmatchingprocessmakesit considerablymore
straightforvard to implementattractvely andto grasp. It hasbeeneven beenim-
plementedoutsidethe protectve ervironmentof the interactve proof assistant—in
LennartAugustssors dependentlytyped programminglanguage CayenngAug98g].
Cayennallows generafrecursionhencets typecheckrrequiresaboredonmthreshold
to preventembarrassingontermination.Of course the programswhich make sense
dotypecheckandsomeinterestingexamplesarebeginningto appeafAC99.

Onthe otherhand,two recentexamples—bothmplementation®f first-orderunifica-
tion, asit happens—canndde expressedasthey standin this restrictedsystem.Ana

12



Bove’'s treatmen{Bove99 showsthata standardHaslell implementatiorof the algo-
rithm canbe importedalmostsystematicallyinto type theory However the general
recursiorof theoriginalis replacedy ‘petrol-poveredrecursion* overaninductively
definedaccessibilitypredicate[Nor88] which can be expressedn ALF, but not its
Successors.

My implementationin chaptersevenof this thesis,is dependentlyyped,andexploits
thepowerof ‘constrainingconstructorsto represensubstitutiongsassociatiottistsin
away which capturegheideathateachassignmengetsrid of avariable.Variablesare
from finite setsindexedby size,fin n, andtermsaretreesover a numberof variables,
free n. Associationlists, alist m n, represensubstitutiongrom m variablesto terms
overn:

x:finsm t:freem @g:alistmn
anil, : alistnn aconsxt g : alistsmn

Having saidthat,| amquitesurethat‘gravity-powered’unificationcanbeimplemented
in Agdausingtherestrictedtype system.| only useassociatiorists becauseny ap-
plicationof substitutionss delayedandincrementallf you arehapypy to applysubsti-
tutionsstraightaway, a functionalrepresentatiosuffices. Nonethelessthe alist type
standsasa usefuldatastructure—dcontext extension'—whichonemight reasonably
hopeto represenasa datatype.

The CoQ system[Coq97] has inductive families of types with strictly positve
schematdP-M92, P-M964. However, they have moved away from the traditional
‘one-step’elimination operatoy following a suggestiorfrom Thierry Coquand:they
now divide eliminationinto a Case analysisoperatoranda constructorguardedix -
point operator EduardoGiménezs conserativity agumentGim94] is bolsteredy a
strongnormalisatiorprooffor thecaseof lists[Gim96]—he hasrecentlyprovedstrong
normalisatiorfor the generakcasgGim98]. BrunoBarrashasformalisedmuchof the
metathoryfor this systemBar99, includingthe decidabilityof typechecking.

This Case-Fix separations a sensibleone, andit makes practicalthe technology
in this thesis—vorking in what is effectively Luo’s UTT [Luo94], | startfrom the
traditional‘one-step’rule, but I have mechanisedhedervationof Case andFix for
eachdatatype Everythingwhichthenfollows appliesasmuchto CoQ asto LEGO.

Thereis, though,a noticeablegapbetweerprogrammingoy Case with Fix in CoQ
and programmingby patternmatchingin ALF or Cayenne. This gap hasbeenad-
dressedvy the work of CristinaCornes[Cor97]. Sheidentifiesa decidableclassof

“my phrase
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second-ordeunification problemswhich capturesmary patternmatchingprograms
viewed as collectionsof functionalequations.Solving theseproblemsmechanically
shehasextendedCoqQ with substantiafacilitiesfor translatingsuchprogramsn terms
of Case andFix .

This takestheform of amacroCases which allows patternmatchingstyle decompo-
sition of multiple termsfrom unconstainedinductive families(eg vect n—vectorsof

arbitrarylength)and combineswith Fix to yield recursve functiondefinitionin the

style of ML. Althoughthe full gamutof dependentamilies canbe defined,shehas
adoptedan Agda-like solutionto the problemof computingwith them.

Thetaskof implementingpatternmatchingfor constainedinstance®f inductive fam-
ilies (or ‘subfamilies’, eg vect si—nonemptywectors)sheleavesto thefuture. Where
sheleavesis wherel arrive. | have not attemptedo duplicateher machineryfor the
translatiorof equationaprogramsRather| have concentratedn the problemof case
analysidor subfimilies,thelastgapbetweerherwork anddependenpatternrmatching
in ALF.

As | have alreadymentionedwe have known for sometime that dependenpattern
matchingis not conserative—it impliesthe uniquenessf identity proofs,which does
not hold in Hofmanns groupoidmodelof typetheory[HoS94,Hof95]:

IdUnique : VA : Type. Va:A.Ve:a=a. e=refla
ldUnique A a (refla) =refl (refla)

Thispointsto averyrealconnectiorbetweerpatternmatchingandthe power of equal-
ity in typetheory Caseanalysison inductive subfamilies(alsoknown as‘inversion’)
necessarilyjnvolvesequationateasoning—foeachconstructaorwe mustcheckthatits
returntype unifieswith thesubfmily we areanalysing.Theseunificationproblemgre-
semblethosewhich arisein unfold/fold programtransformatiofBD77, TS83,GS91].
They aretreatedatthe meta-level in ALF [C0q92,Mag94.

CristinaCornesmadesomeprogressn this areawith hertacticsfor inverting induc-

tively definedrelationsover simply typeddatain CoQ[CT95]. My MSc projectwasto

import this technologyfor LEGO. | madeexplicit the separatiorbetweenpn the one
hand,the splitting of the family into its constructorswith the subfamily constraints
becomingobject-lerel equations,and on the other hand, the simplification of those
constraints! implementedacompletefirst-orderunificationalgorithmfor object-level

equationover constructoformsin simpletypes[McB96].

The uniquenes®f identity proofs contritutesdirectly to the extensionof this first-
orderunificationalgorithmto dependentypes,yielding explicit object-level solutions
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to the sameclassof unificationproblemswhich ALF handlesmplicitly.® Thelastgap
betweerprogrammingwith datatypesn LEGO or CoQ andpatternmatchingin ALF
hasnow beenbridged.

Building thatbridgehasinvolved mary engineeringproblemsandthe developmenif
some| feel,fascinatingechnologyIn particulay thetacticwhich| built for deplgying
the eliminationrulesof inductive datatypesiasa potentialfar beyondthatpurpose.l
have begunto exploretheuseof rulesin thatstylefor specifyingandproving properties
of programsthis thesiscontainsseseralexamples.

1.3 implementation

| have implementedh prototypeversionof thetechnologydescribedn thisthesisasan
extensionto LEGO. It contritutedto, ratherthanbenefitingfrom the full analysisset
outhere.Nonethelesdet meemphasisatthis stagethatalthoughthe prototypecould
work better it doeswork.

Enoughtechnologyhasbeenimplementedo supportall the exampleprogramsand
proofsin this thesis. They have all beenbuilt with OLEG’s assistanceand checled
with LEGO—core OLEG is asubsebf LEGO’s typetheoryfor which RandyPollack’s
typecheckr runsunchanged Sometimed have hadto hand-crankechniques have
subsequentlghovn how to mechanisebut the developmentsdescribedn the thesis
areanhonestaccounof realmachineproofs.

SIn fact,ALF rejectscyclic equationsasunificationproblemswhich are‘too hard’, while | disprove
them,sofour years'work hasbeengoodfor something.
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Chapter 2

OLEG, atype theory with holes

Althoughyou have just startedreadingthis chapter| have nearlyfinishedwriting it.
When| started,a long time ago, | intendedit to be an unremarkablesummaryof a
familiar type theory presentargely out of the needto presenthe notationalcorven-
tionsusedin thisthesis.However, despitemy bestintentionsthis chapterdoescontain
originalwork—it describesitypetheory OLEG, whichgivesanaccounbf incomplete
constructiongjuite differentfrom thosein existing use.

Let me say from the outsetthat | did not setout to invent sucha thing. For some
yearsl have beenwriting programswhich construct. EGO proofsof standardiatatype
equipment—constructamjectivity andsoforth—togethemwith tacticsto deploy them.
| began,in my MScwork, with directsynthesiof prooftermsin theabstracsyntax—
this was, frankly, ratherpainful. However, astime wenton, the tools| wasbuilding

myselflookedmoreandmorelik e atheorem-preer. Eventually the penry dropped—
syntheticprogrammingand proofis only for clever peoplewith nothingbetterto do;

busy peopleandstupidmachinesheedan analyticframavork with a soundtreatment
of refinement.Whathadpreviously been‘'voodoo’,anad hocassortmenbf syntactic
trickery, becameOLEG, atypetheoryfor machinesaswell aspeople.

OLEG was thus manifestin codelong beforeit was rationalisedin this chapter |
put it togetherwith the help of mary sparepartsfrom RandyPollacks LEGO code.
LEGO’s treatmenbf ‘metavariables’is remarkablen whatit allows—tooremarkable,
in fact. Scopeis not quite managedroperly sothatthe reliability of LEGO still lies
in the final typecheckof the completedterm. | did not considerit my businessto
repair this problem—Iwas looking for a more convenientway to represenproofs-
with-holesfor mechanicamanipulation. | hit uponthe ideaof binding holesin the
context becausé requiredverylittle alterationof thetermsyntax,andbecaus& made
operationgik e refinemens ‘turn theunknovn premisesnto subgoalsjusta matterof
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turningVvsinto ?s. Thistreatmenbdf holesresonatestronglywith DaleMiller’ sexplicit
bindingof existentialvariablesn the ‘mixed’ quantifierprefix of unificationproblems
[Mil91, Mil92].

At the time, explicit substitutionwas not even anissue. If | had wantedto main-
tain the scopeof holesvia suchtechnology(asis foundin the ALF family [Mag94

andTypelab[vHLS98)), | shouldhave hadto re-engineethe whole LEGO syntax,re-
ductionmechanismandtypecheckr. As it turnedout, my adaptationsvereminimal.
Thereis a profoundreasonfor this—whereexplicit substitutionrelies on ingenuity

OLEG relieson cowardice. Insteadof repairingthe troublesomenteractionsetween
holesandcomputatiorby propagatingits of stackthroughthe termstructure OLEG

simply forbidsthem.

However, let me keepyou in suspens@o longer OLEG consistsof a computational
core—Luos ECC[Lu094] with local definition[SP94]but without X:-types—wrapped
in a developmentcalculus,in muchthe sameway that ExtendedVIL [KST94] wraps
coreStandardML [MTH90]. My reasorfor the separations preciselythe aforemen-
tionedcowardicewith respecto holesandcomputation.

ExtendedVIL’s treatmenbf holesprofitsfrom thefactthat,in simpletype systemsit

is alwayssafeto replaceaterm(eg, theplaceholdet?’) with anotherof thesametype.

Althoughthereis noway thatcoretermsin adependentypetheorycouldeverhopeto

have suchareplacemenproperty(for a counter@ampleseesection2.2), it doeshold

for the terms(or ‘partial constructionsof OLEG’s developmentlayer This single
metatheorerdoesmostof thework in OLEG’s successfuteconstructiorof refinement
proofaswe know it.

2.1 the OLEG core

DEFINITION: universes,dentifiers, bindings, terms

universes U ::= Prop | Type,
wherej is anaturalnumber

identifiers I:= x| y | ...
Let usallow oursehescountablymary identifiers.

| definefamiliesof bindingsandtermsindexedby thefinite setof variables
V C I permittedto appearfreein them. My motivationis to ensurethat
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identifiersareonly usedwherethey aremeaningfult

For ary set?of variablesandary x notin thhesetsz‘”q/of bindings of x
extending ¥ and 7, of terms over v aredefinedinductively? asfollows:

SE‘TfV SE(I{V S,SE‘ZV
yev Ucu f,s € Ty BeBy tely,
yETq/ UE‘ZV fSG‘T(V B.tE‘T(V

Bindingis themeansof attachingo anidentifierpropertiesuchas‘type’, ‘value’and
ary otherbehaioural attributesin which we may be interested A structurallinguist,
following SaussurgSaul6],mightpointoutthatidentifiers like words,have nointrin-
sicsignificance Variables ontheotherhand,aresigns.Binding creates sign,linking
signifierandsignified.

Syntactically a binding is a binding operatoy followed by anidentifier, followed by

a sequencef propertieseachintroducedby a specialpieceof punctuationgg :’ for

‘type’ or ‘=" for ‘value’. The binding operatordetermineghe computationatole of

thevariable.l would encouraggouto think of bindingsasimportantsyntacticentities
in their own right, andthe‘.” asa combinatorwhich attachesa binding to its scope
which, by corvention,extendsrightwardsasfar aspossible.

OLEG's core binding operatorscomprisethe usualV (often written II) for universal
quantificationand X for functionalabstractiontogethemwith ! (pronouncedlet’) rep-
resentingocal definition. | describethosebindingswherethe boundvariableoccurs
nowherein its scopeasfatuous.

As usual,applicationis indicatedby juxtapositionand associateseftwards. | shall
denoteby x € T thatvariablex occursfreein termT. Whenx ¢ T, | shallfreely
abbreviateVx: S. T by S — T. Further otherwiseidenticalconsecutie bindingsof
distinct variablesmay be abbreviated with commas,\x : S. Ay : S. T, for example,
becoming\x,y:S. T.

a-corvertibletermsareidentified,with = representinghe consequemotionof syn-
tactic identity. Let [S/x]T denotethe resultof substitutingS for free occurrencesf
x in T. Formally, we might preferto live in ade Bruijn-indexedworld [deB72];infor-
mally, let usgrantoursehestheluxury of namesandthe associatetlxury of ignoring
theissueof variablecapture.

IMy ulterior motive is to preparethe groundfor the applicationof dependentlytyped functional
programmingo syntaxin chaptersesen.
2Naturaldeductioris the beststyle| have foundfor presentingndexedinductive families.
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Having introducedall this syntax, let us aluseit wherever it suitsus. We are not
machinesandwe cansuppresiferrableinformationwhich machinesnightdemand.
To be sure,the machinesare catchingup, with work on implicit syntaxfrom [Pol90]
and beyond. | do not proposeto give ary mechanisticaccountof the agumentsl
shallomit, the parentheselshalldropandthead hocnotationd shallintroduce—the
purposes purely presentational.

DEFINITION: contextsand judgments

ThesetCtxt of contextsis definedinductively:

() € Cat

Fecxt Ser x¢T Fecuxt s5,S€e x¢T
[x:S e Ccixt Iix=s:S€ Ctxt

Notethatwe maytreata contet ‘forgetfully’ asa setof variables hence
Tr is thesetof termsover['.

If T € Ctxt, then . is thesetof I'-judgments. If J € 4., we mayassert
thatJ holdsby writing

re=J

4 containscontext validity andtyping judgments:

t, T € It
valid € % t:Te g

In mary presentationsa context is an assignmenof typesto identifiers. Here,value
assignmentsrealsopermitted. Let us alsoindulgein a slight abuseof notationand
write whole bindingsin the context, effectively annotatingentrieswith binding oper
atorsandperhapsadditionalpropertiess Seenasa datastructure for examplein the
implementatiorof LEGO, a context is a stackof bindings.We canrecoverthe ‘formal’
contets definedabove simply by forgettingthe extra annotationsWe shalloftenneed
to checkwhethera givenvariablehasa particularproperty whetheror notit mayhave
others.Let us,for examplewrite ['; x: T; I for acontext wherex hasthe propertythat
its typeis T, regardlesf otherannotations.

As we exploreaterm,eachvariablewe encounteis givenits meaningby the stackof
bindingsunderwhich we have passedA variableis nota name;it is areferenceo a

3]t is oftenusefulto know whatcolouravariableis.
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binding. Namesariseasa socialphenomenon—justsin the story of Rumpelstiltskin,
namingthingsgivesuspower overthem.

Let usnow definecomputatiorwith respecto a contect. We shouldfeelno apprehen-
sionat this. Quitethereverse,syntaxonly makessenseaelative to the context which
explainsits signs.Goguens typedoperationasemanticgor typetheory[Gog94]nec-
essarilyandnaturallyinvolvesthe context, significantlyreducingthe costof metathe-
ory. Althoughthe contectual informationhe requiresis active in typing and passve
in computationthis is moreanaccidentof ECCthananinevitablerestriction. Com-
pagnoniandGoguens morerecenttypedoperationasemanticgor higherordersub-
typing [CG99] exploits the potentialto the full.

MANTRA:
I is with me,wherever| go.

I, too, feel stronglyprovokedto exploit the potentialherevealsby increasingheactiv-
ity of the context in computation.Realprogrammingdanguagamplementationkeep
valuesin stacks.

We may still employ the usual techniqueof supplying a numberof contraction
schemeswhich indicatethe actualcomputationsteps togetherwith a notion of com-
patible closure which allows computatiorto occuranywherewithin aterm.

DEFINITION: contraction schemes
OLEG’s contraction schemesreshowvn in table2.1.

Subtermssusceptibldgo the 3, § or ! contractionschemesre,respectrely, 5-, §- and
I-redexes Notethatthe propertyof beingad-redec is implicitly context-dependentA
termis in normal form if it containsno redexes.

It is perhapshelpful to think of ~»# and~+° as‘work’, while ~' is ‘wastedisposal’.
As afanof Fritz Lang’s 1926classicsilentfilm, ‘Metropolis’, | like to imaginewhat
computatiorsounddike: g-reductionsounddik e papershufling; J-reductionsounds
likefiling cabinetsandphotocopiers! popslik e suddersuction.

DEFINITION: compatible closure

If ~+" is acontractionrschemeits compatibleclosure~., is givenby 2.2
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' (Ax:S.t)s ~Plx=5:S5.t

Iix=5:5"F x ~% s

|
' I Flx=35:5.t ~'t X ¢t

Table2.1: contractionschemes

~

' s~ s
'k s~ ¢

' s~ ¢ L'Ft~

I'F st~ §'t ' - st~ st

S~ § 'S~ §
I'F Vx:S.T ~. Vx:S'.T L'+ Mx:S.t ~. \x:S'.t
' s~ ¢ 'S~ 8
I Flx=5:St ~.Ix=4":5.t I Flx=5:St ~. Ix=5:5".t
['BEF o~

T F BEf ~. BeF

Table2.2: compatibleclosure

TFST
TFS<T
I'FR<S T FS<T
IF'FR=T

j<k

' = Prop < Q:ypej '+ ‘Z“ypej = Type,

TFS~S T.Wx:SFT<T
T F Vx:S. T<Vx:S. T

Table2.3: cumlatvity
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empty

declare

define

prop

type

var

imp

all

abs

app

let

cuml

O F vaid

' S: ‘Typej
['; Bx:S F valid

B e {V,\}

r's: S
[;!lx=s5:5 F valid

I' - valid
I+ Prop : ‘Iypeo

' + valid
I+ Type; = Typ

€1

I';x
[;x:5; 17

:S; 1" F valid
Fx:S

IVx:S = P : Prop
I' = Vx:S5.P : Prop

'+ S: ‘Typej [vx:S F T:‘Typej

I' - Vx:S.T : ‘Z:ypej

Didx:S+Ht:T
' Mx:S.t:Vx:S. T

'Ff:v:SST T'kHs:S
I'Ffs:Ix=s:5T

Dlx=s:SH¢t: T
I'Flx=s:5.t :Ix=5:5S.T

r¢t:S
rer.17 L FS=T

Table2.4: OLEG coreinferencerules
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METATHEOREM: Church-Rosser

'Fs =t
impliesexistenceof acommonreductr suchthat

'se>r I'EHtor
METATHEOREM: strengthening
LBl -t T xgU T
implies
D bFt:T
METATHEOREM: subjectreduction
's: T TFs>t
implies
't: T
METATHEOREM: strongnormalisation

'Et: T
ensureshatt is stronglynormalising.

METATHEOREM: cut
Miix=s:5T"Ft: T
implies

T [s/x]T" + [s/x]t : [s/x]T

Table2.5: metatheoretiproperties
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Henceforth] shallelidethecontext in casuadiscussionl write ~» for theunionof the

labelledcompatibleclosuresande for its finite transitive closure.A termis strongly

normalising if admitsonly finite sequencesf reductions.The smallestequivalence
relationclosedunden> is calledcorversion anddenoted.

Obsenrethat!-bindingallows usto avoid meta-lerel substitutionin describingcompu-
tation. Explanation®f identifiersareactivatedby puttingtheminto the context, notby
propagatinghemthroughterms.Thetraditional 3-contraction

(Ax:S.t)s ~ [s/x]t
becomes ‘noisier’ reductionsequence
(Ax:S.t)s ~F lx=35:8.t ~sg--r lx=5:S8. [s/x]t ~' [s/x]t

Following Luo, | combinethe notionsof corversionanduniverseinclusionin atype
cumulatvity preordemwith respecto =:

DEFINITION: cumulativity
Thecumulativity relation, <, is definedinductively in table2.3.

In [Luo94], Luo shavsthat < is antisymmetriandhencea partial orderwith respect
to =. In fact,every well-typedtermt (underl’) hasa principaltypeT in thesensehat

r-t: 7 < TFT<T.

Consequentlyt will be my habitto omit the index in Type whereuncontrwersial—
this phenomenors known astypical ambiguity [HP91]. In practice the cumulatvity
constraintsequiredto ensureconsisteny of ary developmentanbestoredasafinite
directedgraphandchecledfor offendingcycles.

The systemof inferencerulesfor the validity of contexts andtyping judgmentsn the
OLEG corecalculusis givenin table2.4. The formulationis slightly unusualin that
it involvesno meta-level substitutionin types—thesamejob is doneby the computa-
tional behaiour of local definition,asperformedby thecuml rule.

All theusualmetatheoretipropertieseetable2.5) hold aswe might expectthemto.
They contritute no insight unavailablefrom the Luo’s treatmentof ECCin [Luo94].
Severi andPoll have shavn how to extenddependentype systemswith local defini-
tions [SP94]. The Church-Rossepropertyfollows by the ‘parallel reduction’ argu-
mentof Tait andMartin-Lof, asmodernisedy Takahashi[dk9g. Subjectreduction,
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strengthenin@ndcut follow by inductionon typing derivations,differing only in mi-
nor detailsfrom the proofsfor ECC.| have omittedwealeningfrom thelist becausé
is aspecialcaseof the monotonicity propertywhich | shallprovein section2.2.2.

Strongnormalisatiorfor the OLEG coreis adirectconsequencef strongnormalisation
for ECC. In the style of Severi and Poll, a type-preservingranslationmapsOLEG

termsto ECC termsaddingapparentlypointlesss-redexes', so that eachstepin an

OLEG reductionsequenceanthenbe simulatedby a stepin an ECC reductionof its

translation.Consequentlyaninfinite reductionsequencéor a well-typed OLEG term

becomesninfinite reductionsequencéor awell-typedECCterm,andwe know that
no suchthing exists.

Theinterestingaspecbf OLEG is its developmentsuperstructure_et usnow give our
attentionto that.

2.2 the OLEG developmentcalculus

‘You cant putaholewherea holedon't belong. (BernardCribbins)

Holesstandfor the partsof constructionsve have notyetinvented.Every holeshould
tell ustwo thingsaboutthe candidatesvhich mayfill it:

e theirtype, T

¢ thecontext I', of variableshey mayemploy

We may ascribethesepropertieso the holeitself, by way of corvenientabbreiation.
The pointis thatit mustbe safeto fill sucha holewith ary t suchthatl' ~ ¢ : T.
Solutionsmustbelocally checkableif working with holesis to be practicable.

As | have alreadymentionedthetreatmenbf holesfor simpletype systemss greatly
helpedby the fact that termsdo not ‘leak’ into types. Consequentlyary subterm
may safelybe replacedby anotherof the sametype, without affecting the type of the
containingterm—Iocalcheckabilityof hole solutionsis just one specialcase. Holes
may safelybe representethy unlabelled? symbols,astyping placesno dependengc
betweerthem.

41t may help to think of the translationto ECC astying old tin cansonto termsto make the ECC
reductionasnoisyasthe OLEG reduction.
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However, theapplicationof adependentlyypedfunctionsmugglesheargumentterm
into theresulttype—thisis why thereplacemenpropertyfails. Considetthefollowing
example,in a contet defininganequalitysymbolfor naturalnumbers:

A=y N = N — Prop
Arefly :Vn:N. n=xn
Asym . Vm, n:N.m=yn — n=ym

It may bereasonabléo infer that
sym,, ?? (refly ?) :?7=n7
but we may not instantiateary of the ?sandretainthis typing unlesswe instantiate

themall—sym ,’sfirst two agumentsappeain therequiredtypeof (refly 7).

Someha we mustrepresenthe informationthatthe three?sin sym,, ? ? (refly ?)
signify the same,and what more naturalway could we choosethanto give thema
singlesign?

Hence Jet usinventa new bindingoperator?’ (pronouncedhole’) to introducevari-
ablesstandingfor holesin a proofwhich mustbeinstantiatedby a commoncandidate
of anappropriataype. We maynow addto the context

7x: N
andinfer
sym, x x (refly x) : x=ynx

Whenwe think of a suitablecandidatewe may ‘solve the hole’ by changingthe ?-
bindingto, say !x = 0: N, andthetypingwill stand.

However, thedangemasnotgoneaway. We couldquitereasonablynfer
sym,, (?n:N.n) (?7n:N.n) (refly 7n:N.n) :7n:N.n=y 7n:N.n

sinceonebinding 7z : Nl. n is syntacticallyidenticalto anotherevenif we regardthe
boundvariablesasdistinct (indeed,not in the samescope).We arenot free to solve
onewithout the others sowe mustavoid this situation.

Thepointis thatalthoughthereis nothingwrongwith holesleakinginto types,disas-
ter strikesif we permit?-bindingsto do so. The OLEG developmentcalculusensures
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that?-bindingsarealwaysin safeplaces—iethatthey mayalwaysbesolvedindepen-
dently Indeed,this arisesasa corollary of a moregeneralreplacemenproperty just
likein thesimplytypedcase.

By introducinganexplicit bindingoperatorfor holes,OLEG follows DaleMiller’ slead
[Mil91, Mil92] in representinghe stateof the systemasa judgmentwhosecontext or
‘mixedprefix’ explainsthevariouslyquantifiedvariablesnvolved.

The OLEG developmentcalculusrepresentshe storeof a theoremprover directly at
thejudgmentlievel. Theoremproverstendto containfour kinds of information:

e assumptions
e provedtheorems
e unprovedclaims

e partialproofsof claims

Thesefour componentsare eachrepresentethy a form of binding—respectiely, the
four givenin thedefinitionbelow. A stateis a context of suchbindings.Thetermsof
thedevelopmentalculusarecalledpartial constructions

DEFINITION: states,componentsand partial constructions

states State

Ae State CeCy
() € State A; C € State

components Ofoorx er—7v

SE‘T,V S,SET,V
S€ Ty geEPy SETy
x:5ecy xmq:5ecy

partial constructions 2,

te Py C.pe?y
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Obsene thatpartial proofs,or ‘guessesareattachedo holeswith a‘~’ symbol,indi-
catingthatthey have notthe computationaforce of !-boundvaluesattachedwith ‘=’.

Indeedwe mayview ary stateA asacorecontet by forgettingall but the*:” and‘=’

propertieof eachvariable. This, in particular meanghatguessesreinvisible to the
core.

StatesA in the developmentcalculusare equippedwith A-judgmentforms Devia
correspondingo thoseof the core. If J € Devi,, we may assertthat J holds by
writing A IF J.

Devia IS givenby

p e Pa T e TIA
valid € Devia p: T € Devip

Even the abstractform of the typing judgment containsan important piece of
information—thedevelopmentalculusdoesnot extendthetype systempnly thelan-
guageof terms. Holes are never boundto the right of the .’. This only senesto
emphasise¢he analyticview that typescomebeforeterms—wedo not explain terms
with types,we searchor termsinsidetypes.

Table2.6shavsthenew inferencaules.NotethatcorejudgmentsA - J only validate
A viewedforgetfully asa core context—arny guessen A will not be checled. This
accountdor theextraA I+ valid premisesappearingn somerules.

The analogougmetatheoretigropertiesfrom table 2.5 continueto hold for this ex-

tendedsystem.The parallelreductiontreatmenfor Church-Rosseandthe derivation
inductionsfor subjectreduction,strengtheningind cut caneasilybe adapted.Strong
normalisationfor the developmentcalculusreducesto strongnormalisationfor the
coreby atranslatiorargumentwhichaddstheassumptiorimagine : VA : Type. A atthe
root of the context andturning 7-bindingsinto !-bindings:every holewithout a guess,
?x : S, become8x ~ ImagineS: S, thenthetranslatedyuessebecome-boundvalues.

The coretermsareembeddedhn the partialconstructionsThe forgetful interpretation
of statesas core contexts allows variablesto appearn partial constructionsvia the
term rule. Theeffectof thecore/d@elopmentseparations thusto restrictwhereholes
maybebound A partialconstructiorcontainingno ?-bindingsis saidto be pure, that
IS, expressibleasa coreterm. Puretermsmay, of courseyeferto variables?-boundin
their context.

In particular ?-bindingscannotoccurinside applicationsor !-boundvalues. This is
enoughto ensurethatthey have no interactionwhatever with computation.?-bindings
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statevalidity

empty O TF valid
AlFvalid AFS: ‘Typej 0
declare A Cx:S - valid ce{r?
: AlFvalid AFs:S
define Ax =s:5 IF valid
AlFp:S§S
construct K;7x ~ p:S F valid
typing partialconstructions
AlFvalid AFt:T
term AFf:T
abs A x:SI-p: T
AlF Ax:S.p « Vx:5.T
let Ajlx=s:SlFp: T
AlFlx=s:5p :Ix=5:5T
A;?x:SlEp T
hole AFmsp:T YT
A:?x~qg:SIkp:T
guess Armasy T YET
cuml ﬁ:ﬁzfiAksgf

Table2.6: developmentalculusinferencerules
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areallowedto appeain ‘guesses'—partiatonstructionsttachedo holesaspotential
solutions.However, unlike !-bindings,guessesaremerelytypecheckd annotations—
they have no computationabehaiour andhenceno effect on subsequertiyping.

In fact, the only contractionschemeat the partial constructionlevel is !-contraction
removing spentvaluebindings.

Alrlx=s:S.p~'p XEp

All the othercomputationsccurwithin embeddedermsvia the closurerulesgiven
belov. Of coursey-reductionin termscanexploit !-component# the context.

AFt~ F
ATt~
AF S~ & AFS~. &

AlF Xx:S.p ~. Ax:S.p A lF?7x:S.p ~. 7x:S.p
AFs~. ¢ AEFS~ &
AlFlx=s:Sp ~.Ix=5:Sp AlFlx=s:S.p ~. Ix=s:Sp
Al g~ g AFS~. 8

AlFx=q:S.p~.x~q:Sp AlF?xrq:S.p~.Mxmqg:S.p

ANCRIFp~ o pf
AlFCR.p~. CX.p

A crucialroleis playedby theside-conditionsn thehole andguessrules. Theseansist
thatalthoughthetermundera ?-binding may exploit the boundvariable,its type may
not. Without them,we shouldhave to allow ?-bindingsin types. Furthermorethese
restrictionssimply reflectthe naturalwaysin which holesarise—ina refinemenstyle
proof, we only make claimsmotivatedby the needto construcianinhabitantof atype
whichwe alreadyknow.

Theinability to leakinto typesis somethingpartial constructionsharewith termsin
simply typed systems.We shouldexpectthe replacementpropertyto follow easily
andin exactly the samemanner—replacingthe typing subdenationfor the replaced
term.

2.2.1 positionsand replacement

The positions Pos,, areformedfrom the partial construction®,, by deletingonesub-
partial construction. A positionP € Posp ‘forgetfully’ inducesa contect extension
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P which collectsthe componentsinderwhich the deletionpoint lies. If p € N
thenP[p| denoteshe partial constructiorobtainedby insertingp at P’s deletionpoint.
Positionsaredefinedinductively asfollows

DEFINITION: positions

Forxe I1- v
P e Posqy, 4 Pe®osy SeTy qePy,,
o € Posy) CfV.P € Posqy x =~ P:S.q € Posq)
op]=p Aje=A
(c&.P)lp] = C&. Plp AP =2 CiiP
(?x~ P:S.q)[p]="x = Plp]:S.q A;?x=~P:S.q=A;P

Crucially, ary derivationof A I+ P[p] : T follows from a subdervation of some
A;PIFp: S

We may composepositions,writing P; P’ for the positionobtainedby replacingthe o
in P by P'. Clearly (P; P')[p] = P[P'[p]] andP; P’ = P;P'.

METATHEOREM: replacement

If AlFPp :T

followsfrom A;P IF p : R

and A;PIFp @R

then AIlFPp]:T
PROOF

Theproofis by inductionover thedervationof A |- P[p] : T, thencaseanalysison
theposition.

In all casesvherethepositionis o, ie P[p] = p, thetyping derivationsfor P[p] andp
mustbethe sameyieldingthatR is T—the conclusions exactly thetyping of p'.

We only needthe strengthof theinductionwhenthe positionis nontrivial.

e term—o is theonly position

e abs
We have A IF Ax:S.P[p] : Vx:S. T
sowemusthave A;Ax:S |- Plp] : T
followingfrom  A;\x:S;P Ik p : R

Suppose A;dx:S;PIFp @ R
Inductively AN x:SIHFPpY|:T
Hence A IF Ax:S.P[p/] - vx:S. T
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e let, hole

We go underthe componentn the sameway asfor abs

e guess

If the positiongoesunderthe componentthe abore agumentapplies. If the
positiongoesinto theguess:

We have A H—?sz[p]:S.q : T

sowemusthave A I Plp] :

followingfrom  A;P I+ p : R

Suppose AP IFp o R

Inductively A | Pp'] -

Hence A - ’?xNP[p’] S.q:T

Note thatthe typing of 4 andthe side-conditionx ¢ T arenot affectedby the
changeof guess.

To claim that the simplicity of this theorembeliesits utility is to misunderstandhe
pragmaticof theory Thereis no utility without simplicity.

2.2.2 the stateinformation order

We shallneedalittle moremetatheoreticapparatubeforewe arereadyto reconstruct
theoremproving in OLEG. In particular we shallneeda notion of ‘progress’between
OLEG states.Theideais thata stateA’ ‘improves’ A if it containsat leastasmuch
information—A’ mustsimulatethe behaiour of every variablein A.

DEFINITION: stateinformation order

For valid statesA andA’, wesayA C A/, if

e Foreachk e A,if A F x : TthenA’ + x : T.
e Foreachk € A,if A F x ~»?% sthenA’ F x & s.

C isclearlyapreorder
Noticethatinsertingnen componentsto A movesit uptheorder Sodoesreplacinga

type-onlybindingor ?-with-guesdy a!-bindingof anappropriatelytypedvalue. Fur-
thermoreguessemaybeaddedo holes,removedor modifiedatwill, solong astheir
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intendedypeis respected—theeplacemenpropertyhelpsusto checkmodifications.
Ontheotherhand,oncea variablehasa computationabehaiour, we may not take it
away.

If A C A’then,viewedasvariablesetsA C A’, sS0ODevin C Devin:. Astheordering
preseresall theobsenablebehaiour of astate we shouldexpectto find thefollowing
holds

METATHEOREM: monotonicity
If A C A',thenforall J € Devin, A lF J impliesA’ |- J

PROOF

We mustfirst generalisalittle:

If A; C Al
then A, Ay IF T implies A}, Aq IF J
and AT EJ implies AT+ J

provided A’ capturesiovariablesrom A, or '

This allows us an easyinductionon derivations. From the definition of =, we shall
acquireexactly the componentsve needto replacethosesubdenvationswhich look
up typesfrom A, performé-reductionsrom A; or simply validateA;. Thatis, the
interestingcasesare

e thevar rule

If thevariablebeingtypedliesin A1, thedefinitionof C tellsushow to derivethe
sametypefrom A}. Otherwisetheresultfollowsfrom theinductive hypothesis,
which replaceghe prefix in the premise,andthe var rule, which recosersthe
typefrom theunchangeduffix.

e thevalidity rules

If the context beingvalidatedis A1, replacethe entire dervation with that of
A F valid. Otherwisethe context strictly containsA;, sothe premisecontext
containsA, hencetheinductive hypothesispplies.

e thecuml rule

The inductive hypothesissuppliesthe modified premise. As for the computa-
tional sidecondition,the definitionof C enablesisto replaceevery s-reduction
for variablesn A; with anequialentcorversionvalid in Af.
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2.3 life of ahole

I now presenfour basicreplacemenbperationsvhich actasa basisfor working with
holes.

AlFp:T AI—S:‘Zype

claim  (pirth) AlF?x:5.p: T

try (marriage) = ”_;xlf‘?]fcm:gsi |:"Tq : S
regret (divorce) AAW I?l—x?j;%i ip T T

we wan  AEEZIST

It is clearthat eachof theserulesis admissible.We may readthemasjustifying the
replacemenat any positionof the constructionn the premiseby the constructionn
theconclusion Monotonicityjustifiesthecorrespondingtepsvhichinsertandmodify
new ?-componentn the state.

Effectively, claim allows usto inserta new hole at ary position. Holesarenaturally
born this way—we claim that S holdsin orderto develop our proof of T. The side-
conditionon thehole typing rule holdsasa matterof course.

Thetry andregret stepsallow usto attachanddiscardguessesepeatedly—hopefully
our judgmentimproves as we go roundthe cycle. Oncethe guesscontainsno 7-
componentsit hasbecomea coreterm—deaths not the endof the journey, but the
transitionby whicha holeis solved, becominga local definition.

Thesefour rulesallow usto extendthenotionof ‘information order’to positions This
givesusthemeando relateoperationsvhich arefocusedat a particularpositionto the
amountof informationavailableat thatposition.

DEFINITION: position information order

For valid statesA andP, P’ € Posy, theposition information order A |-
P C P'isgiveninductively by thefollowing rules:
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refl ATPCD

AlFPC P AP LCP

trans

AlFPC P
. A;PF S Type
claim AT P:P C P;7x:S. P
ir A;PIFg:S
y ATFDP7x:S.P C Ptxmq:S. P
regret AT P7x~q:5.P C D;7x:5. P
solve

A - P,7x%q5P'EP,!x:qSPr q pure

Theadmissibilityof the four basicreplacemenbperationgjivenabove ensureghatif
A IF P C P,then

e if A;P I valid then A; P’ I+ valid and A; P C A; P

oif AIFPp: TthenA IF Plp] : T

We may now reconstructhe familiar tools of refinementproof as operationswvhich
manipulateOLEG statespreservingheir validity. Moreover, we canmake assurance
doublesureat ary stageby rederving the states validity judgment.This directcorre-
spondencéetweenjudgmentsof the type theoryandstatesof the machine andthus
betweenadmissiblerulesandtactics,is quite a solid basison which to build a proof
assistant.

2.4 displaying an OLEG state

The prototypeimplementatiorof OLEG waswritten for useby otherprogramsyather
thanby people. However, this thesisis full of OLEG proofs,sowe shallneedsome
way to seewhatwe aredoing. Let usthink how we mightdisplayan OLEG state.

| proposeto list the component®f a statevertically, so thatthe morelocal bindings
areliterally aswell asmetaphoricallyunderthe moreglobal ones. For eachbinding,
we shouldgive the binding operatoy the identifier, thena table shaving the property
indicatorg(*:’” or‘=’) with theassociateterms(typesor values).It will senethecause
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of brevity if we sometimegelax vertical alignment,combiningbindingswhenmore
thanoneidentifieris beinggiventhe sametreatment.

Now, ary term canbe viewed asa subtermundera context of binders—Ietus allow
ourselesto formatthesecontets in the sameway asthe ‘main’ stateandwrite the
subtermdirectly underneathfFor example we mighthave the stateshavn ontheright.

The initial four assumptionsntroducea |AN  : Type

type N of naturalnumbers,its two con- A0 N
AS : N — N

structorsanda primitive recursionopera-
P P Arec : Vo Type

tor. Following this, | have shavn a par Ve,: @
tial developmeniof the additionfunction. Vos: © — @
Obsene thecompletedsuccessocasein- vn :N

P
?plus= ?plus, : N — N
'plus,= Aplus,: N — N

troducedby a ! binding, while the zero
caseis still an unknavn boundwith a ?.

The partial proof is boundwith a ?, in- Ay ‘N
dicating that it still contains?-bindings s(plus, y)
which mustnot be duplicated. Note also : §¢ H —N
that!-binding enablesusto inspectterms yN

suchas plus, which would otherwisebe rec (N — N) plus, plus,
stuckbeneattthe applicationof rec. :N—-N-—N

In generalthen,a stateis displayedasatreewhoseforking nodesarebindings.From
eachbinding, one edgepoints‘underneath'to its scope,andotherspoint ‘sideways’
into the termsattachedby the propertyindicators':’, ‘=" and‘s’. The sequencef
componentsvhich make up a stateform a spineof the tree, vertically alignedat the
left handside, startingat the root andfollowing the ‘underneath’edgesuntil the last
componentis reached.In the abore example,the spineconsistsof the bindingsfor
N, O, s, rec andplus. The subtreegeachedby going ‘sideways’ from this spine
(representingfor example,the type of rec, or theincompletedevelopmentof plus)
have termsor partialconstructionst theleaves. As we have seenwherever we find a
partialconstructionyve mayreplacet by anotherof the sametype.

It is unlikely that we shouldalwayswantto seethe whole tree of a large statefully
expandedasabove. You can,perhapsjmagineusinga mouseto drav cloudsround
uninterestingpartsof proofs,introducinga cloud symbolin the statedisplay Perhaps
we candouble-clickonthecloudto restorethe expandedree.
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Let us expandin detail only wherewe are interested, Q:)

keepingconnectedsubtreef uninterestingproofob- | 7PIUS~ ?plus, : Vﬁ N

scuredby clouds. For instance,f we are simply in-
terestedn unsoled goals,the abore examplecanbe ®
reducedo this picture.

I like this interfacefor obscuringirrelevant detailsbecausd canfocuson a subtree
withoutdisplayingthefull pathbackto theroot. Furtherif we allow subtreegontain-

ing cloudsto beobscuredy biggerclouds we canstructureourlackof interest—when
we expandthelargercloudto returnto thatpartof thedevelopmentthe bits markedas

dull remainhidden.

Now thatwe canvisualisethestate Jet usvisualisgacticsasdirectmanipulation®f the
displayedmage.Eachsymbolis givenatangiblepresencéy its binding. Operations
which affect a symbolshouldbe addressedyy mouseor whatever, to its binding. We
shallsoonfind ourselhesdraggingbindingsaboutthe place,andsoforth. It is, perhaps,
anadwantageof making?-bindingsexplicit thatthey afford suchvisualmetaphors.

2.5 basiccomponentmanipulations

| shallpresentacticsasqualifiedstatetransitions.Thevalid-
ity of thefinal statemustfollow from thatof theinitial state, | |befoe|=|after|
giventheside-conditions.

side-conditions
Table2.7 shavs somebasictacticsfor manipulatingcompo-

nentsat the outerlevel of the OLEG state. Thesetacticsare
justifiedby monotonicity exceptfor cut andabandonwhich
arestandardnetatheoretiproperties.

We mayalsorepresenteplacemenasatactic,

instantiatingit to acquiretacticswhich work A A

at ary positionin the development. Conse- ?Ax' ~ Plp]:S|= ZXI ~ Pp']:S
quently we may apply claim, abandon try,

regret, solve and cut within guesses.How- AP p: R

ever, we arenot freeto createanddestry As, APIFp @R

asthesewouldnotpreserethetypeof thepar

tial construction.
Of coursewe will wantto operatewith alittle moresophisticatiorthanto edit partial

constructionglirectly with try andregret. Whatwe have establisheds themachinery
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assume justify claim

A A A A A A

A,:>/\x:S Ax:S|=|7x:S A,:>‘?x:S
A’ A’ A’ A’

AF S Type AF S Type

try regret solve

A A A A A A

x:S|=|xxp:S| | |Txxp:S|=>|Tx: 5| |Ixxp:S|=>|lx=p:S

A’ A’ A’ A’ A’ A’

AlFp:S p pure

cut abandon postpone

A A A A A A

Ix=s5:5|= A ?x: S| =1L, x:S|=|Xx:S

AI [S/X]A AI A AI AI

x¢g A

Table2.7: basiccomponentmanipulations
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attack intr o-v intr o-!

(:) = |Tx=7x: S VS o | Ay S xly=s:5 | |ly=s:S
7x:S X T ?x: T T x: T
: S X X X X
retreat raise-Y raise-!
(l\::) Tx:Vy: S ?x: Wy=s:8§
=S | o 95: G i\y:S = g, ;y:s:S = g,
L Pyt T 'f‘T - S 'f:T ly=s:S
: [x y/x]t t

Table2.8: moving holesthroughtheir types

for making holesappearanddisappeain a given place. Justlike the cinema,if we
work this machineryfastenoughwe createtheillusion of movement.

2.6 moving holes

Traditionally, we may ‘introduce’ a termof functionaltype by filling a holewith a A-

bindingwhosebodyis a newv hole—thecontext of thenew hole containghe argument
of the function. We may ‘animate’ this manoeuvreby pretendingthat the ?-binding
hasmovedundertheargumentandshortenedts type.

Anotherfamiliarmanoeuvreindoegheeffectof introduction,generalisingholefunc-
tionally over the assumptiongrom which it wasto be proven. The ?-binding moves
outwardsthroughthe binding of the assumptionandits type getslonger Miller calls
this‘raising’ [Mil91]. We mayalsoshufle holesin andoutthrough!-bindingsappear
ing in theirtypes.

Thesemovesarecollectedin table2.8.

Noticethatthetwo introductiontacticsonly replaceconstruction®f theform ?x:S. x.
If thebodywassomearbitraryt, theintroductionswvould affectthex’sin ¢, ratherthan
the whole expression. Fortunately arny hole not of this form canbe madereadyfor
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introductionby the attack tactic.

Theraisingtactics,however, have no suchrestriction.They allow usto move holesout
throughassumptionanddefinitions,becomingmorefunctionalasthey go, until they
areoutermosin aguessTheretreattacticmaythenbe usedto extractthemfrom the
developmentA partialconstructiorcanalwaysbe madepureby raisingandretreating

its remaining?-bindings.

2.7 refinementand unification

Theintr osV tacticmakesprogressy filling a holewith a A-term. This sectionbuilds

tacticsto fill holeswith applications.

Let usbeagin with a very simplemotivatingexample,say de- C::)
velopingthe double functionfor naturalnumbersin terms ?double: vn: N

of plus.

We mayintroducetheargumentby attack, thenintr os-\.

At this point, we might decideto solve for d by adding
two numberstogether We cando this, evenif we have
not yet decidedwhich two numbers,by insertingholes
for thenumbersThatis, wefirstclaim . ..

... thensolve d with plus x y andcut.

We have filled oneold hole,d, with plus appliedto two
new holes—thats, we have ‘refinedd by plus'.

To completethe developmentrefineeachof x andy by
n.
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7doublex~ \n: N
?d: N
d

o

?doublex~ \n :N

x,y:N
?d :N
d

Co

?double~  \n :N

x,y:N
plus x y
'double= An: N
plusnn




Thetacticnaive-refinesolvesoneholeby a givenfunc- naive-refine
tion appliedto unknavnsrepresentethy new holes. It

is acombinatiorof claim, try andsolve. C:) = E:::)
- My T 2% S
Notethatl have notexplainedhow thelengthof thear e 7
Y=7X
gumentsequence’ is to be chosen.We could leave it y. T

to the user However, sincecorvertability is decidable,
we cansimply try thesuccessiely longersequenceatf- fo Vi
fordedby the Vs in the type of f until eitheroneworks
or we run out of aguments.

v
b§]

Hence,n theabove example,we effectively solvedd by naive-refinewith plus, then
eachof x andy by naive-refinewith n.

While naive-refineis goodfor simpletypes,asonemight {::)
expect,it is not sufficiently powerful to be of realusein An =N

the dependentlyypedsetting. Considerthis (admittedly Ansym: zzexf 7[511_ N
somavhatartificial) problem. Yen 1t N
am N

We have to find a y suchthatm =y y. Carefulexami-

) i _ o Anem :n=yxm
nationshavs thatn will do, with a derivationvia nsym. 7 N
However, we cannotsimply do naive-refineonmey with | 2mey :m=yy
nsym, becauseisym provesx =y n, NOtm =y y.

We can,however, startby building anapplicationof nsym in Q:)

a!-binding. x N

nex : n=x5x
If we couldsolve x andy so thatthe typesof xen andmey lxen = nsym x nex
becamecorvertible,we couldcompletetherefinementThat CX=NT

Tmey: m=ny

Is, we needto unify the two types. Note thatit is unifica-
tion we need nhotjustone-sidednatching—weneedto infer
valuesfor holesin thegoal,notjustunknovn arguments.
This thesisis not the placefor a discussiorof unificationfor proof search—therés
muchwork on this in the literature[Pym9Q. For my purposessomethingsimilar
in power to first-orderunificationon normalisedermswill prove adequate OLEG’S
explicit bindingsof holesandassumptionsgndits supporfor variousoperationsvhich
permutethem,suggesthatMiller’ s technologyfor unification‘undera mixed prefix’
[Mil92] couldbeimportedvery easily

Let usthereforeimagine'buyingin’ a pre-«isting unificationtool anduseit to drive
thetacticshavn below.
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Theideais thatunify solvesholesuntil enoughnew §-reductionshave beenaddedto
giveS < T. At thatpoint,thedesireds, temporarilystoredin a!-binding,canbefilled

in asthevaluefor x.

Notethatthereis nothingto stopunify creatingnew holes,althoughthisis unusuafor
first-orderalgorithms.Nor do | requirethe unificationprocesgo terminate although

this sometimedelps.

We maynow build atwo-phasdacticwhich incorporatesinificationin therefinement

process.
unify-r efine
A
A 727 : R
?x: T I'=fzZ:S
Y= Y~
1|7 P[P }:>yp?X3T
" p
f:VZ:R.S

2. unify ¥’ andx (atpositionP; 27 : R)

As with naive-refing it is notnecessaryo specifyhow mary argumentg shouldhave
in advance.Providedwe arewilling to wait for theunificationattemptsye maysimply
startwith noneandkeeptrying successiely until eitherthe unificationsucceedsr we
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runoutof Vs. Thisis exactly the behaiour of LEGO’s notorious Refine ’ tactic?®

An alternatve to this searchbehaiour is a more precise‘drag-and-drop’technique.
We canimaginea mouseactionpicking up a hypothesidy a suffix of the functional

partof its type anddroppingit on a hole. The agumentsof the hypothesideforethe

pointwe selectedvould bethe onesmadeholesby unify-r efine

Perhapyou arefamiliar with the children’s toy which consistof a postboxwith var-
ious holesof differentshapesn thetop. Thetoy comeswith a numberof blocks,and
the objectof the exerciseis to posteachblock throughthe correcthole. In orderto do
this, the child is givena refinementactic which takesthe form of a blue plasticham-
mer. Thereis aninitial phasevherethe connectiorbetweertheshapeof theblockand
the shapeof the hole hasnot yet beenmade—aphasecharacterisetby violent ham-
meringandtantrums.Everyonewho hasever learnedLEGO hasundegonea similar
experience.

2.8 dischargeand other permutations

Let me completethis reconstructiorof basictheorem-praing in OLEG with some
moretechnologyfor shufling componentaround.lt is fairly clearthatwe may per
mute componentsn the statein any way which preseresthe dependenciebetween
them.

Wheredependengc doesarise,we may still reorderthe componentsbut we have to
accounfor it by introducingappropriatéunctionalbehaiour. In particular thisallows
usto discharge anassumptiorby makingeverythingwhichfollows from it functional
over it. LEGO implementshis transformatiorby its ‘Discharge ' tactic. We may
reconstructt piecavise by thefour manipulationgjivenin table2.9.

Althoughwe mayreadeachof the‘four dischages’aspulling thebindingof x through
thebindingof y, thisisjustacinematidllusion. They are,of course provenby creating
anearlierbindingfor y, thenexpressinghe lateronein termsof it. By monotonicity
we maymake the samepermutationgor ?-componentsiswe canfor A-components.

We may also make permutationsand deletionsin the agumenttypesof functional
holes,solongaswe do notbreakarny dependenciesSeetable2.10. If we bracletsuch
moveswith raisingandintroduction,we canmake similar permutationsnddeletions
in agumentswhich have alreadybeenintroduced.

SLEGO triesquite hardto keepgoing, applyingweakhead-normalisatioat eachstep,in anattempt
to revealafreshv-binding.
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A-through-A A-throught!
A
A A a ly=Ax:S.t
Ax S Ay :Vx:S5. T Ax: S
= = :Vx:S. T
Ay: T Ax: S ly=t:T _
f , , Ax: S
A ly x/y|A A N
I-through-\ I-through!
A
A A A ly=I1x=s:5.t
lx=s:S Ay lx=s:5.T|||lx=5s:5 |
= =| :lx=s:5.T
Ay: T x=s:S ly==t:T ly—s: S
A’ A’ A’ A’_ '

Table2.9: thefour dischages

swap-independent

delete-unused

- ?f . V¥ S ® {'\::)
2f Yy - -
'f'zxjf/ o vzZ wvS || VE S
N Vy: Y Vy: Y T
- T T If= A,y f %
If=\¥,y,z. f ¥zy
y¢Zz ygT

Table2.10: permutinganddeletingarguments
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2.9 systemswith explicit substitution

Now seemsa goodtime to compareOLEG's treatmentof holeswith that of other
systems.

Thekey issueis how to copewith holesleakingout of the scopeof their explanation.
LEGO ignoresthisissueandreapsheconsequerrightful hanest—althoughnstanti-
ationsaretypecheckd,they mayinvolve out-of-scopesalueswhich areonly detected
oncethe completedproof’ is beingverified. OLEG dealswith the problemby for-
biddingit—a hole may not escapets scope put its scopemay be widenedby raising,
keepingthe dependencinformationexplicit andintact.

The real comparisorlies with systemswhich treatthis problemvia explicit substi-
tution, suchas TypeLab[vHLS98] and ALF [Mag94. Holesappearin the calculi
underlyingboth systemswithout explicit binding. Instead the context andtype of a
hole arerecordedn an externalledger By gooddesign,this contet coincideswith
thecollectionof boundvariablesunderwhichthehole makesits initial appearancdyut
computationmay destrg this coincidenceso explicit substitutionis requiredto fix it

up.
[VHLS98] illustratesthis with a simpleexample.Suppos€’ is definedto have type T
in context z : T'. Thatis, its ledgerentryisx : T'+? : T. Now considertheterm

A :T.7)t

We aretold thatthe A-abstracted: is ‘the sameobject’ asthe z in theledger Onthe
onehand,we may instantiate? with z and s-reduceto gett. On the other we may
B-reduceto get? which we cantheninstantiatewith z. Thetwo do notcommuteas
they shaw in thisdiagram:

{?:=z}
Ax:T.7)t > (Az:Tx)t
p B
[ t
{? .=z}

Thetroubleis thatperformingthe g-reductiorfirstintroducesadiscrepang—theterm
no longer containsa binding occurrenceof x correspondingo the z in the ledger
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hencehesubsequenhstantiationis atouchanachronisticln fact,thesubstitutionm-
plicit in the G-reductionhaspassedhrough? without stoppingto considetthefactthat
somez’s mightappeamwhenit is instantiatedhencethe solutionis to delayexplicitly
the applicationof the substitutionto 7. When? is instantiatedthe substitutionmay
proceedThatis, we repairtheleakin scopeby attachinganexplicit substitutiorto the
hole:

{?:=z}
Az :T.7)t > (Az:Ta)t
p Y
?x =t > t
{? =2z}

The extra [z := t] is really a kind of binding which maintainsconsisteng with the
ledger sothat? remainsa ‘function’ of z. Thatis, the problemremains'think of a
T — T function’, andthevalueremainswhatever-it-is appliedto ¢'.

The OLEG approachto this problemis total cowardice—sincesuchsituationscause
trouble,they areforbidden.In particular we maynot bind holesinsideanapplication,
sothereis norelationshipwith g-reductionto untangle.

We can, of course,have the stateshavn on the right. However, A T
the guessfor f hasno computationaforce. We cannotreducef t T Ax: T

Dase
unlesswe widen f's scopeby raising and retreating,undoingthe }}; T
introductionof the A andleaving us with an explicitly functional ft

hole.

Is thisanunbearableestriction?l canassureyou thatit will give usnotroublein the
courseof this thesis. The point is that OLEG offers a genuinecompromisebetween
theingenuityof explicit substitutionandthe painof representindpnolesas,say skolem
functionsovertheentirecontext—holesneedonly be keptfunctionalasfar asthey are
usedcomputationally

2.10 sequenceselescopesfamilies, triangles

Finally, for this chapterlet me digressfor a momentto introducean importantnota-
tional corveniencewhich will sene bothto abbreviate andclarify whatfollows. We
will frequentlyencounteisequencesf terms,often asargumentsto functionsor in-
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dicesof typefamilies.l wishto avoid thetraditionalt; . . . t, for anumberof reasons:

e it'stoowide
e it introducesa subscripwhichis frequentlyirrelevant

e our binding syntaxinvolves significantdots—thraving more dots around(in
threesnoless)canonly causeconfusion

Forswearthereforethe pointillist sequencen favour of de Bruijn’s telescopenota-
tion [deB91]. A sequencé, indicatesa finite, perhapemptysequencef terms,and,
following that primitive monoidalurge, we have compositionoperator; and empty
sequence.

deBruijn explainshow to give suchasequencea ‘type’. In asimply typedsetting,we
couldjust write T, but thingsarea little morecomplicatedor us: in our dependently
typedworld, thevaluesof earliertermsin asequenceanaffectthetypesof laterterms.
We cannotafford to losethis dependenginformation,hencenve mustincorporatesome
kind of placeholdeinto thetype sequencaotation.

DEFINITION: telescope

If Visasetof variablesnotcontainingy; . .. x,, andT; € ‘T%{xl._.x,_l} for
1 <4< n, thenT is anx-telescopgwherex abbreviatesx;. .. x, andT
abbreiatesTy;... T,).

Thatis, we definea sequencef typesrelative to a sequencef identifiers
which becomeboundin turn andstandasplaceholderdor earliervalues
in latertypes.

For example the X-telescope

X1 X9 X3

AN —— ~
Type ; X1 — Prop; VY :X1. X2 Y

representatriple of, respectrely, atypex;, apredicatex, overx;, andaproofx; that
all elementsf x; satisfyx,.

We may now exploit telescope# all sortsof circumstanceskor example,if Tisan
X-telescopethejudgmentl” + f : T‘abbr&'iatestheconjunctionof thejudgments
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I + tl : T1
I + ty [tl/xl]TQ

.F F t, : [tn_l/xn_l] e [tl/xl]Tn

Further thebinding \y : T abbreviatesthe sequencef n A-bindingsgiving y, thetype
T; with y'sfor thex’s, while lij = 7: T abbreiatesthe corresponding. !-bindings,and
similarly for the otherbindingoperators.

We may thus speakof a sequencef boundvariablesas having a telescopewhere
we would speakof a single boundvariableas having a type. | shall glibly omit a
telescopesplaceholdingrariablesunlesshey arenecessaryo avoid ambiguity When
essentiafor clarity, | shallattachthe placeholdewariablesto the typesin situ, rather
thannamingthembeforehandmakingthe above example

X1t Type; Xo = X1 — Type; X3 : VY :X1. Xo Y

The term ‘telescope’comesfrom its notation-shrinkingoower, inspiredby the kind

of collapsibletelescopehat Horatio Nelsononcefamouslyput to his blind eye. It is

a more appropriatemetaphorfor abbreviating a dependentype sequencehanother
collapsiblestructuresuchasaccordionor operahatsbecauseachof the concentric
cylinderswhich makesup thetelescopéiasalip which constrainghenext (andhence
all thefollowing cylinders).

The optical behaiour of telescopess helpful also. Broadly speakingthe longeran
opticaltelescopethe smallerthefield of view andthe greatethe magnification.Sim-
ilarly, asyou extenda typetelescopegachnew type actsasa new constraint,sothe
collectionof inhabitingsequenceWisible throughthetelescopebecomesmallerbut
moreinformative 8

Thereis anothersensdn which type telescopesre collapsible—ifwe instantiatethe
first placeholderwe acquirea morespecifictelescopeshorterby one.

DEFINITION: telescopeapplication

If T isthex; ,-telescopd’;;Ts;...T, andt : T, thentheapplication

—

Tt

isthex,_,-telescope

Sde Bruijn talks of sequencefitting into’ telescopesyut | preferto avoid the mixed metaphor
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[t/xl]TQ; . [t/xl]Tn
Obserethatif +;f: T thenf : T t.

This notion of applicationfor telescopesnay be iteratedover a term se-
guencean thesameway asfunctionapplication shorteningatelescopdy
instantiatingary prefix. Thatis, if S is an¥-telescop@nds : S then(S; T)§
is just[5/x]T.

Notethatthe usesemicolonfor sequentiatompositionleavesthe commafreefor its
usualrole,indicatingmultiple inhabitationof the sametypeor telescopeThatis, ¥, i/ :
T meanghateachof ¥ andij inhabitsT, where¥;j : T meanshatthe concatenation
of ¥ andj inhabitsT.

Let usalsointroducea notationfor makingmultiple copiesof atelescope.

DEFINITION: iterated sequenceor telescope

If f is asequencef termsor atelescopethen
AN
{7}
is the sequentiatompositionof n copiesof 7.

If £, is asequencef termsor telescopeontaininga free subscript, then

U,

Is thesequentiatomposition

Theemptysequencer telescopés thus{}°.

Hencewe may saythatplus hastype {N}* — N andstill intendthe curriedform of
thefunction.

Obserethatif 7,,....7, : Tthen{F.}" : {7}".

Similarly {fi; }n abbreviates(ff,); . .. (ff,).

Now thatwe have thetelescopaotationfor expressingypesof indices,we maydefine
thenotionof anindexedfamily.

DEFINITION: indexedfamily

49



If Sis atelescopandT is atype,thenan §-indexedT-famin Is aninhab-
itantof Vx: S. T.

Forexample,if for all n : N we definefinn to bethefinite datatypewith n elementsye
maysaythatfin is N-indexed Zype-family. Or, perhapgenersely we maydescribehe
functionwhich decidesequalityon the naturainumbersasa {N }*-indexed 2-family.

For ary Type-family (henceforthitype family’), we maydefinethefollowing telescope:
DEFINITION: freetelescopegor atype family

If Tisan X-telescopeand A is a T-indexed type family then, A, thefree
telescopédor A, is

T; (A%)
For example/fin isjust# : Ni; x : fin n.
Whatis visible throughthis telescopeEvery memberof thefamily A, of course!That
is,if a: At thenf;a : A. NotealsothatA f is the sameasoneelementelescope !

Finally, let usconsidetow to abstracbver arbitrarytelescopesSimply taking
vT: {‘Type}n. e

doesnotcapturehepotentialfor typedependengcwithin thetelescopeT, maydepend
onavalueof typeT; andsoon. We mayrepresenthis by takingT, : T, — Type. We
thenhave notatelescopef types,but atelescopef typefamilies:

Ty : Type;
Ty :T{ — (1:1/117&
T3 : thle. (T2 tl) — ‘Zype;
] . i n—1
T, : Vt: {Ti {tj}j}i . Type
This is a very specialT’-teIescopaNhich | call A™Type, andary sequencavhich in-

habitsit is atriangle of lengthn. Thatis, atriangleis a sequencevhich representa
telescope.

It is nothardto corvertam‘c’-telescop@ into atriangle:we simplyturntheabstractions
implicit in the telescopenotationinto A-bindingswhich capturethe earlierx’sin later
T's. Theresultingtriangleis
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T;
)\xlle. TQ,
)\xlle. )\xQ:TQ. T3,

AT T,
Correspondinglyif Sis atriangle,the X-telescopet representss

X1t Sl,
Xg : Sg X1;

X3 : 53 X1 X9,

Xp Sy {xi}?_l

Thereis no ambiguity betweertrianglesandthe telescopeshey represent.You can
easilyspotwhichis which by which sideof the colonthey appearl shallhappilywrite

VT: A" Type. hereT is atriangle
Vi T. hereT is therepresentetklescope

Whatcould T meanasatrianglein atypeposition?Its elementsaretypefamiliesand,
apartfrom thefirst unindexedone,thesetypefamiliesarenottypes.

Obsere thatif T; S is then + 1 lengthtrianglerepresentingelescopd™; T andt : T,
thenthe trianglerepresentindT; T“) tis {S; t};. Telescopeapplicationis thusrepre-
sentedn thetrianglecodingby functionapplications.

Thesenotationaformsgive usthesyntactigpowerto manipulatedependentypefami-
liesandtheirinhabitantleanlyandwith hardlyany moreeffort thanfor simpletypes.
Sincedependentype familiesfeaturestronglyin this thesis,we aresureto be glad of
thecorvenience.
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Chapter 3

Elimination Rulesfor Refinement
Proof

Introductionrulestell us how to establishnew information. Eliminationrulestell us
how to exploit whatwe know. This chapteridentifiesa particularly useful classof
eliminationrule anddevelopsatacticto deplgy themin refinemenproof.

My first encountemith thingsdescribedas‘elimination rules’ waswhenl wasbeing
taughtnaturaldeductionas an undegraduatemathematicianln particular I learned
eliminationrulesfor the propositionakconnectvesA andV:

Pl [Ql

PAQ PAQ PVvQ s o
P Q )

| recallthinkingthetwo A-elim rulesuncontraversial whilst beingsomevhatconfused
by theconvolutedbehaiour of v-elim. It wasonly whenl caughtmy supervisobuild-

ing a proof from the bottomof the blackboardupwardsthat| beganto seethe point.

Vv-elim tells us how to exploit a disjunctve hypothesigo gain leverageon whatever

® it is we aretrying to prove. The A-elim rules seemsomevhat undermotvatedby

comparison—thgprojectoutoneor otherconjunct,sowe have to arrangeo wantthe

conjuncts.

We canreformulatethe A-elim rulesasa singlerule in the style of v-elim:
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[P]
Q]

PAQ &
3

This rule (often called‘uncurrying’) makesexplicit the ‘seeif you canprove it from
the conjuncts’techniquewhich the original pair of rulestacitly requirethereasoneto
apply And thatis the key point. Elimination rulesshouldsupplya proof technique
which analyseghe hypothesisn questionto give leverageon whatever the objectve
may be. The ‘projective’ rulesonly manageo be bothapplicableandmotivatedif we
arelucky enoughto betrying to prove oneor otherof the projections.

MANTRA:
Theendmotivatesthemeans.

It is only because is a pretty boring connectve—thereis no choiceabouthow to
prove P A Q—thatwe cangetaway with projectve eliminationrules. A disjunctive
hypothesigieldsno definiteconclusion soforward synthesiss blocked—wehave to
work analytically reasoningy cases.

Vv-elim helpsus prove & from P v Q by splitting the taskinto two subtasksdecom-
posingthe hypothesis However, this is not the only way a well-designecelimination
rule canmake analyticalprogress.We canalsodecomposéehe objective (or ‘goal’)
into more specificcasespur favourite examplebeingthe ‘principle of mathematical
induction’:

[® n]
0 dsn
Vn:N. ®n

Thisrule explainshow to prove anarbitrarygoal ® indexedby a naturalnumber:: we
mustshaw thatproofsof ® aremadethe sameway thatnumbersare. The subgoalsn-
stantiateheindex with morespecificnaturalnumbersThis instantiationrmay provide
uswith the concretedatawe needto performsomecomputatioror simplification,and
thisis, by andlarge,how inductive proofswork.

Henceforth,| shallintendby ‘elimination rule’ only this kind of rule whoseconclu-
sionis anarbitrarygoal,possiblyabstractedverindices.This characterisatiors very
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broad,including ruleswherethereis nothingbeingeliminated. This may seemodd,

but it is sometimesusefulto characterisevhatprogressve canmake towardsanarbi-

trary goalwithout exploiting ary further information. Goodexamplesto bearin mind

aretheimpredicatve encodingf thetrue propositionandthe absurdproposition re-

spectvely V& : Prop. & — & andv® : Prop. &. Theformerexploits no informationin

the causeof proving its arbitrary®, andconsequentlgxertsno leverageeaving ® as
asubgoal.Thelatteris only derivablein the context of acontradictionandit indicates
thatwe alreadyhave all we needto establishwhatever ® we want.

In orderto exploit eliminationruleswhoseconclusionis abstractedver indices,we
needto malke the correspondingbstractiongrom the goal we aretrying to prove. It
is, of course,obvious how to do this whenthe goal alreadylooks like Vi : N. & n.
This chapteris largely devotedto explaininghow to make the abstractionsinderless
obviouscircumstances.

3.1 propositionalequality (definition deferred)

One of the tools we shall shortly requireis a propositionalnotion of equality The

cornventionalformulationsbecomeawkward oncetype dependengcentersthe picture.

Thetroubleis thattwo instance®f atypefamily with indiceswhicharenotcorvertible,

just propositionallyequal,arenot the sametype. The familiar definitionspermitonly

equationswithin onetype—they forbid us evenfrom statingthe equalityof elements
dravn from thetwo instance®f thefamily.

Huetand Sdbi encounteia similar problemin their formalisationof cateyory theory
[SH95]—they needto statethe equalityof arravs whosedomainsarenot necesssarily
computationallyequal. Their solutionis to relaxthe formulationrule for equationn
arrovs whilst still supplyingonly the reflexive constructor With care,this approach
maybeextendedo thecommonplac@ropositionakquality andthatis whatl propose
to do.

Ratherthan presentingmy definition at this stage,with slendermotivation andless
contet, | shalldeferthetreatmentntil we have moreideaof whatits propertieshould
be,andmorelanguagevith whichto describehem.

Sincel donotuseafamiliarequality | shallnotpresumeo usethefamiliar‘="symbol.
Instead shallwrite ‘~’. Experiencedeadersvhodislike suspenswill find its defini-
tion in chapter5. Otherwise readon here—letuslook out for the requiredbehaiour
of ~ aswe go.
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3.2 anatomy of an elimination rule

Let us first establishnotationfor elimination rules and give namesto their compo-
nents. Presentingeliminationrulesasraw types,or evenin the corventionalnatural
deductionstyleis relatively uninformatve, as| have foundin the pastto my cost. In
thissection| shallmotivatewhatl hopeis a clearempresentatioifarisingfrom ablack-
boardcorversatiorwith RodBurstall). It is importantthatwe cometo somesystematic
understandingf theserules,for we shallneedto teachmachinego usethem.

In orderto make senseof ary eliminationrule, we needto know

e whatit eliminates—itdarget Ninduction
e whatfamily of arbitrarygoalsit proves—itsscheme ® : Vn:N. Prop
For example,mathematicainduction(right) eliminatesa nat- dn

20 osn
V.<I>n

I markthetargetwith abox. We cantell ¢ is thescheméecausét standsatthe head
of therule'sreturntype.

ural number n, andprovesgoalsof the form ® »n, where® is
afamily of propositiongie, a predicatepver N.

If we wantto applythis rule, the taget marler tells us that we mustselecta natural
numberto eliminate,whichwill standin the placeof n. Having doneso,we will need
to abstractt fromthegoalto make anappropriateschemdor &. It is importantto type
the schemeprominently The index typesarenot alwaysso obviousashere. Further
we may needto be preciseaboutwhich type universethe goalmustinhabit: the ‘ Prop’
in the above rule makesit suitableonly for propositionalgoals—thisrule cannotbe
usedfor programming.

Schemeslways have typesof form V7': I @. | call the7 therule’s indices andthe
inde<edte|escopef therule’s aperture. Laterwe shallseeeliminationrulesfor the
samething, but with differentaperturesWe shallalsoseehow to changethe aperture
of arule. In conventionalproofsby mathematicainduction,the schemas oftencalled
the ‘induction predicate’. However, we shall have needof schemeswhich are not
predicatesandruleswhich arenotinductive.

Wherever @ is applied,its agumentsarecalledpatterns. The universallyquantified
variablesappearingn patternsarepattern variables. Targetselectiomrmustinstantiate
all the patternvariablesin the conclusionof the goal—otherwiseve will not know
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what to abstractto build the scheme. For mathematicalnduction, the only pattern
variableinvolvedis thetamgetitself, sothis requirements clearlyfulfilled.

Abovethesolidline aretherule’s caseseachof which proves® appliedto somecase
patterns (suchasO andsn above). Any subgoal-specifiassumptionsppearbore a

dottedline, the horizontalcousinof naturaldeductions vertical ellipsis. Thosewhich

donotinvolve ® arecasedata. Thosewhichdoaredescribedsinductive hypotheses
or recursive calls.

Thevisualaspecbf this presentatiofis intendedo corvey theideathatthecase®f an
eliminationrule arethe ghostsof the correspondingntroductionrules. Prawitz’s ‘in-
versionprinciple’ captureghis relationshipbetweerthe introductionandelimination
rulesof naturaldeductionPra65]—heattributesthe ideato Gentzerwho in [Gen35]
expresseshe propertyasfollows:

In eliminating a symbol, we may usethe formula with whoseterminal
symbolwe aredealingonly ‘in thesenseaffordedit by theintroductionof
thatsymbol'.

In essencegliminationrulesshov ushow to mimic the structureof the hypothesesn
whichthey act. Mathematicalnductionshavs usto how to make ® n imitaten : N. |
will freely suppressmplicit assumptiongsuchasthen : N in the‘successorsubgoal
above) in orderto strengthenhis resemblance.

MANTRA:
Decompositions the expositionof construction.

Beforel describenow to work with eliminationrulesin moredetail, let me placethe
discussionn contet by exhibiting a numberof variationsonthetheme.
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3.3 examplesof elimination rules

Parameterisedatastructuredike lists have pa- | listElim

rameterise@liminationrules.
A : Type

In particular we saythat an eliminationrule’s | ® : (list A) — Tiype
parameters arethosehypothese®n which the
schemes and cases’typesdepend. They may, h:A &t
whereinterestingpelistedatthetop of therule. e
®(nilA) & (consht)

VI:listAl @I

Notethat! supplythe casedatum#i : A explicitly, despiteits appearancen thecons
casepattern,in orderto emphasiséheimitation of the constructor

A classof eliminationrule whichwe will constructanduseover andoveragainin this
thesisis thecaseanalysisor inversion principle. For any notiongivenby introduction
rules, the correspondingnversionprinciple assertghat thoseintroductionrules are
exhaustive Thereis one casefor eachintroductionrule, andthereare no inductive
hypotheses.

m<n

Considerby way of example,< for N, presentedherein its m<m m<sn

‘suffix’ variant.
Thetraditional'Clark completion’[Cla78 presentatiomepresentthechoiceof derva-
tionsasadisjunctionof existentially quantifiedequations.

Vm,n. m<n —
V dIm'.  mom’ A nem’
Im', n'. m~m' A n=sn’ Am'<n’

Thereis onedisjunctfor eachintroductionrule—theschematio/ariablesbecomeex-
istentiallyquantifiedover equationglemandinghatthe conclusiorprovestheinverted
hypothesisandthatthe premisedhold. This constructions somaevhatmechanicalin
thatit explicitly constrainseachamgumentof the hypothesisvenif the constraintis
redundantlikethedm’ ... m~m' in eachcase.

In [McB96], | gave a standardisectelimination rule’ presentatiorof inversion,essen-
tially curryingtheClarkcompletion.For example thegenericclassof hypothesisn<n
would beinvertedthus:

LIn fact,it is goodto think of inductionasinversionaugmenteavith recursve information.
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<Clarkinv

(O3 Prop

m andn areparametrido thewholerule. Oncethey have beeninstantiatedthe equa-
tions in the subgoalsmay be simplified automatically This approachis somevhat
clumsy but it is very easyto apply, asthe schemed maybe ary proposition—naab-
stractionis necessary We shall shortly develop the abstractiontechnologyrequired
to exploit amorestreamlinedrersion,with anindexed schemeemoving the needfor
equationatonstraintonthe parameters:

This inversionprinciple differsfrom the Clark rule | <Inv
only in its aperture.They are,of coursejnterderv-
able, suggestinghat there might be a systematic
way to changethe apertureof an eliminationrule.
In fact, thatis the essencef thetacticthis chapter
develops. & mm

® : Vm,n:N. Prop

® msn

Vm,n.\m<n|— ®mn

The processwhich simplifiesthe constraintsarisingfrom inversionmalkescritical use
of thefactthatconstructorsireinjective anddisjoint (the‘no confusion’property).For
naturalnumberswe might plausiblychooseo derive two of Peanas postulates:

o Vm,n:N. sm~sn — m~n

e Vn:N.Osn
The above formulationof injectivity is essentiallyprojective after the fashionof the
awkward A-elim rules—directlyusefulonly if it is m~n we aretrying to prove. For
non-unaryconstructorscons for example,the problemgetsworse—weeitherhave

separaténeadandtail injectivity theoremspr a singleresultwhich yields a tuple of
equationsvhich we theneliminate.
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Consequentlyl preseninjectivity asaninversionrule for sinjective
an equationof successors.This is really just the ‘tuple’
L . ‘ . @ : Prop
versionin curried form—the ‘predecessorequationsare
thehypothesesf therule’sonly case.
m=~n
Turningto the‘constructordisjoint’ result,if we thinkof | ......
‘not’ as'impliesfalse’and‘f alse’astheabsurdoroposition )
‘anything is true’, we discover thatwe hadan elimination —®
rule all along,with afortunatenumberof cases.
| shallshov how to proveruleslik e thesen chapters. 0-nots
@ : Prop
- ®

We shouldnotthink of eliminationrulesassolelybelongingtio datatypesndrelations.
They alsoprovide neattoolsfor reasoningaboutfunctions. After all, whatis the ex-
tensionof a function, but a relationon which a total anddeterministiccomputational
modehasbeenimposed.

An equationalpresentatiorof a function correspondgo a setof introductionrules,
with recursve callsbecominginductive premises.It makessensdo reasonaboutthe
behaiour of thefunctionby the correspondingliminationrule.

ConsideMNEg—the functionwhich decidesheequal- |NEg O O =true
ity of two naturalnumbers. Later we shall seehov | NEQsm O =false
NEqg O sn = false

to defineit by recursve patternmatchingequationsas NEq s s = NEQ m m

shawn.
The correspondingeliminationrule allows usto do whatJohnMcCarthycallsrecur-

sioninduction [McC67], effectively packagingup therecursve structureof NEQ asa
singleinductionprinciple.

NEgRecl

b : Vm,n:N.V@:Q. Prop

®00true @®O0snfalse dsmOfalse Fsmsnp

Vm,n.®mn|NEQmn
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Many proofsaboutfunctionsoperateby choosingthe right combinationof inductions
and caseanalysesn the agumentsto make the computationunfold. Recursionin-

ductionon functionsdoesaway with the apparentunningof this choiceby wrapping
up ‘the right combination’in a derivedrule which targetsapplicationsof the function
directly. The proof of a recursioninduction principle follows the constructionof the
functionit describesstepby step.

In orderto make properuseof sucha recursioninductionprinciple, or ary otherrule
eliminatingafunctionapplicationwe mustchooseaschemeb whichabstractshatap-
plicationfrom the goal. Eachsubgoathusreplaceshe applicationby the appropriate
value.

Suchabstractionsare usually unnecessaryhen eliminating datatypesor relations.
However, exactlywhenandwherethis abstractiorbehaiour is requiredseemgo vary
from rule to rule, and even from problemto problem—Icannotseehow to infer it

reliably from the structureof therule or its target.

The usermustbe free to indicatewhich agumentsareto be abstractedn ary given

case—lIput a box in the type of the schemearoundary index for which abstraction
is to be attempted.Whenb is boxedin NEgRecl, it indicatesthatwe would like to

abstracbccurrencesf (NEqQ m n) asb.

For mary functions,typically of a ‘searching’or ‘testing’ characterrecursioninduc-

tion is still too closeto theimplementatiorio bereally useful. For example regardless
of how the testworks, we shouldlike to know that NEQ returnstrue for equaland

false for unequalaguments. We canrepresentheserequirementsas ‘extensional’
introductionrules,via the propositionakquality:

Theseequationsmay not be computational,but we can NEQ xx ~ frue
still usethemfor conditionalrewriting, shouldwe belucky ¥ oAy
enoughto encountempplicationsof NEQ which look like NEQ xy ~ false

theleft handsides.
We areoftenlesslucky. Imaginewe aretrying to prove a propertyof a program

Vx,y. P (if [NEQ x y [thenS elseT)

The computationis blocked at the box, becausehe ‘if * will only reducegiven a
booleanvalue,andinsidethe box becauser andy arenot numerals.Neitherrewrite
rule applies pecauseve donotknow whetheror notx andy areequal.We canremove
the blockageif we split the probleminto the two caseswvherethe NEq call returns
true andfalse respectiely.
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This is exactly the behaiour of the inversion |NEQInv

principlecorrespondingo therewrite rules.
o Vm,n:N.V@:Z Prop
Inverting a NEQ call yields two cases: one

wherethe agumentsare the sameandthe re-
sultis true, theotherwheretheagument«dif- | ... .. .. ...
fer andfalse is returned. Pnntrue  &mnfalse

Vm,n.®mn|NEQmn

Again, boxing@ indicateghat(NEQmn) is to beabstractedrom theschemeConse-
quently it is replacedn onesubgoaby true andin the otherby false. In bothcases,
the'if’ reduces—furthein thetrue casex andy arecoalesced:

o Vx.[x/y|(PS)

o Vx,y.xzty — PT

Inversionrequiresmuchlesseffort thanextractingthe samenformationfrom ‘charac-
terisationtheoremslik e thefollowing (from the LEGO library):

Vm, n:N. m~n + NEQ m n~true

To achieve the effect of theinversion,you needto combinethis lemmawith projection
fromthe'«+’, booleancaseanalysisanda rewriting mechanism.

MANTRA:
Invertthe blockingcomputation.

The pointis simple. Introductionrulesconstructinformation. Elimination rules ex-
ploit information. It is a seriousweaknesso confusethesepurposesin my view, an
equationabkpecificatioris thewrongtool to exploit the propertiesof oneprogramin a
proof aboutanother By constructiongliminationrules,especiallythosewhich invert
blocked computationsaremuchbettertools for that purpose.Over the courseof this
thesisyouwill seethis pointreinforcedin exampleafterexample.

3.4 legitimate targets

In orderto refinea goalby aneliminationrule, we mustdo two things:
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e selectatamgetof thekind therule eliminates

e construcia suitableschemdrom thegoal

| shalldiscussthelatterin the next section,but the first issuerequirescommentnow,
becausét impactson how we shouldpresenteliminationrulesin thefirst place.

The point is that, in orderto be ableto selecta target, we mustknow what kind of
targettherule eliminates.We mustdefinewhatit meango be a‘legitimatetarget’ of
arule, sothatwhenwe tell the machinewhich rule we wantto use,it cantell uswhat
we may useit on.

As we have just seen thereare mary differentkinds of eliminationrule, eliminating
mary differentkinds of target. The eliminationrule for a datatypeeliminatesan ar

bitrary elementof that type, abstractedn the rule and appearingn the concluding
pattern:

v Njon

Invertingan inductively definedrelationlike < eliminateshypotheticainhabitantsof
therelation,but the pattern(® m n) only involvestherelationsindices(m andn), not
thetarget(the proof of m<n) itself:

Vm,n. — dmn

An eliminationrule for afunctionspecificallyeliminatesapplicationsof thatfunction,
ratherthanarbitraryelementf the resulttype, sothe tagetappearonly in the pat-
terns.

Vm,n.dmn|NEqmn

Morediversevariationsnclude‘doubleinduction’,wherewe mustprovide two targets
for a nestedanalysis. Thereis no way we canexpecta machineto copewith this
diversity, looking only atatype andtrying to second-gues$eintentionbehindit.

Let us place the burden of specifying what an elimination rule targets where it
belongs—withthe manufcturerof the rule. In the Northernlrish tradition, a legiti-
matetargetis whatever we sayit is.

Consequentlythe boxes aroundtargetsbecomemore thana notationalcourtesybe-
tweenyou andme—theg areannotationsvhich the machinecanalsosee.Oneway to
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represensuchannotationss to storethe boxedtermandtypein a fatuous!-binding
with aspecialidentifier, ‘' ’, below:

e Vi:N.!O=n:N.®dn
o Vm,n.VH:m<n.!O=H:m<n.®dmn

o Vm,n.!\0=NEgmn:2. dmn (NEQmn)

Giventhe‘manufacturersinstructions’ themachinecanaskusfor legitimatetargetsin
theorderthattheannotationsppeain thetype. Whenwe indicatewhatto eliminate a
procesknown in thebusinesasfingering, themachinecanmatchit againsthetarget
annotationjnferring theuniversallyquantifiedvariablesherein.

This opensthe interestingpossibility that the type of an elimination rule might be
computedrom its targets. After all, we cannotcomputethe eliminationschemeuntil
we know whatit is we intendto eliminate. We will seean exampleof this technique
later—the‘injectivity’ and‘conflict’ rulesfor agivendatatypewill becombinednto a
singlerule which computegheinversionappropriatdo the equationbeingeliminated
oncetamgettinghasinstantiatedhe two sideswith constructoexpressionsThisis not
a capriceon my part—itreally is the easyway to prove the Peano-stylgropertiesof
dependentlatatypes.

3.5 schemingwith constraints

‘You canhave ary coloryoulike, aslong asit’s black! (HenryFord)

Undegraduateshouldcountthemselesfortunatethatthe exercisesn inductive proof
with which they aretraditionally presentedhvolve goalsof form:

‘Forall n € N, rhubarbrhubarbn’

The formulationof the ‘base’and’step’ casegheninvolvesmindlesscopying of the
‘rhubarb’ bit, with appropriatesaluessubstitutedor the‘n’. Evenif they cannotcom-
pletethe questionthey canstill manufcturethe prooftemplate(onceary tendeng to
write ‘supposen = k, shaw n = k + 1’ hasbeenbeaterout of them,thatis) andthus
collectsomecredit?

2For suchpurposesrhubarbrhubarb’makesasworthy a predicateasary.

63



Whenreasoningabouteven modestlycomple notions,suchas< for N, we areless
likely to be favouredby goalsbearingso closea resemblencéo an eliminationrule
conclusionsuchasthatof <Inv:

glnv:...Vm,n. — dmn

<InVv’s schemeabstractover arbitrary pairs of naturalnumbers but how arewe to
dealwith lessarbitrary pairs? How canwe copewith particularrestrictionsof rela-
tions, datatypesndsoforth? How mightwe applyagenericrule like <Inv to amore
restrictednstanceof <? Considertheboxedhypothesisn

?Oleast : Vx. — x=~0

We needto constructa schemawhichis constrainecgccordingo the problemin hand,
but still abstracteaver the entireapertureof the rule. The constraintwe needcanbe
expressedy meansof propositionakequality taking

® = \x,n.n~0 — x~0

As it were,'you canhaveary n : Nl youlike,aslongasit's0'.

Pluggingin this schemethe conclusionof <Inv becomes
Vm,n. — n~0 — m=~0

Now, if wefill in the detailsof our selectedarget,x<0, thisis furtherinstantiatedo
0~0 — x~0

andwe cansurelyprove O~0—Ilet us presumehereis some

refl : VA : Type. Va: A. a~a

More generally supposewe have an eliminationrule prov- @ V.U
ing somescheme® for patternsy[y], asshown to the right.
Thenotationp[yj] representthe sequencef patternswith the
patternvariablesabstractedmore generally ji[t] meansthe
patternswith t's substitutedor they’s’.

rule subgoals
vy. @ ply]

We mayapplythisruleto a morespecificgoal—letus presumehattargettinghaspro-
ducedamatchings givingtherule’s patternvariablesn termsof thegoal'shypotheses.

Thatis, considera goalwhichlookslike
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VX. U[ploy]]

We maychoosea schemed with explicit equationaktonstraints:

AL VX, i~poyj] — V[ploy]]

Whatis i~p[oyj]? It is atelescopicequation: in generalif § andf aresequencesf
lengthn, thenthetelescopiequatiors~f abbreviatesthetelescopef equations:

{sj=t;};

Obsene,though thatwe mustbeableto expresgheseconstraint®venin thepresence
of typedependengc For example,if we werebuilding constrainton anaperture

n:N;v:vectn
we mightneedsomethindike
N1Ng; V120y
eventhougho, : vectn; andv, : vectn,. Thatis, we needanotionof equalitywhich

scaledo telescopes—ectlywhat~ will provide.

Let usinstantiatethe rule’s conclusion filling in the patternvariablesaccordingto o
and® with the schemewe have constructed:

V. ploijl~ploy] — ¥[ploi]]

If we cansolve the equationswe will recover the tamget goal. Fortunately they are
reflexive.

The pointis this: in muchthe sameway that Henry Ford’s customerscould ask for
ary colourof Model T, but would only receve satistctionif they happenedo choose
black,the abore schemas indeedabstracteaver the entireaperture put the patterns
to whichit appliesaresubjectto equationaktonstraintsvhich recover their specificity

Notice that the formulation of this schemerequiresno abstraction.The ¥[p[o7]] re-
mainsuntouchedlt is tagettingwhich identifiesthe p[o1j]—they neednot evenoccur
in thegoal,althoughthe exerciseis perhaps little pointlessf they do not.

65



We have establishedhe basictechniquefor constructingschemesvhenour goal is
morespecificthanthe conclusionof the eliminationrule. It is broadlyeffective, but it
sometimegieneratesedundaninformation.For example,constraint@areunnecessary
whereverthegoalreally is asgeneralastherule—theres no pointin saying‘you can
haveary coloryoulike,aslongasit’sacolor’. We shouldtry to avoid equationsvhere
abstractiorwill do.

The next threesubsectionglescribeechniqgueso make the basicschemdessclumsy
in accordancavith thefollowing threeobsenrations:

e wherever a freshvariableis constrainedo equalanindex, we cancoalescehe
two andremove the constraint

¢ we canavoid abstractinghe schemeoverredundantnformation

e if anindex is constrainedo equala comple pattern(for example,whenwe
applyaneliminationrule characterising function)we maysometimesimplify
theschemeby replacingcopiesof the patternwith theindex

3.5.1 simplification by coalescence

Thesimplertheexample themoreunnecessargonstraintgherearelik ely to be: if we
wantedto prove

Vn:N. rhubarbrhubarbn
thegenericconstrainedgchemevould be

Am:N.Vn:N. m~n — rhubarbrhubarbn
This is not the schemewhich I wantmy studentgo write down, so it hadbetternot
betheschemavhichthemachinecomputesWherever aschemeconstraing A-bound
index to a equalfreshV-boundvariableof the sametype, we may coalescehe two.
Our examplebecomes

M:N. rhubarbrhubarbn

aswe mighthopefor.
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Whenwe coalescewo variableswe have a choiceof which nameto keep—itis polite
to presere the namefrom the goal. Note thatif the sameV-boundvariableis con-
strainedto equalmorethanoneindex, that effectively forcesthoseindicesto be the
same—waemnay only make onecoalescenceatherwisewe losethis ‘diagonalisation’.

3.5.2 what to fix, what to abstract

Which of thegoal’'s premisesio we really wantthe schemeo abstract2Vhich should
remainfixed over the whole scopeof the elimination? Unfortunately thesecan be
quite subtlequestions.Imagine,for example,thatwe arebuilding the map function
for polymorphiclists:

Map : VS, T:Type. Vf:S — T. Vx:list S. list T

In orderto do recursionon x we mustcertainlyfix S—the elementypeis parametric
to theeliminationrulefor list. We mayfix T andfor notaswe please.

Ontheotherhand whenwe areconstructingunctionswhichrequirenestedecursion,
we maynotbesofreeto fix aguments Consideyfor example Ackermanns function:

ack:N—- N — N

ack0On = sn

acksm 0 = ackmsO
acksmsn = ackm (ack sm n)

Whenwe apply the outerrecursionon the first agument,we mustnot fix the second
amgument—agou cansee therecursve callswhich decreas¢heformeralsovary the
latter

Abstractingwhererer we arenotforcedto fix sounddik e a promisingpolicy—it does
not hurtusto have too muchflexibility, only toolittle.

However, sometimesabstractionis definitely re- <Inv
dundantRecallour earlierexample,proving

Vx. — x~0

perhapdy <Inv (showvn to theright). dmm  dmsn

® : Vm,n:N. Prop

Vm,n. . m<n|— ®dmn
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As thingsstand the basicschemeabstractsll the premises

® = dm,n. Vx. x<0 —- m~x — n~0 — x~0
CoalescenceemovesVx (andrenamesn):

® = \x,n.x<0 — n~0 — x~0
Pluggingthisinto the conclusiornof therule, we find we have a proofthat

Vx,n.x<n — x<0 — n~0 — x~0

Theextrainequality x<0, is redundantlt is presenbecausave have abstracteaver
whatwe wereeliminating, but it is notin any way usefulbecausehe schemes not
indexedoverthe proof of theinequality

Typically, oncetargettinghasfilled in whatis beingeliminated,the applicationof an
eliminationrule lookslike

rule ® ¢ oij = @ ploij]

The premisesoccurringin the inferredamgumentssy arethe onesbeing eliminated.
However, somey’s may not appeaiin the patternsso someeliminatedpremisesnay
notappeain theinstantiategatterngijcy]. Theeliminationthustellsusnothingabout
them,sowe may omit themfrom the schemeprovidedtypedependencpermits.

Thatis, we mayomit a premisex on groundsof redundang provided

e x occursin theagumentf the eliminationrule inferredby targetting
e x doesnotoccurin theinstantiatecpatterngi[oy]

¢ theremaindeof thegoaldoesnotdepencdbnx

Inductiverelationslike < areusuallyformulatedin exactly this ‘proof irrelevant’ way.
In our example the eliminatedhypothesisc<0 satisfieghethreeconditions.We omit
it, leaving

® = \x,n.n~0 — x=~0

Thisis theschemewve want.
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3.5.3 abstracting patterns from the goal

Rules with indices marked for abstraction | NEginv
oblige us to carry out further simplification
on the schemejn orderthatthey have thein-
tendedrewriting’ effect.

D Vm,n:N.V@:Z Prop

mn
Recall NEgInv from section3.3—wemight | ... ...
usethis rule to rewrite an applicationof NEQ dnnfrue & mnfalse
in agoallike thefollowing: Vm,n.® mn|NEqmn

Vx,y. U[if INEQ x y |thens elset]

Tamettinginfers [x/m][y/n]. Thecoalescedchemas thus

® = Av,y,[b] b~NEqxy — U[if NEQx y|thens elsef]

The boxed@ tellsusthatwe shouldabstractway occurrencesf (NEQ x i) from the
goal. Oncewe have donethis, we canthrow the constrainiaway.

® = Ax,y,b. VJif b thens elset]

Abstractingarbitrarytermsin dependentype theoryis a sensitve business—were
not alwaysfreeto replacea givensubtermby a variableof the sametype,becausehe
typing of the whole term may dependon the particularintensionalpropertiesof the
subtermbeingreplaced However, it is worth atry—if unsuccessfuliye mayleave the
constraintasit is andcontinue.

This rewriting techniqueis very powerful. The trouble causedby the intensionality
of thetypetheoryis arealpity. Perhaps partof the problemcould be avoidedwith
appropriatefacilities for reconstructingoroken typingsfrom propositionalequalities,
asproposedy Hofmann[Hof95].
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3.5.4 constraintsin inductive proofs

Letusseehow constrainedchemesffectinductive | ® : Vm, n:N. Prop
proofs.We will acquireconstraint®ontheinductive
hypothesesaswell asthoseon the conclusionsof dmn

thesubgoals. | e
emm  dmsn

Vm,n.\m<n|— ®mn

Considempplyingtheweakinductionprinciple® for
< (seeright) in aproof of

?strict: Vx, y. — X<y

Tamettinggivese = [sx/m][y/n], soweinfer thescheme&coalescings andn):

O = Am,y. Vx. m~sx — x<y

Thecorrespondingubgoalareshavn to theright. ?base: Ym, x: N
The constraintsvhich appearashypotheses the Ve, :m~Sx

Cf ) . x<m
subgoalse, ande,, are fnendly they restrlctthe 7step: Yim, n: N
m’s andx’s we have to dealwith. The constraint Vhyp : Vx': N
in the inductive hypothesiseg,, is ‘unfriendly’—it Vey,: m~sx’
restrictsour choiceof x'. x'<n

vx N

A closerexaminationof theseconstraintgevealsa Ve, :m~Sx
moresubtlebut crucialdistinction. x<sn

Thevariablesappearingn theseconstraintcomefrom two sources:

¢ thepatternvariablesor eachcaseof theeliminationrule,m andn above—these
becomepremise®f thesubgoalsandappeaontheleft-handsideof constraints

¢ thevariableauniversallyquantifiedn theschemey andx’ abore—thesdecome
premisef the subgoalsandalsoparametersf the inductive hypothesisthey
appeawon theright-handsideof constraints

The ‘friendly’ constraintgell us usefulinformationaboutthe variableswhich occur
assubgoalpremiseswhetherthey comefrom the schemeor the patterns.In chapter

3An inductively definedrelationlike < alsohasa stronginductionprinciple—thedistinctionis ex-
plainedin sectiond.1.5.
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5, we will seehow to simplify them,solvingfor variablesappearingon either side—
‘friendly’ constraintsonstituteunificationproblems.

In our example Jet usimaginewe canperformthis ?base’: Vx: N
simplificationon e, ande,, instantiatingthem’s to X<Sx
?step’: Vx,n: N
leave the subgoalshown. ’ ,
Vhyp: Vx': N
Vey,: Sx~Sx’
x'<n
x<sn

The‘unfriendly’ constraintcannottell usanything aboutthe variableswvhich occuras
subgoabremises—e;, doesnotallow usto infer x. Ratheythey narrav our choicesfor
the copiesof the schemevariables(like x') which parameterisenductive hypotheses.
Thatis, ‘unfriendly’ constraintanonly determinevariablesappearingon theright-
handside—thg arematding problems.

Look backbeforewe simplifiedthe‘friendly’ constraints: | ?base”: Vx: N

we cannotfind an x’ to solve the matching problem . X<Sx
m=~sx’. However, now thatwe have donethe unification, *step :32”# N<
asolutionhasbecomeavailable.Inferring x for x’ we can xy<ps.nx "

obtainthe subgoalshown ontheright.
Somethinginterestinghashappenedandwe will seewhatit is if we presentthese
subgoalsn naturaldeductionstyle:

base”

xX<Sx

This looks like a plausiblerecursve specificationof <! In fact, whatwe have done
Is applythe standardunfold/fold techniquefor logic programgqTS83,GS91]to trans-
form our goal, viewed asa specificatiorof < in termsof <, into subgoalsvhich give
< recursvely. The unificationproblemsin the conclusionsare thosewhich arisein
unfolding; the matchingproblemsin the inductive hypothesesre thoseinvolvedin
folding.

3.6 anelimination tactic

In thissection| shallpresenttactic,eliminate, whichrefinesa givengoalby agiven
eliminationrule—theuseris requiredto fingerthetargets,thenthetacticconstructsan
appropriateschemendsolvesthe goal,generatinga subgoafor eachcase.

eliminate operatesn five stages:
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preparinga proformaapplicationof the eliminationrule to argumentsinitially
unknavn

fingeringthetargetsandinferring the patternvariables

constructinga constrainegcheme

proving thegoal

e tidyingup

| have implementedh prototypeof this tacticwith muchof the functionalitydescribed
hereasa key componenin my extensionof LEGO. Of course,if | hadknown then
what!| know now, it would have all the functionality This sectionis the blueprintfor

therevisedversion.

| shallpresentachstageasalittle tactic. The< A<EliMm:V® :Vm,n: N
inductionwe have just seenin theprevioussec- Prop
. . . Voo, :Vm:N
tion makesausefulrunningexample.Thetactic & mm
shouldreproduceexactly the effect we manu- Vo, :Vm,n:N
facturedby hand. Vémn: Pmn
d msn
The rule we shall use and the goal we shall Vm.n: N
prove areshovn in OLEG notationon theright. VML : m<n |
The boxed premisein therule is the inequality dmn
it eliminatestheboxedinequalityin thegoalis f:::)
theonewe shalltamet. ?leGoal: Vx,y : N
{H: se<y]
x<y

3.6.1 preparing the application

The preparatiorstepcould be carriedout for arny goalto be solvedby ary lemma. It
is just an administratve manoeuvregettingeverythingin theright placefor thereal
work which follows.

TACTIC: eliminate-prepare
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elim:V5:S. R[5] |=| elim: V5:S. R[§]
Co
?goal: V¥: X 700al~ AY ¢ X
Y[X] 7% : S
lapp =elim s
: R[s
Tconc : Y[X]
conc

The goal’s hypothesesare introduced; the |7leGoal~ Ax,y : N
lemmashypotheseareinsertedasunknavns. NH : sx<y |
— . K
A ‘proforma’ applicationof thelemmais then 2
manufcturedandstoredasa !-binding. Ulti- «;qf __—
mately this applicationwill be usedto solve m,n
conc. We mustfirst fill in someof thes. 1L+ m<mn |
lapp = <Elm @ ...L
The preparedapplicationfor our exampleis :dmn
shown ontheright. feonc: x <y
conc

3.6.2 fingering targets

Having installedan applicationof the rule in the proof of the goal, the next stepis
to infer someof its agumentsby targetting. We may presumethat the rule hasa
sequencef tagetsmarkedby its manufcturer The usermustnow fingera sequence
of matchingexpressiongo beeliminated.

We may make useof theunify tacticto do our matchingalthoughthis maybea slight
overkill. Somethindik e thefollowing happens:

S 200al~ A\ : X
Tgoal~ AX X rgoal f\: ' g.(
- - a2 sy
?Sl; So . Sl.; S% . 'gi _ ;‘ﬁf]
“w N ;ZE?.?;]SQ lapp = elim 3y; 7]
Yconc : Y[ R
tconc : Y[X] = 2conc Y]
conc .conc-
t[so] : T[S] target I
e[x] : E[X] to beeliminated ZE[;[%C}] ~ ef&[,]ﬂ
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Thatis, tamgetting tries to matchtermsandtypes. If successfulsomeof the rule’s
arguments, will beinferredas?[x]. Otherssy, will notbeinferred. Thetwo kindsdo
not have to be boundin separatelumps—itis just easierto write down thatway.

If arule hasmorethanonetarget, we will have to repeat C:)
this stepfor each. Im =sx
m =y
In our example,we successfullymatchH to L. Matching |!IL =H
thetypesalsoinfersm andn. lapp= <Elim &...H
cdsxy

Now, if aneliminationruleis particularlycomplicatedits later structuremay be com-
putedfrom earlierargumentdnferredby targetting. The instantiatedype of app may
reducerevealingmorepremisedo beinferred. Thetacticshouldcreateholesfor these
andaddthemto the application.Computationmay alsorevealmoretargets. Incorpo-
ratingthis possibility, therealbehaiour of thetargettingstepis asfollows

TACTIC: eliminate-target

7goal AF ¢ X
- 2%, : S
Tgoal~ AY 1 X é,; N flj_c,]
?§1;§2 . 51; SQ ?§3 . §3
: T . :
app ehT °13 52 lapp' = elim s7; 7X]; 53
 Ris1: %] . RU[%:5,;5)
reonc : Y[3] - ?conc : Y[f]’ |
conc .conc '
t[so] : T|[S,] target —
e[x] : E[X] to beeliminated Z}r[gﬂ] ~ e%,]ﬂ
R[gl,f_”[.;(’]] > V§3§3 R'[)_c', §1,§3]

Obsenre thatnot only have the s, beeninferredandturnedinto !-bindings,but some
S3 have appearedasa resultof computation. The proformaapplicationis extended
accordingly
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3.6.3 constructing the scheme

If the targetting phasehas left the stateas shown, |?goal~ \d A

the tactic may proceedto constructthe elimination X X .

scheme.The schemevariable,®, hasbeenuncovered e Vi)
u

andthe patternsg[x], have beeninferred. The taskis 2
now to computed. We mustputtheanalysiof section
3.5into practice.

Recallthat the basicschemeis manuficturedby ab- ?conc : Y[X]
stractingall the premisesandconstrainingheindices
to equaltheinstantiategatterns.

Correspondingly the tactic begins by building a basic Q:)

scheme copying the non-parametrigpremisesx from the 70~ AT 57@
goal and constrainingall the indices. A premisea is con- V’_—Cji 2{ o
sideredparametricexactly whenit occursin thetype of . véf)_;,]: pIxX]
Thetacticmayfail at this pointif the goalbeingaddressed

istoo ‘big’ for theuniverseoverwhichtherule eliminates.

Theremaindeiof this phaseprunesthe basicschemedown to somethingessclumsy
wherever this is possible. Of course,in a realimplementationye would try to save
work by approachindghe desiredschemamoredirectly, but | suspecthat‘pruningthe
basicschemeQivesa clearerexposition. Therearetwo passes:

e Fordecreasintyj, remove Vx; from theschemef it is redundantie

if x; €7 (x; hasbeentargetted. .. )
and x; ¢ p[X] (... butis notbeing‘inspected’in thepatterns .. )

and x; & X, Y[X] (... ordependednby therestof thegoal)
e Forincreasing k, try to simplify constraintve,, : iy ~ p, [¥]

Therearetwo simplificationsto checkfor: in ordes

— coalescence
if p,issomex; (index constrainedo equalfreshvariable... )
and I, = X; (... of sametype)

then replacex; by i, remove Vx; from scheme
Strictly, we shouldthenrenamei,, to x’;, keepingthe namefrom the goal,
but thatwould make this presentatiomorecomplec thanit alreadyis.

“4Laterredundanpremisesnustnot be usedasexcusedo retainearlierredundanpremises.
SSimplifying earlierconstraintsnay unify thetypesof laterconstraints.
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— abstraction for rewriting
Wheni,, is markedfor abstractiorwith in thetypeof @, try replacing
all occurrencesf p, intheschemeby i;. If theresultis well-typed,discard
ey, otherwisdeave the schemealone.

Oncesimplificationis complete the prunedschemes madeaccessibldy changing
the?® to !®. Thetypeof app canthenreduce.

In our example,the basicschemes more comple than C:)

it needsto be. Reflectingthe ‘proof irrelevant’ natureof Tor )‘”}a ”,1 N

inductive relations the H' is redundantFurthermorewe :};;y é"jlc, <y

mayremove e,, by coalescence. Ve, 1~ sy’

Ve, :n~y

x <y

The prunedschemas exactly the onewe cameup with ®

whenwe did this exampleby hand. The type of app P = An},y’: m

. Vx'

reducesaccordingly Ve, e sy

X<y

Co

lapp= <Elim ®...H
VX' N
Ve,,: Sx ~ sx’
x' <y

| summarisehe behaiour of this phaseasatacticstep:

TACTIC: eliminate-scheme

CO 5| CO

7% VI I[d) 1® =T :1]d]
u V)?;: }2;

TS V8, T, = 7
lapp=elim . .. YT 55;]

. @ pI¥
lapp=elim ...
: ‘v’f;: )?;
Vey: P, (%] ~ P, %)
Y'[7[3]; %)

The ¥, arewhatremainof the X' after pruning—, is the corresponding
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selectionfrom X.

Thee, arewhatremainof thee afterpruning,equatinga prunedsequence
of indicesi, to aprunedsequencef patternsﬁp[a'c”;)].
Recallthatthe conclusionwe aretrying to prove s Y[x]: by construction,

Y[plx]; %] = Y[

3.6.4 proving the goal

TACTIC: eliminate-goal

o

lapp =elim 7
) —/
VR X

o

lconc= app %, (refl p,[%,])

: Y[

Ve, ﬁp [f;u]lz ﬁp [55;9]
Y'[p[x]; %]
?conc : Y[X]

This phaseproves conc from app by instantiatingthe
premisesabstractedn the schemewith their ‘originals’,
making the constraintgeflexive and the returntype the
desiredY[x].

Theeffecton our exampleis shavn ontheright.

3.6.5 tidying up

TACTIC: eliminate-tidy

TS

lapp = <Elim®...H
VX' N
Ve,,: Sx ~ Sx’
X' <y
lconc=app x (refl sx)
X<y

7goal~ MY : X
o =
%sub : S
5 =7l

lapp = elim ® sub 7X]
lconc=app %, (refl p,[%,))

conc
=
?SlIbl : Vfdlid. g
Igoal= \¥: X
elim... (sub %y). ..
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Eachsub;’ provesS; generalisedverthe, it dependn.

Firstly this phasecuts the !-bindingsfor inferred agumentss, andalso ®, app and

conc.

Thetaskis thento shufle thesubgoals—theule agumentsiotinferredby targetting—
outsidetheproofof goal. Thisis doneby dischagingthe Asthroughthem,sothatthey
are generalisedver only what their typesdependon (as opposedo raisingthe 7s,
whichwould generalisever everythingregardless)Typically, thiswill re-abstracthe
fixedparameters.

Oncethe ?s are outsidethe \s, the retreat tactic movesthemoutsidethe binding of
goal. At this point, smartimplementationdry to n-reducethe proof of goal. Finally,
goal is solved, becominga !-binding.

In ourexample thesubgoalslonotdependnary of thepremisessonogeneralisation
is necessaryThefinal subgoalsaandprooftermareasfollows:

?suby  : Vm,x": N
Ve :mo~sx
X' <m
?suby  : VYm,n: N
Vhyp : Vx': N
Ve : m >~ sx'
xX'<n
v :N
Ve :mo~sx
X' < sn
lleGoal= Ax,y: N
AH :sx <y
<Elim (Am, y'. Vx'. m~sx’ — x'<y/’)
suby suby Sxy H
x (refl sx)
:Vx,y: N
VH :sx <y
x<y

3.7 anexample—NEq

We have built ourhammesr—let usbangin afew nails. | proposeo synthesis¢heNEQ
functiondescribecearlierin the chapterandto prove someusefultheoremsaboultit.
We will make useof theeliminate tacticfor bothprogrammingandproof.
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NEQ is a recursve function on N, so the starting point for
the developmentwill be N’s eliminationrule, NElim, which
doublesasthetraditionalinductionprinciple andits primitive
recursionoperator

Thesequencef work is thenasfollows:

NElim

® : Vn:N. Type
dn
®0  Psn

e Use NElim to build an implementationof |NEg 0 0 =true

NEq correspondingo theobviousfunctional  |NEQsm O =false
NEqQ O sn =false

NEqg sm sn = NEQm m

program.

e UseNElim againto prove NEQ's recursioninductionprinciple:

NEgRec!

b Vm,n:N.V@:Z Prop

®00true ®0snfalse dsmOfalse @smsnb

Vm,n.®mn|NEQmn

e UseNEgRecl to proveamorecon- NEQInv
venienteliminationrule for NEQ—
the inversion principle suggested
earlierin thechapter

d nnitrue

D : Vm,n:N.V@:Q. Prop

® m n false

Vm,n.®mn|NEQmn

¢ UseNEQqInv to shav thatNEQ satisfiests equa-
tional specification,given hereas ‘introduction
rules’.

NEQ x x ~ frue
X2y

NEQ x y ~ false
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3.7.1 constructing NEqQ

LetusimplementNEQ by anestedecursionpnthefirstagumentandthenthesecond.

PROGRAM: NEQ

'INEQ= Am,n:N. 2

?NEqQ : Vm,n:N. NEQ[m]n
satisfying

NEg O O =true

NEgsm 0 =false

NEg O sn =false
NEQ smsn =NEgmm

DEVELOPMENT

Theabove goalis shovn with a box aroundour first target. Note the !-bindingwhich
replaceghereturntype of NEQ with amoreinformative alias.

Seehow thereturntypeof NEQ looksabit lik e theleft-handsideof a patternmatching
definition?We canfind our targetm there.eliminate it with NElim!

We now have abasecaseandastepcase. |?NEQ,: vn: N
Notetheway thereturntypeshave picked NEQO

7 . .
up the patternscorrespondindo the case 'NEQ, - ::Zc: an. N
analysis.  NEQmn
o Vn : N
In the basecase,we are readyto elimi- NEQ sm n

nate the secondargument,n, againwith INEQ = NElm (\m. Vn. NEQ m n)
NElm. NEg, NEQ,

We cannow ‘fill in theright-handsides’by in- C::)
troducingthe premisesthenrefiningby true | ?NEGq, : NEQOO

? . .
for NEqyy, andfailse for NEd,. "NEQ, : :ZC: ME@ .

NEQ O sn
INEqg, = NElim (An. NEQ O n)
NEQg, NEQ,

The stepcaseis keptneatby introducingm  |?NEg,~Am  :N
andits associatedecursve call beforeelim- Arec :Vn:N
inating n with NElim. Note that the type NEQ 77 1

_ ' _ ?NEQ,:Vn: N
of therecursve call tells uswhich agument NEQ sm
patternst is goodfor. NEQg,
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We solve NEQ,, with false. For NEqQ,,, we C:)
introducethe premisesandrefineby there- | ’NEQ,, : NEQsm O
?NEq,, : Vn :N
Vrec': NEQ sm n
NEQ sm sn
INEqQ, = NElm (A\n. NEQ sm n)
NEQSO NEqSS

curswe call rec n.

U

We have built our first functionwith eliminatel

3.7.2 proving NEqRecl

Thereis a standardechniquefor proving therecursionnductionprinciplefor afunc-
tion. Wefix anarbitraryschemeb indexedby thefunction'sagumentsandresulttype.
We alsoassuméhat® is preseredby each‘introductionrule’, ie recursve equation.
We thenprovethat® holdsfor any agumentsaandthe correspondingesult—thisproof
hasexactly the samerecursve structureasthe functionitself. Dischaging the fixed
assumptionsvill give usthegenerakule.

THEOREM: NEQRecl

P :Vm,n:N.Vb:2. Type
APoo : ®00true
AQos :Vn:N. ® O sn false
Ao :Ym:N. @ sm O false
)\qsss :Vm,n: N
Vb 2
Vhyp : @mnb
dsmsnb
?NEgRecl: Vm,n: N
& mn (NEqQ[m]n)
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PROOF

For our NEQ example we fix & andassume
it is preseredby eachof thefour equations.

We areleft proving ® m n (NEQ m n) for

ary m andn, where before we computed
NEQ m n. We eliminatewith NElim in ex-

actlythesameplaces.

I will shov onebasecaseandthestepcase.

Onceeliminationhasinstantiatedhearguments

AD

Adoo
)‘¢05
)‘¢50
Ass

:Vm,n:N.Vb:2. Type
:®00true
:Vn:N. ® 0 sn false
:Vm:N. ® sm O false
:Vm,n: N
Vb 2
Vhyp : ®@mnb
dsmsnb

?NEgRecl: Vm,n: N

®mn (NEQ[m]n)

of NEQ appropriatelyit reducesin eachsub-

?NEgRecly,: ® 00 (NEgq 00)

>® 00 frue

goal, making them vulnerableto the assump-
tionsconstructeavith exactly thatpurposeThe

basecasedollow directly.

Similarly, the conclusionof the step
casereducedo the conclusionof the

o

Arec

relevantassumptiong,,, with b suit-
ablyinstantiated.

rec n computedthe recursve call

:Vn: N
& mn (NEQmn)

?NEgRecl,,:Vn :N

Vrec': ® smn (NEQ sm n)
® sm sn (NEQ sm sn)
> ® sm sn (NEQ m n)

in the constructionof the function.
Here,rec n fills in the premiseof ¢,
to completethe proof.

Dischaging thesubgoalgrovesthegeneralrule we want.

Let usmarkNEgRecl astamgetting(NEQ m 1), andby default abstractingt.

This proof methodgivesa recursioninductionprinciple for mary of the functionswe

canbuild in OLEG—it mimicsexactly their constructionln effect, it packagesip the
sequencef eliminationswhich madethe function, so that they canbe usedat one

stroke in proofsof its properties.
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3.7.3 proving NEqinv

The proof of NEgInv by NEgRecl! is a goodexampleof deriving aninversionprin-
ciple from arecursioninductionprinciple. It illustratesa techniquewhich | shalluse
relentlesslyin similar circumstancefor therestof thisthesis.

Theproof of recursionnductionprinciplesis relatively simple. They directly describe
thecomputationabehaiour of thefunctionin questionsowe shouldnotbe surprised
to find thatthe computationamechanisnof the underlyingcalculusdoesall the hard
work. Recallthatin eachsubgoalof the inductive proof, the conclusionreduceso

exactly whatis provenby the correspondingremise.

Contrarily, inversionprinciplesoften cut againsthe computationagrain, characteris-
ing the extensionalpropertiesof functions,ratherthanthe mechanisnby which they
operate.Thekey to proving themis notto fix their schemess\-bindingsoutsidethe
induction,butratherto letthemvaryinsidetheinduction. Thismeanghattheinductive
hypothesearethemselesinversionprinciples—weuseinversion,notcomputationto
simplify theinductive steps.

THEOREM: NEqQInv

’NEQInV:V®  :Vm,n:N.Vb:2. Type
Vo, :Vm:N. ®mmtrue
Vor :Vm,n:N
Vuneq: msn
® m n false
Vm,n: N
dmn|NEQmn

PROOF

We fix nothingin the context andeliminateby NEgRecl, abstractindNEQ m n).

The schemayeneratedy eliminate is abstracted | Am,n: N

overtheschemeof therule we aretrying to prove. Ab o :2
V& :Vm,n:N.Vb:2. Type

Obsenre thatthe original (NEQ m n) in thecon- | V¢; :Vm:N. ® mmtrue

clusionhasbeenreplacedy b. Yoy :Vm,n:N
Vuneq: m#n
® mn false
dmnb

Therecursionnductiongivesusdirectly thethreebasecasesindthe stepcase Again,
onebasecaseis sufficently representate.
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In this off-diagonalcase the recursion
induction hasalreadyfilled in the an-
swer false. Hence, introducing the
premisesndrefiningby ¢;, we areleft
proving O #£sn. Thisis notdifficult, as
we shallseein chapteffive.

The stepcaseis moreentertaining.We do notknow whetherto use¢, or ¢;, because
we do notyetknow whatb is. However, theinductive hypothesigs aneliminationrule

?NEqQInvy,:Vn : N
V@ :Vm,n:N.Vb:2. Type
Vo : Vm:N. & m m true
Vop:Vm,n: N
Vuneq: m +n
® m n false
® O sn false

telling usaboutn, n andb. | have calledthe schemel to reduceconfusion.

’NEgInv,,~ Am,n :N
Ab 12
Ahyp VU :,:N.V@:Q. Tiype
Vb : Vm:NL & m m true
Vipp:Vm,n: N
Vuneq: mn
U m n false
Umnb
2O :Vm,n:N.V@:Q. Tiype
Yo :Vm:N. & mmfrue
pYor: :Vm,n: N
Vuneq: mon
® m n false

?NEQgInv,,: dsmsnb

NEagInv,;

Introducingeverything,we may now eliminate the conclusionwith hyp, abstracting
all the indices. No tamgettingis necessargasthe patternsarefully instantiated.The

generatedchemebstractsn, n andb:

U = Am,n,b.dsmsnb

We areleft with two subgoalseachwith the equalitydecided:

o

NEaginv,,, : Vm:N. & sm sm frue

’NEQInv,, ¢ Vm,n: N
Vuneq: mon
¢ sm sn false
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Thesefollow respectrely from ¢, and ¢, without much difficulty, completingthe
proof. O

As with NEgRecl, markNEQInv astamgetting(NEQ m 1) andby defaultabstracting
it.

3.7.4 proving the ‘intr oduction rules’

THEOREM: NEqtrue

?NEgtrue: Vm: N
NEg m m |~ tfrue

PROOF

Eliminatingwith NEQInv introducesa constraintbbecause¢hetargetis diagonalised:
® = dm,n:N. \b:2. m~n — b~true

Both subgoalsaareeasy

?NEqgtrue; : Vm: N
Ve : m~m
frue ~ true
’NEgtrues: vm,n: N
Vuneq: m#n
Ye :m~n
false ~ true

THEOREM: NEgfalse

?NEgfalse: Vi, n: N
Vuneq: m#n
NEqmn |~ false

PROOF

Eliminatingwith NEgInv, bothsubgoalsareeveneasier
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?NEgfalse;: vm N
Vuneq: m+¢m
frue ~ false
?NEgfalse: Vm,n : N
Vuneq : m#n
Vuneq': mon
false ~ false
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Chapter 4

Inductive Datatypes

This chaptergivesa formal definition of the classof inductive datatypesandfamilies
with whichwe shallwork in OLEG. | shallbroadlyfollow Luo’s choiceof which defi-
nitionsto admit,andshav how their eliminationandcomputatiorrulesaregenerated
[Luo94]. Goguenhaschecledthatthe usualmetatheoretipropertiessuchasstrong
normalisatiorcontinueto hold for ECCextendedwith thisnotionof datatypd Gog94.

Basically we shall have the datatypesand families arising from strictly positive
schemataas proposedby Coquand,Paulin-Mohring and Dybjer [CPM90, Dyb91].
Thesearethe datatypesf CoQ, LEGO andALF. Inductionandrecursionover them
will be provided by meansof the traditionaleliminationrules,which do exactly one
stepof caseanalysisattachinganinductive hypothesigo eachrecursve subtermsoex-
posed.Eachtypeis equippedwith an‘elimination constantwhosetype codesup the
eliminationrule—computationis then addedby associatinghe appropriatecontrac-
tion schemegor (-reductions)with theseconstants Eliminationrulesfor inductively
definedrelationswerefirst formulatedby Martin-Lof in [M-L71b].

Thisis theexactly the presentatiomlescribedn Luo’s book[Luo94] andimplemented
in LEGO[P0l94] by Claire Jones.CoQ hasbasicallythe samedatatypesbut separates
the‘inversion’and‘recursion’ aspectf eliminationby providing a Case construct
for theformeranda Fix constructfor thelatter Fix is carefullychecledto ensure
that recursve calls are madeonly on termswhich are guarded by constructorsand
hencestrictly smallerthanthetermbeingdecomposed.

TheCase/Fix presentatioms muchtheneaterone,for two reasons:

e Evenif thereis a particularagumenton which | wish my functionto do recur
sion, thatis no reasorto supposet is the first agumenton which it shoulddo
caseanalysis.Sometimed wantto look atanothermrgumenffirst, andthen,per
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hapsin not all of the casesarising,to decomposéehe recursve agument. The
cornventionaleliminatortiesthetwo notionstogethelinappropriately

e Thecorventionaleliminatoronly facilitatesrecursiorafterexactly oneconstruc-
tor hasbeenstrippedaway. TheFix operatorallows recursionon ary subterm
exposedby Case. This sernesa moreusefulpurposethanmerelyto admitin-
efficient definitionsof the Fibonaccifunction. Working interactvely, we do not
needto predictsopreciselyin advancetheinductive structureyou require.

EduardoGiménezshawved the conserativity and confluenceof Case and Fix in
[Gim94]. He shavedstrongnormalisatiorfor the Calculusof Constructiongxtended
with lists in this style [Gim96], andthereseemao reasonto supposehis doesnot
extendto othertypes. Intuitively, (-reductionsmake a soundlik e the clanking of a
giant metal cog in a ratchet. However deeplyunderskyscrapingstoregys of 3- and
0-‘administration’the real work may be buried, we canstill hearthe greatmachines
going clank—weknow that the handsof the clock will go forward andthatthe bell
will ring for midnight.

Thisis aratherprosaicchapteiin which| shov how to mechanis&iménezs algument
in OLEG. Thesummaryfor thosewhowould ratherskipthedetail,is thatl equipeach
datatypewith two alternatve eliminationrules,in the senseof the previouschapter It
is, of coursetheeliminate tacticwhich providesthe meansof their construction.

At this point, I shouldremarkthat| have omittedsomeclasseof datatypefoundin

LEGO and CoQ. Both thesesystemspermit mutually definedtypes: for example,
evenandodd numbergivenby a ‘zero’ constructo(which makesan‘even’) andtwo

‘successor’constructorqtaking ‘even’ to ‘odd’ and‘odd’ to ‘even’). | omit them,
not becausehey are awkward in principle, but becausealiscussingthemin general
termsis a notationalnightmare:l have no examplesin this thesiswhich requirethem.
However, all of thetechnologydevelopedherefor solitaryinductive definitionsextends
to themutualcasewithoutary difficulty—indeedtheimplementegystemdoeshandle
mutual definitions. In ary case,a mutual definition can always be representeds a
singleinductive family of datatypesndexedby a finite type whoseelementdabelthe
branches—wenight definea family Parity : 2 — Tipe with Parity frue containing
theevennumbersandParity false theoddnumbers.

CoqQ alsoallows embeddedlatatypeswherean existing datatypes usedasan auxil-
liary to a new datatype—forexample,definingthefinitely branchingtreesby a single
‘node’ constructomwhich takesalist of subtreesThis facility is bothneatandlabour
saving, butit addsno extrapower. As Paulin-Mohringobseresin [P-M96], embedded
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datatypesanbe turnedinto mutualdataypewith extra branchegluplicatingthe be-
haviour of the auxiliary types—wemay define'finitely-branching-treemutually with
‘list-of-finitely-branching-trees’.

4.1 construction of inductive datatypes

Ratherthan plunging at the deepend and drowning in subscripts/et us establisha
simply-typedtheme thenexaminevariations:parameterise(br, whenthe parameters
are themselestypes, polymorphic)types, typeswith higherorder constructorsand
dependeninductive families,thendegenerateypeslik e relationsandrecords.

Thecomponentsf arny inductive datatypeadefinitionareasfollows
e Thetype former is thenew constantvhichnameshetypeor typefamily, eg N,
list, vect.

e Theconstructors (or ‘introductionrules’) arethe meansof forming the canoni-
cal elementof thedatatypegeg O ands for N.

e Theelimination rule (or ‘induction principle’) providesthe mechanisnior de-
composinglementof thedatatypan the causeof constructingsomethingelse,
beit aproof ‘by induction’ or somerecursvely computedvalue. This rule must
be markedwith atargetsothateliminate canuseit.

e The-reductionsanimatethis mechanismgefiningthecomputationabehaiour
of the eliminationrule for eachcanonicaklement.

4.1.1 simpleinductive datatypeslike N

Componentwise
e Thetype former is a constanwhichinhabitssomeuniverse

Ind': Tiype
N is anexampleof suchan/nd.

e The constructors are function symbolsCon; ... Con,, wherefor eachj in
1...c
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Con, : Va:A;. ¥&:{Ind}". Ind

The Aj are calledthe non-recursive agumentshecausehey may not referto
Ind. Neithermaythey involve ary universeaslarge asthatwhich /nd inhabits,
in orderto avoid theparadoxicaembeddingf alargeruniverseinsideasmaller
one—wemay usuallyrely on HarperandPollack’s universalpolicemanHP91]
andusetheunlabelled Zipe regardless.

We saythat Con; hasr; recursive aguments. Think of elementsof Ind as
tree structuresmadefrom nodesof differentkinds given by the constructorsa
Con, nodehaving r; out-edgesand a label of telescopeA'j. Actually, there
Is no needfor the recursve algumentsto come after the non-recursie ones,
but it makesthe presentatiorsimplerif we pretendthey alwaysdo—sincenon-
recursve agumentannothave typesinvolving Ind, they maycertainlyalways
be permutedo thefront.

We mayalsothink of constructors@sintroductionrulesfor Ind’:

EZAJ' xlzlnd

. Xy Ind
Con;dx:Ind

J

The derivation treescomposedrom suchrules correspondexactly to the tree
notionof inductive datastructuresnentionedabove.

N hastwo constructors:

n:N
O:N sn: N

Obsere alsothat,if /nd is to beinhabited,it will needat leastoneconstructor
with norecursve arguments.

Let us examine IndElim, the constantwhosetype givesthe elimination rule
for Ind, in accordancavith the generalanalysisof eliminationrulespresented
earlier

The patternwhich IndElim eliminatesis thefree | IndElm
pattern on Ind, which matchesary elementof
Ind. HencelndElim hasa schemeindexed by
Ind, ie @ : Vx:Ind. Type andarule goaltargetting 0

theelemento beeliminated. x : Ind|. ® x. The _ D x

outlineof theruleis asshavn.
In orderto build a proof of ® x for an arbitraryx, we needa methodfor each

constructarshaving how @ for its conclusionfollows from @ for its recursve

d : Vx:Ind. Type
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arguments—morsuccinctly thateachCon; preseves®. We may think of ®
asa propertywhich musthold wherever its agumentis an Ind, henceit must
have ‘introductionrules’—therule subgoal®f IndElim—analogougo thoseof
Ind. Thuswe manugcturethe rule subgoalsof IndElim from theintroduction
rulesof Ind by writing @ p in theformerwhereverthelatterhasp : Ind:

® (Con; ax)

Notethattherecursveargumentst : {/nd}"” have notdisappearedntirely The
typesof therecursiorhypothesedependnthem,hencewe mayinfer thatthey
are themseles presentas casehypothesesand suppresghem from the writ-
tenrule accordingly Functionalprogrammersnay be morefamiliar with ‘fold
operators’—theutdown version,where® is a constantaindtherecursve argu-
mentsaresupplantedy therecursiorhypotheses.

We now have all the pieceswe needto completethe IndElim rule:
O : Vx:Ind. Type

Or, moreinscrutably
InGElim : Y®:Ind — Type.
(Vd: Ay V32 {Ind}™. {® x;}7* — @ (Con, X)) —

(Vd: Ap. Y {Ind}™. {® x,}]* — & (Con,d¥)) —

dx:Ind| @ x

For thenaturalnumbersthen,we get NElim

o :Vn:N. 7
NElim : V&:Vn:N. Type. e e

(®0) —
(Vn:N. (@n) - ®sn) —» | .

fn-NL @ n 50 oo
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e Thoseof usgivento a skepticaldispositionwould be unlikely to accepthe va-
lidity of IndElim if we did not seehow to plug the proofsof its rule subgoals
togetherto build aninhabitantof ® for ary particularx which we might make
from Ind’s constructors.This processs representedh our type theoryby the
t-reductionsassociateavith Ind. By this meansve imbue INndElim with acom-
putationalmeaningallowing usto evaluaterecursve functionsover Ind.

We addan-reductionfor the effect of IndElim on eachconstructor:
InGElim @ § (Con; @ %) ~, ¢; @ % { INAEim ® § x; }”
For thenaturalnumbersywe gettwo suchrules:

NEIM @ 6, ¢, s ~», ¢, 1 (NEIM ® 6, b, 1)

Giventhetypeformerandconstructorgor asimpleinductive datatypetheelimination
rule and.-reductionscanbe computedn a straightforvard way.

4.1.2 parameteriseddatatypeslik e list

It is not hardto representatatypessuchaslists of naturalnumbersvia the above
mechanism:

n:N t: Nlist
Nlist : Type NINil : Nlist Ncons n t : Nlist

However, it seemsnuchpreferabldao definelistsonce polymorphicallyandinstantiate
that definition for eachtype of elementwe encounteithanto definea new list type

for every elementtype. Thatis, we shouldbe ableto definelists in a way which is

parameterisetly the choiceof elementype,allowing usto write the functionswhich

operateon arbitrarily-typedlists onceandfor all. For eachA : Type, list A shouldbe

thesimpleinductive datatypeof listsof A elementsSuchentitiesaresometimesgalled

‘familiesof inductive datatypes’ pbecauseeachelementof the family is aninductive

datatype.

Thiskind of parameterisatiors very simple—oncehe parameterfiave beeninstanti-
ated,they arefixedfor the entireinductive definition—constructorgliminationrule,

thelot. For agivenparametetelescope : P, then,we needmerelybind it parametri-
cally to eachof thedefinedconstantandrewrite rules,correspondinglyeplacingeach
C by C p whereverthey areapplied.

Hence
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e typeformer

Ind: Vﬁ:p. Tijpe

e constructors
Con; : Vp:P.Vi: A;. VX :{Indp}" . Ind
(or asanintroductionrule)

i:A; xi:Indp ... x,:Indp
Con;ax:Indp

e eliminationrule

@ : (Indp) — Type
i A ®x ® x,, i A, ®x o x,,
® (Con, piax) ® (Con, pax)
Vix:Indp| ®x
(or asatype)

IndElim : Vig: B.¥®: (Ind ) — Type.
(Vd: A, V3 {Indp}™. {® x;}]* — @ (Con, fd X)) —

(Vd: A.. Y {Indp}". {® x;}}° — ® (Con, fa X)) —
Vix: Indp|. ®x

e ,-reductions
INGEIim @ ¢ (Con, Fa ) ~, ¢; % { INdEImp @ § xi}’_"j
Thefamily of datatypesljst, is thusgivenby

h:A t:listA
listA:Type nilA:listA consht:listA
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listElim

@ : (list A) — Type

®(nilA) & (consht)
V:listAl &1

listElim A @ ¢,, ¢, (NIIA) ~, ¢,
liStEiMm A @ ¢, ¢. (CONSht) ~», ¢ ht (liSTEIM A @ ¢, ¢y, t)

Notethatl suppresshe parameterd whenwriting cons/ t, becausé canbeinferred
from thetype of 1, corverselyleaving it visible in list A andnil A. In general] shall
avoid mentioningparametersvherever corvenient.

4.1.3 datatypeswith higher-order recursive arguments,lik e ord

Sofar, eachof the datatypeconstructorsve have seerhasa fixed numberof recursve
arguments—inthe tree metaphor a fixed numberof out-edgedo smallersubtrees.
Onemight chooseto seetheseasa family of out-edgesndexed by a finite set,and
proceedo wonderwhetherarny othertypesmight beacceptabldor indexing recursve
argumentsAndyes,ary smallenoughype(telescopeganbeusedio index arecursve
argumentaslongasit doesnotinvolvethetypebeingdefined, giving ustheincreased
power of higher-order recursive argumentsaddressingnfinite familiesof subterms.

Higherorder recursve argumentsare thus functions returning elementsof the in-
ductive datatype.The eliminationthusrule hashigherorderrecursionhypotheses—
functionsreturningproofsof .

For example, we may constructa type of ordinal numberswhich supplementghe
‘zero’ and‘successorconstructoraith the ‘supremum’of a possiblyinfinite family
of smallerordinals:

x : ord f:N—ord
zero:ord sucx:ord  supf:ord

Thesup constructottakesa family of ordinalsindexed by N, admittinga notionally
transfinitestructur€? The correspondingubgoalin the eliminationrule givesaccess

Larestrictionknown asstrict positivity
20f courseN — ord hasonly countablymary inhabitants.
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to afamily of recursiorhypotheses:

ordElim

® : Vx:ord. Tiype

® x Vn:N. ® (fn)
®zero ¢ (sucx) ® (supf)
Vix:ord| ®x

How canwe computeover sucha type? The sup branchexpectsa family of proofs
of ® for theimageof its functionalagument—wemay manuficturesucha family by

A-abstractingvertherecursve call:
OrdElM @ ¢, ¢5 Psup (SURS) ~>, Psup f(An:N.OIAEIM @ ¢, &5 s (f11))

In the sameway, we canallow constructor®f anarbitraryinductive datatypeto have
familiesof recursve agumentswith the eliminationrule acquiringfamiliesof recur
sionhypotheses:
e typeformer
Ind : Type
e constructors
— — — — T4
Con; : Vi: A;. Vf: {Vhi H;. /no/} ' Ind
(3
(or asanintroductionrule)

i:A; f,:¥m:Hiind ... f Vi, :H,. Ind
Con; df: Ind

e eliminationrule

® : Ind — Type
EAJ Vfllzﬁl.q)(fl El) VETj:HTj'q)(frj Erj)
@ (Con, i f)
x:Ind| ®x
(orasatype)
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InGElim : Y®: Ind — Type.
(VﬁAl Vf {V]:l; HZ /nd} _1.

Ql

va: Ay f: {vit;: . /nd} .
i1, H,. cI)(fihi)} — & (Con, if)) —
x:Ind| @ x

{ i
e ,-reductions

IndElim ® ¢ (Con, @) ~, &; ﬁf’{Afz,- :H,. IndElim & ¢ (f, fl})}?

4.1.4 dependentinductive families lik e the fins

Let us now extend the notion of inductive datatypego include inductively defined
indexedfamiliesof typesasin [Dyb91].

For example,considerthefinite sets.For ary n, it is not hardto definea simpletype
with n elements.TypessuchasQ, 1 and2 arecommonplace However, our choice
of n is at the meta-level, andwe mustdefineeachtype separately How muchmore
usefulif we coulddefinefin : Nl — Zijpe, enablingusto reasorattheobjectlevel about
arbitaryfinite sets. Of course fin O hadbetterbe empty andwe canmale fin sn by
inventinga ‘new’ elementthenembeddingall the ‘old’ elementsf fin n. Thatis, fin

is amutuallydefinedfamily of datatypesvith constructors:

x:finn
fzn:finsn  fsx:finsn

By corvention,| chooseto think of thesesetsgrowing in a ‘push-davn’ fashion.The
new elementintroducedby fz is ‘zero’, while the old elementsare embeddedy a
‘successorfunction. By a deBruijninfluencedpredisposition| seethe newestasthe
closestandlowestin number Notethatwe mayleave n asanimplicit algumentto fs.

fin hasafamily of eliminationruleswith afamily of schemes
® :Vn:N. (finn) — Type

We form therule subgoaldy demandinghat® n holdswherever fin 7 is inhabited—
thatis, we selecttheschemecorrespondingo therelevantbranchof the mutualdefini-
tion. Hence finElim

96



finElim

® :Vn:N. (finn) — Type

®sn(fzn) & su(fsx)
Vn:N.Vix: finn| ®nx

with computationabehaiour

finElim & ¢fz ¢fs Sn (fZ 7’1) ~>, ¢fz n
fiNEM @ ¢y, dps S (fSx) ~», ¢yss x (INEIM D ¢y, s 11 %)

fin is thusaninductively definedfamily of types—thanstanceof the family arenot
inductivedatatypesakenin isolation;only collectively dothey form amutualinductive
definition. Contrastthis with a family of inductive datatypesuchaslist, whereeach
membereg list Nl is aninductive datatypen its own right.

In thelight of this example let usgeneraliséo dependeninductive families,
Fam : Vi:1. Tiype

Theconstructorsiow take recursve agumentfrom andreturnvaluesin ary instance
of the type family being defined,thatis any Fam f for terms¥? : 1. Thus,in the
‘introductionrule’ style,we get

i:A x,:Famt, ... x.:Famft.
Condax: Famt,,,

Theschemef FomElim mustbeindexed over the entiretyof thetypesbeingdefined,
thatis

@ : Vi:1. (Fam1) — Type

Recallthatthe ‘free telescopehotationabbreviatesthisto ® : Fam — Type.

Therule subgoalsiemanahatfor all 7, ® 7 holdswherezer Fam 7 is inhabited;more
succinctlythat® holdswhererzer FOm is inhabited.Hencewe get FOmEIlim:
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O : Fam — Tipe

D Fopn; (CON @ X)
Vi, [x]: Fam. ® 7 x

Obserne that thereis still only one targetter: unifying term and type gives enough
informationto infer aninhabitantof Fam.

Thereductionrule for eachconstructoiis thus:

r

FAMENM ® @ Fon: (CON @ %) ~5, oom @ X {FamE/im I xj}

4.1.5 inductively definedrelationslike <

Inductively definedrelationsbeara strongresemblance dependeninductivefamilies
of datatypesHowever, their presentatioris differently motivated:inductive relations
arefamilies of propositionsandtheir role is in reasoningatherthancomputation—
they sit outsidethe domainof programsanddatacharacterisingspect®f it.

Propositionsretypes,andthe termswhich inhabitthemconstituteproofs. An induc-
tive relations inhabitantsarebuilt by constructorfunctions,just like a datatype—we
may think of theseconstructorsasinferencerules—but their eliminationrulesdo not
inspectproofsexplicitly in termsof their constructors.

Technically the differencebetweennductie relationsanddatatypess manifestedn
two ways:

¢ thetypeformersof aninductie relationrangeover the impredicatve universe
Prop, andcorrespondinglythe scheme®f their eliminationrulesarealsofami-
lies of propositions

¢ inductive relationsareproofirr elevant—the aperture®f their eliminationrules
abstractheindicesof therelation,but not the proofsthemseles,hencetherule
casesieveridentify the constructorso which they correspond

We shallneedat leastonerelationwhich can interferewith computationandthatis
~. We use~~ to representonstraintsn the eliminationprocesdor datatypesaswell
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asrelations andhencewe mustallow it to eliminateover Zype aswell asProp. Indeed,
thisis notthe only way in which ~ doesnotfit the presentatiomf inductie relations
givenhere. It is treatedspecially andgetsthe next chapterto itself. For the moment,
let us considelinductive relationsfor reasoning.

Many dependendatatypesave relationalanalogueskor example thefin family cor
respondso the‘lessthan’relation:

< :Vm,n:N. Prop
Therearetwo introductionrulesfor <:

<old m<n

<hew n<sn m < Sn

The namesof therulesarereally the constructoisymbols but taking themto the side
emphasisethe proofirrelevantnatureof relations.This leavesusfreeto write propo-
sitionswith no prefixed proofsin theintroductionrules.

Comparen < n with fin n. m < O is clearlyempty For eachsn, <new provesthatn
is the‘new’ thing only just smaller whilst <old lifts the proofsfor thosem’s already
smallerthann: exactly asfz createghe‘new’ elemenbf eachfinite setandfs embeds
the‘old’ ones.

Theeliminationrule OLEG providesfor < is sometimeg&nown asits stronginduction
principle, <Elim:

<Elim

® : Vm,n:N. Prop

¢ nsn ® m sn
Vm,n:N.V|H : m<n| ®mn

Note that the schemeis indexed only over the two numbers,not the proof that the
first is lessthanthe second. Correspondinglythe tagettedH doesnot occurin the
goalpatternspordotheconstructosymbols<new and<old appeain thesubgoals.
Consequentlythe stepcasehypothesisn < n is nolongerimplicitly givenby thein-
ductive hypothesissowe mustwrite it explicitly if we meanit to bethere.As amatter
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of fact, we canchooseo omit it from therule, obtainingthe weak induction princi-
ple. Thetwo areequvalentgivenanappropriatenotionof conjunction but thestrong
versionis more usefulin practice: it is generallypreferableto discardunnecessary
hypotheseghanto reconstruchecessargnes.

It is not clearto me why inductively definedrelationsshouldbe equippedwith com-
putationalbehaiour: computatiorbelongswithin the realmof datatypesandary of
thesanductierelationsoverwhich computatiors desiredcaneasilyberedefinedasa
dependentamily. Ontheotherhand,in thesensahatcomputatiorexplainsinduction,
it shouldbe possibleto equiprelationswith reductionruleswhich are meaningful,if
notdesirable For <, we get

<ElIM @ @pew Porg 151 (KNEW 1) ~>, Dpew 1
<El|m () d)ne'w qbold mSn (<O|d H) ~>, qﬁold H (<El|m ) anew d)old mn H)

With < to guideus, hereis thegeneratreatment:

e propositionformer
Rel : Vi:1. Prop
e inferencerules(constructors)

i:A x :Relt;, ... x, :Relt
Rule i : Relt,.

¢ eliminationrule (stronginductionprinciple)

® Vi1 Prop

VT;:I?—eI. 7

e ,-reductions

REIEIM ® & Froge (RUISAT) ~, Gruse X {I?e/Elim 37, x; }
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4.1.6 recordtypes

We canrepresenf{dependentjecordtypesasa degenerateaseof inductive datatypes.
A simpledatatypeRec with oneconstructorec which hasno recursve agumentss
just atupling wrapperfor the non-recursie agumentsor fields, aswe might like to
call them.

Thetypicaltypeformerandconstructorareasfollows:

e typeformer
Rec : Type
e constructorsingular)

field : A
rec field : Rec

The ‘official’ field namesfield aresignificantin thatthey allow usto adopta more
cornventionalnamed-tuplenotationas syntacticsugar—I| write X = Y to indicate
thatX is asugarechotationfor Y

<ﬁé/d:?> — rect

Thispresumesghatthesequencef namegfield determinesvhichof thedefinedrecord
typesis intended.Underneathhelayerof sugarthe namesof fieldsareirrelevant.

Having establishedhis syntax,the eliminationandcomputatiorrulesbecome

e eliminationrule RecElim

® : Rec — Tiype
L A

® <ﬁe7d= If’>

Aot

x: Rec|l. dx

e ,-reduction
RecElim ® ¢ <ﬁe7d = Z’> ~, b T
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Theserecordtypesdo not comeready-equippedvith projections.Insteadtheir elim-
ination rules requirea function of the fields: introducingthe argumentseffectively
extendsthe local contect with A-bindingsfor thefields. Thatis, RecElim hasa sim-
ilar behaiour to pattern-matchindor namedtuples,SML'’s ‘open’ for structuresor
Pascals‘with ... do’ constructUnderneathhe \s, you areentitledto placeary well-
typedexpressioryou choosejnvolving asmary or asfew fieldsasyoulike.

In aninteractve, analyticalsetting,eliminatingby RecElim is preferabldo projection
becauset is morefocusedon the goal. Also, a singleeliminationexposesall of the
fieldstogetherwhereprojectiongivesyou but oneat atime. To meit seemsa rather
more honestaccountespeciallywhentheremay be type dependengbetweerfields.
Understandingecordsby atomisingtheminto fields in spite of the structurewhich
weavesthemtogetheris a bit like understandindg.ondonin termsof discretehinter
landsfor eachtubestation. Plentyof people(including me) navigate Londonon that
basis but they arenotthelLondoners.

Letusnonethelesdefinetheprojectionswith thecorventionalnotation(-).field;. Type
dependengrequiresus to do soin order—earlier projectionsappearn the typesof
laterones.

Presumingve have defined(-).field, ... (-).field,, (-).field, . is

(+).field, 1 = RecElim
(AR:Rec. {[R.fielg;/field;]}; Ant1)
(NG:A. dp 1)
: VR: Rec. {[R.field;/field;]}! Ap+1

| referto thisuseof ‘.” as‘spot’ because think of it asanugly thing which | wish to
distancefrom the‘dot’ usedfor binding. ‘dot’ marksa scopewhich may containary
well-typed expressiorwhoseidentifiershave beenexplained. ‘spot’ only allows the
nameof afield. Let usapplygenerousnakeupto hideouracne.If R : Rec, we may
write

R[¥].t = ¥ = R.field: A. t

This syntacticsugarabbreriatesa bunchof !-bindingswhich opentherecordwith our
choserlocal names.The dot introduceghe scopeof the bindings—wemay naturally
have arnythingwe like underit. Let usabbreiatefurther, in the casewherethe chosen
namesarethe‘offical’ ones:

R.t = R[field].t
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If + happengo beafield name,we recover the effect of projection.However, if R =
(x=3;y=5;z="T),thenR.x*xy*z = 105.

Thereis a superficialresemblancéetweenthis ‘opening’ notationand the ‘explicit
ervironments’of Sato,SakuraiandBurstall[SSB99. However, their treatmentprop-
agateervironmentghroughthetermstructuren the mannerof explicit substitutions,
ratherthan giving themthe ‘action at a distance’effect of !-binding. | have imple-
mentedhesefirst classlocal definition’ recordsasanexperimentakextensionto LISP
[McB92].

4.2 acompendiumof inductive datatypes

This sectiondefinesformally a numberof familiar datatypessusedin this thesisand
in everydayfunctionalprogramming.lts purposeis partly to consolidatehe material
of the previous section but mostlyto confineto onecontiguougportionof thisthesisa
lot of boringdefinitions.

Somefinite types,seetable4.1,arestandarcequipmentQ (‘empty’), T (‘unit’) and2
(‘bool’). Theconstructok) is pronouncedvoid’.

Let usalsohave disjointsums+, and,specifically maybe: table4.2.

A dependentamily, oftento be foundin the examplesof this thesisarethe vectors,
vect: table4.3. Notethe suppressionf inferrablearguments.

4.3 abolishing Y -typesand reinventing them

Luo suppliesdependenpairs,or X-types asbasicfeaturesof ECC,equippedwith first
andsecondprojections.However, with our facility for datatypesit seemgreferable
to presenpairingasa parameterisetecordtype. Also, pairsmightaswell acquirethe
apparatusve shallshortlybuild for otherdatatypes.

e recordformer
B:A — Type
X B : Type
o fields
1:A
2:B1
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0 : Type T Type 2 : Type

<

frue: 2

false : 2

Table4.1: standardinite types

L,R: Type X': Type
L+R : Type maybe X : Tiype
[:L r:R x:X
iNLI:L+R  inR7:L+R yesx: maybe X  no:maybe X

Table4.2: + andmaybe

A:Type n:N
vect, n : Type

h:A t:vectan

vnily : vecto, O  vconsht:vect, sn

Table4.3: vectors
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intr o-X- raise-Y

Co = SO ||| SO 580

?x:Xy: S 7y S y: S ?x:Xy: S
T x: T ?x: T T
X {y; x) u x.[1/y][2/x]u

Table4.4: tacticsfor X-typesin goals

The only penaltywe risk payingis slightly clumsysyntax,but it is in our power to
sugarthis problemaway. Let ushavelots.

Yx:5.T = ¥ (Ax:S.7T) ¥ is afake bindingoperator
SXT = ¥_:S8.T theusualspecialcase

(s;ty = (1 =s;2=1t) unlabelledpairs

2}’ =1 emptytelescopeagivesunit type
YT = Sx;:S81. ...5%,: S, T nonemptytelescopeayives-type
(3" = ¢ emptysequencegivesvoid

(S;t) = (s1; (.. {sn;t)...)) nonemptysequencegivespair

Thereis no conflict betweerusingX bothfor bindingandasan operatorwhich turns
telescopeito the typesof tuples,representeds pairsnestedo theright. Also, we
still have the dot-notationfrom recordtypesassugarfor XElim. Our cunningchoice
of field nameggivesusthefamiliar (-).1 and(-).2 projectionsasa specialcase.

We shouldequip OLEG with the tacticsfor dragging?-bindingsthroughour fake -

bindings.Seetable4.4. BotharereplacementsAppliedrecursvely, intr o-Y andintr o-

Y turnagoalfull of VsandXsinto a partialproof full of Asand?s. Correspondingly
raise-> combineswith raise-V to allow multiple subgoalgo retreat from a partial
contructionasa singleoutstandingproof obligation.

4.3.1 the blunderbusstactic

intr o-3 catersfor YX-typesin goals,allowing usto solve thempieceavise. Whatabout
Y-typesin hypothesesAlthoughwe usuallytry to currythemawaywherever possible,
we do still find X-typesin inductive hypothesesfor example,whenthe original goal
wasto computea pair.
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It is awkwardto exploit suchhypothesesvith tacticssuchasLEGO’s Refine  which
arespecificallygearedo usefunctionalinformation.| thereforeproposehefollowing
‘blunderhuss’tactic? whichwill searchinsideY aswell asundery:. .

TACTIC: blunderbuss

Thistactictriesto usesomes to solve a goal by adepth- C::)
first searchstratgly. The nodesof the searchtree are ;rOOtZ §:85
given by !-bindingsof proofsto try. Initially, the root goal : G

nodeis setto s.
At eachlnode = s: S, startingwith root, blunderbussbehaesasfollows:

e try to unify node with goal—if successfulstop,otherwise. . .
e reduceS to weakhead-normaform

e generatesubnodedy the type-directednethodsgivenin table 4.5
andtry blunderbusswith eachin turn—blunder-refl subnodesre
tried beforeblunder-V subnodes

Werecoverexactly LEGO’s Refine tacticif we only have blunder-V. However, now
we canjustaswell blunderundera X.

| have taken this opportunityto sneakin blunder-refi. Recallthat wheneliminate

generatea constrainegchemetheequationgeneratedppearsa matchingproblem
in ary inductive hypothesewhichmayarise.blunder-refl isintendedo makeit easier
to exploit suchhypothesesvhenaerthe matchingproblemhasanobvioussolution.

Hencewhene&eranequationapremises required plunderbusstriesto unify thetwo

sidesin orderto supplyarefi proof. If thisfails,thenblunder-V introduceghepremise
asnormal. It would be very unusualif makinga possibleunificationturnedoutto be

anunfortunatechoice.

The constructiornof the ‘guardedfixpoint’ operatorin the next sectionusesa style of
hypothesidor whoseexploitationblunderbussis exactly theright tactic.

3A blunderlussis an old-fashioneckind of gunwith a barrelwhich opensout like a horn. It fires
almostanythingatalmosteveryonen awide spread Thephraseblundertusstactics’is usedto describe
thetechniqueof throwing everythingyou have got ata problemin the hopethatsomethingwill work.
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blunder-refi

A ] = A ]
node=s lsub=s (refit)
s Vb=t : [refit/x]B
Ty~ P b =P 5
; ?goal : G
?goal : G P
! 0
t andt unify, ie
A C A
AllFPC P
AP R
blunder-v
A ] A ] ]
'node=s 2 A
:Vx: A 'sub=sx
B : B
Ty~ P : Ty~ P :
?goal : G ?goal : G
| P | P i
blunder-X
A A
[ 1node=s [1sub,=s.1: A
Yx: A Isuby=1s.2
B . [sub, /x|B
y~ P . Ty~ P : [sub1 /]
?goal : G ?goal : G
| P | P A

Table4.5: blunderbusssearchmethods
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4.4 constructing Case and Fi x

This sectionshavs how to derive two alternatve eliminatorsfor eachdatatypecorre-

spondingo the Case andFix operatorsn CoQ.

4.4.1 caseanalysisfor datatypesand relations

From the eliminationrule given for a datatypeor relation, | NCase
we may constructa ‘sawn-off’ versionwhich embodieghe

notion that we may reasonaboutan arbitrary inhabitantof - Vn:N. Type
thetypeby consideringeachof the possibilitiesfor its outer

most‘head’ constructorbut without any recursve informa- n f N
tion. For N, we getNCase. 30  @sn

An:N|®n

Thisconstructiorbuildstheoremandprooftogetheiby atechniquevhichl call hubris:

we proudly attemptto prove a blatantly false claim andfail, turning the remaining
subgoalsnto premisesjust like a lecturerleaving the bits he hasforgottenhow to do
asexercisedor the students.Thetrick is to postponetheremaining?-bindingsat the

outsidelevel, turningtheminto A-bindings,andthento dischargethem.

CONSTRUCTION: caseanalysis

Supposeave have ainductive family

Fam : Vi:L U,
where 7 aretheindices(asin dependentlatatype®r relations)
U; is theuniversethefamily of typesinhabits

We needonly considerindices,fixing the parametersf familieslike list
andvect for thewhole construction.

This family will have aneliminationrule FGmElim

®:VZ. U

subgoals
vy [y]:Fam. @ p

where Z inhabitsa prefix of Fam
p is the correspondingrefix of i/; y
U, is theuniverseover which thefamily of typeseliminates
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For our inductive definitions,the subgoals}ﬁ' have conclusionswvhich are

applicationsof .

Let us boldly fix a & and attemptto
prove

This is patently untrue, but never
mind, eliminate usingFamElim.

Notethattheholesmaynotappeaso
neatlyorderedput no matter

The subgoals¢ correspondto the
constructor®f thedatatype.

For eachg;, we divide its hypothesesnto
casedatac andinductive hypothesesecs.

A
AP :VZ. U,
?FamCase: Vij;[y | Fam
op
£
?$ e
75 . S

IFamCase= FamEIim & . ..

: Vg;:FO—m

For our inductive definitions,
nothing is permittedto depend
on the inductve hypotheses.
Hencewe mayremove themwith
delete-unused

Having modifiedthe subgoalsn

p
26:Y¢ :C
Vretp: ... > ®. ..
@ qd
A
AP - VZ. U,
Y : V. @ g]c]
AS . S

'FamCase= FamEIim @ . ..

: Vﬁ;:Wﬂ

®p

this way, let us postponethem.
Thestateis now asshown.

Finally, we may dischage the
assumptionsrecovering the case
analysisprinciple aswe might ex-
pectit.

IFamCase= \®: VzZ. U,
Aé: VE. @ §[c]
XSS
FOMEIMm® ...
VO VZL U,
Vo :VE ®[E)
v§ :S

Vy; : Fam

®p

It is not hardto seethatthefollowing reductionshold

FamCase ¢ ¢ 7 (Con; X) b ¢; ¥
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4.4.2 the guardedfixpoint principle

Beforegiving theconstructiorof theeliminationrule which performsthejob of CoQ’s
Fix constructjet uslook at anexamplewhich motivatesboththe needfor it andthe
mannerin whichit is done.

It is thatfamousold troublemaler: the Fibonaccfunc- fio 0 = sO
tion, which is usedfor countingrabbits,drawing at- | fio O = s0
tractive rectanglesand making Euclid’s algorithmgo fiossn =

_ plus (fib n) (fib sn)
asslowly aspossible:

Let usseewhatgoeswrongif we just blunderin with NEIim, IFib=X_:N. N
trying to mimic this definition. Hereis the initial state,with o N — Type
thereturntype decoratedy !-binding, sowe canseewhatis 7fio - v?i:bN
happening.
Let useliminate n. C:)

. o ' ?fibby: Fib O
Again, the!-bindingtracksthe arguments We cancertainly ”ib,:Vn N
fill in fiby. Now watchwhat happensvhenwe eliminate Vfib, : Flo n
againto split thesuccessocase: Fio s[n]

The Fib sO caseis fine, but for double-successor Q:}
disasterhas struck! We have our Fib sn safely | ?fl0so: Vfiby: Fib O
enough but whathashappenedvith Fib n? It has Filb 50

' _ fibg:Vn N
appearedall right, butin thewrongplace—wehave Vhyp: Vfib : Fib n
no hopeof accessing. Fib sn
Vfib,,: Fib sn
Filo ssn

Of coursetheclassicdefinitionof the Fibonaccifunctionis famoudor its abominable
run-time? The traditionalremedyis to write a linear recursioncomputinga pair of
successie values.In [BD77], Burstalland Darlingtontransformthe above definition
into thefollowing moreefficientform:

fio 0 = 0

fio sO = sO

flo ssn = (filossn)u;v].plusu v
floss O = <s0,s0>
floss sn = (filossn)u; v].<v,plusu v>

4Exercise:computethis.
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By design,the auxiliary function fibss computesexactly the informationrequiredto
completethe double-successaase andit doesso by a one-stegecursion.Themain
functionis thusreducedo a caseanalysis.

In [Gim94], Giménezeffectively generalisethistechniqueo anencodingof recursion
onguarded argumentsandit thistechniquewvhich| presenbelow.

DEFINITION: guarded

e if Con is adatatypeconstructomwith non-recursie agumentss and
recursive aguments’, theneacty; is guardecP (by Con) in Cona7

e if risguardedn s ands is guardedn ¢, thenr is guardedn ¢

Theideais to introducean intermediatedatastructurewhich | @ : Vi:N. Type
storesfor eachinput the recursve valueswe needto compute
the output. We may codethis up asaneliminationrule: Auxg n

Oncewe have appliedthis rule, caseanalysison n allows usto split the subgoalinto
casedor the separatgatternsve wish to treat: for eachpatternp, we mustprove @ p
usingtheinformationsuppliedin Auxg p.

Of courseto prove thisrule, we shallhave to beableto shav
vn:N. Auxg n

This proof will go by recursionon n: we mustgeneratehe auxiliary informationfor
sn fromthecorrespondinghformationfor n. Justasin the Fibonaccifunction,we may
carryoverary informationwe needto keep,togethemwith computingthe new valuein
exactly thesameway asthe ‘main’ functiondoes.

WhatshouldAuxg, be?Differentdepthsof recursiomecessitateifferentamountsof
auxiliaryinformation.For Fibonacciwe maychoose

AUXFib 0 = 1
AuXp;p SO = 1
AUxpp ssn = (Fib n)x (Fib sn)

Smorecarefully, if 7; is a higherorderrecursve argumentof typevﬁz H. , thenit is 7; h which is
guardedfor ary h
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Stylishusersmaychooseo developtheir auxiliary datastructureasthey developtheir
function,for eachfollows the caseanalysisof the othet

More generally we may give a single auxiliary structuresuitablefor all occasions.
Giménezdefinest inductively for a parametricd:

®n NAuxDatag n
NAuxDatag O NAuxDatag, sn

For eachdatatype the auxiliary mimics the constructorsandrecursionpattern. Each
recursve aguments decoratedvith a ® proof, sothatfor eachelemenof theoriginal
type,theauxiliary storesd for all its propersubtermsProofsof

vn:N. (NAuxDatag sn) — @ n

thengo by caseanalysison NAuxData, atthe sametime splitting the N-patternsand
surfacingtherecursiongor the exposedsubterms.

My treatmentiffersonly pragmaticallyin thatl computetheauxiliary structurerather
thandefiningit inductiely.

NAux® 0 =
NAux®sn = (®n)x(NAux® n)

As caseanalysifeedsN Aux constructoexpressionsit unfoldslik e oneof thosewal-

lets for peoplewith too mary creditcards,revealingthe proofsof ® for the exposed
subtermsTheblunderbusstacticcanbe usedto extractthe requiredhypothesispro-

videdit canbeidentifiedfrom its type.

Let ustry to prove
Vn:N. NAux ® n
by inductiononn. Thebasecaseis trivial. Thestepcaseis
Vn:N. (NAux ® n) — NIAux & sn
whichreducego

Vn:N. (NAux @ n) — (@ n)x(NAuUx @ n)
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We canclearlyestablistitheseconccomponenof thepair. Thisleavestherequirement

Vn:N. (NAux®n) - &n

Againusingthe‘hubris’ techniqueye maypostponeanddis- NIFix
charge this subgoal we have the auxiliary generationemma
NAuxGen: @ Vn:N. Type
Vin:N. (NAUX® n) — & n NAux @ n
vn:N.NAuxe» | e
dn
andhencetheeliminationrule NFix.

| shallgive thegenerakonstructiorfor simpletypes,thendiscussxtensions.

CONSTRUCTION: guarded fixpoint

Cpn5|deran inductive family gf datatypes Thd Tgpe
with ¢ constructorasshown right. .
a:A; X:{Ind}"
The 4 are non-recursie andthe X arer; Con,ax:Ind
recursve aguments. Let IndElim be its
standarceliminationrule.
Let usfix the componentdo be | \® : Vx:Ind. Type
suppliedby the user and make lIndAUX = Ax:Ind. Type
holesfor the componentgo be tInaAux + vz Ind
_ P INdAUX x
supplied by machine. A !- Abody - vVx :Ind
binding INAAUX helpsus track Vaux: INAAUX x
thedevelopmenbf INAAUX. P x
?IndAuxGen: Vx: Ind
IndAux x
?InAFix :
V| x : Ind
P x

We mayimmediatelyprove IndFix with
IndFix = Ax:Ind. body x (IndAuxGenx)

Now let useliminatethex in boththe auxiliary andits generatgraquiring
a subgoalfor eachconstructor Oneis enoughto illustratethe point, and
reduceghesubscripterror.
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o

-

?INAAUX o Vi A
Vi {Ind}"
VT: {INdAUX x;};
INdAUX (Con i %)
'INndAux = IndElm INAdAUX INAAUX,op, - . -

o

?INdAUXGEN,,y, : Vid: A
vx: {Ind}"
VE: {IndAuxx;}!
INAAUX,op @ % T
'INdAuxGen = IndElim IndAux INndAuxGen.,,, - - .

To build IndAux..,,, we introducetheagumentsandreturntheiterated®
of pairtypescollecting,for eachrecursve agumenty;, both® x; andT;,
whichthelovely let-bindingremindsusis really INnQAuUX x;.

For IndAuxGen,,,, we introducethe agumentsand return the corre-
spondingiteratedtuple of pairs,passingon the accumulategroof t; and
addingthe next layer, computeddy body.

€O
UNAAUX.e = Mi: A
A {Ind}”
AT: {IndAUX x;}7
S{(® xi)xTi};
£
INAAUXGEN,n= AT: A
A¥: {Ind}"
Mz {IndAuxx;};

INdAuxGen = IndElim IndAux INndAuxGen,,, . . .

Cutting/IndAUX andthe proofsof the subgoalsthendischaging thefixed
hypothesesye areleft with
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lINndAux = ...
: VO: Vx:Ind. Type
Vx: Ind
Type
INdAuxGen= ...
1 VO :VINd:x. Type
Vbody: Vx :Ind
Vaux: INAAUX x
P x
Vx - Ind
IndAux X

IndFix = ... O : Vx:Ind. Type
: VO :Vx:Ind. Type
Vbody: Vx :Ind

o x
w x = Ind ‘ o x

d x .<I>n

Thefollowing conversionshold:

IndAux® (Con @%) = S{(® x;)x (IndAux ® x;)}7
IndAuxGen® f(Con dx) &
({{IndFix ® fx;; INAAuxGen ® fx;)};)

IndFix® fx = f(IndAuxGen® fx) x

For dependentamiliesFam, we have exactly the sameconstructionreplacing/nd by
Fam or someFam 1 asappropriate:
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A : VX:Fam. Type
'FamAUX = \X: Fam. Tiype
IFOMAUX.,n, =Mt A

\X: {Fam§;};
AT: {FamAUX5; x;}!
S{(® Si;x;)xT;};

'FamAux = FaméElim FamAUX FOmAUX,oy, - - .
Abody - VX : Fam
Vaux: FOMAUX X
o X

IFamAuxGen,,,= \i: A
\Y: {Fam§;};
M {FamAUXE;; ;)]
({{(body &;; x; t;); t:) })
'[FamAuxGen = FamElim FamAux FamAuxGen,,,, - . .
|FampFix = \¥: Fam. body ¥ (FamAuxGenX)

If we have higherorderrecursve agumentswe mustabstracthe pairsoverthem:

TS

'INdAUX,, =...
Mx:Vh:H. Ind
AT: Vh:H. INdAUX (x h)
S...Vh:H. (@ (xh)x(Th)
'INdAuxGeny,= . ..

\x: Vih-H. Ind

M Vi AL IndiAux (x )
<...)\f[:ﬁ. <(body (x 7 (tﬁ));(tﬁ)>>

Now thatwe have built theseusefuleliminationrules,let us move on to considerthe

technologywe needto solve the constraintavhich arisewhenwe usethemfor depen-
dentsubfamilies.
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Chapter 5

Equality and Object-Level Unification

This chapterexaminesdifferentnotionsof propositionalequalityin Type Theory to-
gethemwith theformsof equationateasoninghey support.

In particular I shallgive a formal treatmenbf the ~ predicatewvhich | have beenex-
ploiting glibly until now: it is merelya cornvenientpackagingof Martin-Lof’s identity
type togetherwith the ‘uniquenesf identity proofs’ axiom proposedy Altenkirch
andStreichel{Str93]. Thereasorfor reformulatingequalityin this way is to improve
thetreatmenbf equalityfor sequencesf termsin the presencef typedependengc

Oncewe have a definition of equality we canwork with, the taskis thento build
a tactic, simplify, which solvesfirst-orderconstructorform equationsappearingas
premisego goals. To achieve this, we will needto constructstill moremachineryfor
eachinductive datatype:

e aproofthatconstructorgreinjective anddisjoint

e adisproofof cyclic equationdike n~sn
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5.1 two nearly inductive definitions of equality

5.1.1 Martin-L of'sidentity type

a,b: A
a=b : Prop

a:A
refl_a : a=a

IdEIM A a @ ¢repa (refloa) ~, drep

IdElim

® :Vb:A. (a=b) — Tiype

®a (refl_a)

Vb:A.Y

g:a=b|. ®bq

idElim is known in thebusinessas‘J’, for historicalreasons.

We may easily prove that this equality is
substitutvein theusualsense.

The proof fixes ® and the proof of the
single case, then applies eliminate with
idElim. The generatedschememakes no
use of the equation$ proof—idSubst is
‘proof irrelevant’.

idSulbst

@:A—)T_t/pe

da

Vb:A. Y

q:a=b

Qb

It will prove corvenientto have somesugarfor applicationsof idSulost:

e Substitution

[q)®s = idSubst Aadsbhg

e coercion

AlType. T
ype S

[9]l.s = [q]=

g:a=b s:®a

[q]?s : Db

q:

S=T S

S:
ql_s: T

The computationabehaiour of idSubst follows from thatof idElim:

[refi a]?t >t
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5.1.2 uniquenessof identity proofs

Altenkirch and Streichersuggesthat = shouldbe equipped |idUnique

with the additionaleliminationrule shown, togetherwith its
® : (a=a) — Type

computationabehaiour.
. . o (refl_a)
idUnique A a @ ¢, (refloa) ~, e V—. Bq

This rule is sometimesknown in the businessas‘K’, largely becauseat comesafter
‘J,. 1

For a given elementtype, A, the apertureof idElim, ie the spaceof equationsover
which its schememust rangeis two dimensional: AxA. However, idUnique’s

schemerangesonly over the diagonal. Of course,it is only the diagonalwhich is
inhabited.

Hofmann and Streicherhave shavn that idUnique is not derivable from idE-
lim[HoS94]. On the otherhand,StreicheraddsthatidElim is unnecessary idSulost
andidUnique aretakenasaxiomatic:we mayfirst useidSubst to replaceb by a, say
thenidUnique to reducetheremainingarbitraryproof of a=a to (refi- a). Effectively,
we divide the idElim processinto two phases:the proof irrelevant phase(idSulost)
reducegshe = family to its inhabitedsubfamily of reflexive equationsso the proof
relevantphasgidUnique) needonly be concernedvith thatrestrictedcase.

5.1.3 ~, or ‘John Major equality

It is now time to revealthe definition of ~, the ‘JohnMajor’ equalityrelation? John
Major’s ‘classlesssociety’ widenedpeoples aspirationsto equality but alsothe gap
betweenrich and poor. After all, aspiringto be equalto othersthan oneselfis the
politics of ervy. In muchthe sameway, ~ forms equationdetweermembersof any
type, but they cannotbe treatedasequals(ie substitutedunlessthey are of the same
type. Justasbefore,eachthingis only equalto itself.

L Aficionadosof thetrombonemightfondly imaginethatthetwo rulesarenamedafterlegendanyjazz
duoJ.J.JohnsorandKai Winding. | do not proposeto pourcold wateron this explanation.

2JohnMajor wasthe lastever leaderof the Conserative Party to be PrimeMinister (1990to 1997)
of theUnitedKingdom,in casehe hasslippedyour mind.
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a:A b:B

ax~b : Prop eqgElim
a:- A ¢ :Va':A. (a~a") — Type
refla : a~a

da (refla)

Va': AV :a~a | ®a'l

eQEim A a @ ¢repa (refla) ~, Grep

Obsere that egElim is not the elimination rule which one would expectif ~ was
inductively defined.

The ‘usual’ rule eliminatesover all the eqgIndElim
formableequationsandit is quite use-

less: it cannotbe usedto substitute - VB: Type. Vb:B. (axb) — Type

two valuesof the sametype becausehe ® Aa (refla)
schemeanustbe abstractedver anarbi- VB: Type. Vb:B. ¥[e : a~b| ® Bbe
trary type.

By contrast,eqElim eliminatesonly over the subfamily wherethe two typesarethe
samethe‘type diagonal’:of courseall theinhabitantdie in this subamily.

5.1.4 equality for sequences

Thereasorfor adopting~ ratherthan= whenworking with dependentypescanbe
seenclearly whenwe attemptto extendthe notion of equalityto cover not just two
termsin atypebut two sequencesf termsin atelescopeSupposeve haver,s : T for
some:'c'-telescopé". We maynot, in general statethe equalityof sequencegands as

r1=81;12=S9; ... (X)

sincer, : To[r;] while s, : Ty[s;], andthesemaybedifferent.

Thereis, of course nothingto stopuswriting
r12251,79=59; ...

whichwill hencefortthe abbreviatedasthe telescopicequation 7~s.

We may correspondinglyabbreiatethe sequencef reflexivity proofs

(reﬂ 7"1); (reﬂ 7"2); Ce
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by refl 7.

Let us not stopat that: in fact, we may prove substitutvity and uniquenesgor tele-
scopicequations.

CONSTRUCTION: telescopicsubstitution

For eachnaturalnumbern, we mayderive | eqSubst,
asubstitutionprinciplefor telescopieequa-

tionsof lengthn. ®: T — Type

Thereductionbehaiour will beasfollows: o7
.ve:r

Vs: T F~s| ®s

eqSubst, TF® ¢en 7 (refl ) b drep

Theconstructioris by recursioron n, effectively iteratingegElim.

Thezerocaseis provedby thepolymorphicidentity func- | eqSubst,

tion. Clearlythereductionbehaiour is correct.
@ : Type

HH

Now, assumingwe have al- |eqgSulbst,
ready constructedegSubst,,,

let usconstructegSubst,,, ;. C:TT — Type

D77
Vs;S:T;T.Ye;é:r;r~s;S|. & s;5

Fixing T; T, r; 7, ® andtheproofof ® r; 7, we ®

have thegoalshown. ?goal: Vs;s : T; T

Vel é: r;rs; s
ORI

Now, e is a proof thatr~s, whereboth have type T, hencewe may elimi-
natee by egElim. Thegeneratedchemencludesall thes ande:

Xs:T. \_i7~s. V5 T. V&:7~5. ® s; §

Note that, asnothingdepend®on e, the proof relevanceof egElim is not
necessarfor this constructionjustasin theconstructiorof idSulost from
idElim.
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The elimination leaves with the subgoal {::)

shawn. ?subgoal: V5 : (T;T) r
: )
Notethat (T; T) r is just [r/x|T, which is o3

exactly thetelescopef 7.
Now that# ands have the sametelescopewe mayeliminatetheremaining
¢ by eqSubst: the schemes just ® r. This leavesuswith the subgoal
® r; 7, aproof of whichwe fixedin the context.

Fromthe (-reductionassociateavith egElim andthenthe inductive hy-
pothesisywe maydeducethat

eqSubst,,, T; Tr; 7 ® ¢, r; 7 (refi r); (refl 7) »
eqElim Tr(...) (eqSubst,...)r(reflr)... >
eqSubst, (T;T) r) 7 (® 1) ¢, 7 (refl 7)

r

Obsenre that the sameproof structurealso | eqSubstLR,,
yieldssubstitutvity in the otherdirection. .

®: T — Type
Althoughthe rolesof 7 ands arereversed,
we may still fix the 7 and abstractover ®3
the § (the right handsides)as requiredby Vi:T.¥é:7~5| &7

eqElim.

CONSTRUCTION: telescopicuniqueness

For each natural numbern, we may derive a eqgUnique,,
substitutionprinciple for telescopicequationsof

lengthn. ® : t~t — Type

- =

Thereductionbehaiour will beasfollows: ® (refl Z)
eitt| dé

equnique,, TF® ¢ 7 (refl7) b ¢rep

Thisconstructioralsoproceedsy recursioronn, againwith polymorphic
identity asthe basecase. The stepcaseis slightly more subtlethanfor
eqSubst.

Supposewe have already constructedeqUnique,,: let us construct
eqUnique,, ;.
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Thistimewefix everythingexcepttheproofs
of theequations.

Co

?goal: Ve|; & t; Ft; £

dee

We have little choicebut to eliminatee with egElim. Perforcethis intro-

ducesequationatonstraintsn thescheme:

As:T. M :trvs. Ve; &:t; bt E. (st) — (I'e) — De; @

Neitherof theseconstraintss disposablesincee definitely occursin the
goal,and,in generalwe mayexpectt to occur(implicitly) in thetypesof

thee.

Consequently the subgoalwe get is as
shawn.

We may discarde’, theneliminate E with

eqgSubst,.

Now we are ready to appeal to
eqUnique,,, with schemed (refl t).

Co

?subgoal: Ve; & t; ft;
Ve :toct

: refl t~e

dee

o
?subgoal: : f~f

O (refit); e

This turnsthe remaining? into (refl f), sothatthefixed proof of @ (refi ¢)

completesur obligations.

As farasthereductionbehaiour is concernedforgive meif | omitthede-
tail. The constructiorsuccesstely applieseliminationrulesfor equations
whichreduceo theirsinglesubgoalsvhenthoseequationsreinstantiated
with reflexivity. ConsequentlyeacheqUnique,, inheritsthis behaiour.

It is notimpossibleo build anotionof telescopiequalitywith substitutiorusing=, but
it is considerablymore cumbersomeThe methodforceseachequationto typecheck,
by explicit appealto the substitutionoperatorfor the prefixed equations.Thatis, we
needthe first n operatorsan orderto formulatea telescopicequationof lengthn +
1, let aloneestablishits own substitutvity. Furthermorejn orderto make the step
in the constructionjt is not sufficient simply to substitutefor the first equationwith
idSubst, but ratherwe musteliminateit with idElim, not only substitutingthe terms,
but alsoinstantiatinghe proofwith reflexivity, allowing the substitutionsepairingthe
remaindenof theequationgo reduce By adopting~, we achiere atleastthistelescopic

extensionwithoutacquiringproofrelevantdirt underour fingernails.
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5.1.5 therelationshipbetween= and ~

Having arguedfor the practicalityof using~ insteadof = whenworking with depen-
denttypes,| nonethelesteelobligedto pointoutthatthetwo areequivalent—prwided
we mean= equippedwvith idUnique. Let menow give themutualconstructionFirst,
theeasydirection:

CONSTRUCTION: = from ~

Thisis soeasythat! will justtell youthe answers—byonstructionz= is
justtelescopiequatiorfor telescopesf lengthl.

E =AA : Type
A, b: A
a~b
: VA : Tiype
Va,b: A
Prop
refi_ =ref
: VA: Type
Va:A
a=a
lidSubst = eqgSubst,
: VA : Type
VYa A
Vo A — Type
Vo :da
Vb A
Ve : a=b |
b
lidUnique= eqUnique,
: VA : Type
Va : A
V® :a~a — Type
Vo @ (refl_a)
Ve : a=a |
de

Furthermorethe reductionbehaiour for idSubst andidUnique is ex-
actly thatfor eqSubst; andegUnique;.

Theotherdirectionis theinterestingone.

CONSTRUCTION: ~ from = with idUnique

Let usassumeve have = andconstruct:
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P~ : VA: Type
Va:A
VB: Type
Vb:B
Prop
?reft :VA: Type
Va:A
a~a
7eqElim: VA : Type
Ya A
VO® :Va':A.a~a" — Type
Vo :®a(refla)
Va' A
Ve : a~d |
da'l

Let usfirst make alittle abbreviation:
cell = XA : Type. A
cell packagesip atypedterm. Theideais that~ is just = for cells:

I~ = M\A: Type
M A
AB: Type
Ab: B
(A;a) = (B;b)
refl= AA: Type
M A
refl. (A;a)

This makestheeliminationrule

N,

7eqElim: VA : Type

Va A
Vo :Vbh: A
Ve: (A;a) = (A;b)
Type
Vo :®a(refl. (A;a))
Vb A
Ve : (A;a)=(A;b) |
dbe

If we couldonly deducer=b from e, we would be mostof theway there.
For that, we needa proof that equalcells have equalsecondprojections.
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The equivalenceof idUnique and equality of secondprojectionsfrom
dependenpairsis folklore knowledge but | shalldothework nonetheless.

It is evendifficult to statethe equalityof the secondprojections because
they arenot of corvertibletypes—wemustusethe substitutvity of equal-
ity to make atypecoercion.

The lemmawe needis asshavn. Letus | ?sproj: VAa, Bb: cell
claim it globally and work on the main ve : Aa=Bb
oal AalA, a
goal. Bb[B, b]
Obserethat vq + A=B
(lg]-a)=b

sproje : Vg:A=A. ([g].a)=b
sothat

sproje (refl. A) : a=b

Let us exploit this discovery. Introducing Q

all the hypothesesthisis thegoalwe now | 'ab = szoi e (refl. A)
L a=
mustsolve. 7g0al: B be
As thetype of e containg, it is wiseto qb
reabstracit: ! =sproje (refl. A)
a=b
We may now eliminate ab by ?goal’ : Ve': (A;a) = (A;Db)
idSubst. dbe
'goal : goal' e

Now ¢’ is areflexive equation! C:)

o o . ?subgoal: Ve': (A;a) = (A;a)
We mayeliminate it by idUnique. dae

The subgoal we acquire follows {::)
from ¢. ?immediate: ¢ a (refl,, (A;a))

All thatremainsis to prove sproj. Firstly, we eliminate the equationon
thecells,e with idSubst.
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Althoughthe two pairsunpacled by the bind- E::)
ing sugararethe samewe have two namegfor | ?same: Y[ Aal: cell
eachprojection.We canclearthis up by elimi- ﬁ”{‘g’g]]

a
natingAa, reducingthe projectionsandcutting Vg ’: A=B
thesugared-bindings. (I9)-a)=b
Now we mayuseidUnique to removethereflex- C:)
iveq. Topen: VA: Type

Va: A

Vg : A=A

([9]-a)=a
Theremainingsubgoahasexactly thetypeof refl_! C:)

?refl: VA: Type
VA:a
a=a

As far asreductionbehaiour is concernedfirst obsene that
sproj (refl. (A;a)) (refl. A) =2 (refia)

Thisis becauseproj eliminatesin successioithe first equation the cell,

thenthe secondequation,andall threearein constructorform. Conse-
quently wheneqgElim is appliedto (refl a), the computedequality proof
ab turnsoutto be (refl_ a). Sinceboththeseequationsarereflexive, both
theidSubst andidUnique stepsreduceasrequired.

5.2 first-order unification for constructor forms

A typical applicationof an eliminationrule with schemevariable® : Vi’ I Type will
engendeascheme

d = A\LVX.I~HH] — W

Correspondinglycaseof form
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yield subgoalsn the proofof form
Vij. VX, S[y|~t7] — @

The equationalconstraintsconstitutea unification problem: if thereis no solution,
thenthe goal follows vacuously;if thereis a mostgeneralunifier, we may useit to
instantiatethe iy andx.

Supposefor example,we wish to write the ‘vectortail’ C:)

function,whosetype preventsapplicationto a null vec- ?viail: va: N
tor: Vv: vect (sn)

vect n

Notethat| have fixedtheelementype A to avoid clutter.

Eliminatingv with vectCase createsa constrainegcheme

Ai:N. \x:vecti.Vn:N. Vv:vect (sn). i~sn — x~v — vectn

Thecorrespondingubgoalsareasshown. viQilyny VN

. _ _ Vo : vect (sn)
The vtailyy subgoal features the impossible Ve,: O~sn
premisethat zero equalsa successorwhilst in Vey: xo2v
thevitail,cons Casethe equationsonvenientlycon- vectn

?2viQilycons: Vm: N
Vh:A

function. Vt :vectm
Vn:N
Yo : vect (sn)
Vey: Sm~sn
Vey: x2v

vectn

strainthetypeof thetail to bethereturntypeof the

If we couldsolvetheseunificationproblemswewould 2VviQilycons: Vr: N

beleft with thisgoal. Vh: A
Vt:vectn

vectn

We would thenintroducetheargumentsandreturnthetail.

Thetaskdoesseento hingeonsolvingtheunificationproblemgyenerateih thecourse
of elimination. In [McB96], | presented tactic (‘Qnify’) for solvingsuchproblems,
provided the termscomprisedconstructorforms in simple datatypes.l shall largely
follow thattreatmentextendingthe sameprocedureo dependendatatypes.
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5.2.1 transition rules for first-order unification

The ‘Qnify’ tactic operatesby successiely eliminating from the goal hypothetical
equationdetweerconstructoforms:

VX. s>t —

DEFINITION: constructor form

t is aconstructor form overvariablesetV if either

e teV
e t=conft

whereeacht; is a constructoform overV/

In the above goal, suppose andt have the sametype andareconstructoiforms over
theX. We may distinguishsix possibilitiesby thefollowing decisiontable?

s ~ t|«x | cheeset |
X identity if x € f thencycle
y coalescence elsesubstitution
chalks apply conflict
cheeses | symmetry | injectivity

For eachof thesesix kinds of constructorequationthereis aneliminationrule. They
areshovnin table5.1

Thesesix rules, oncewe have proventhem, will constitutethe transitionrules of a
unificationalgorithmwhichis completefor thefollowing classof problem:

DEFINITION: constructor form unification problem

A constructor form unification problemis agoalof form:

VX, St — O[]
wherethe § andf are sequencesf constructorforms over ¥
inhabitingsometelescopd”

3chalk andcheese areconstructorasdifferentaschalkandcheese.
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o : ‘Type
identity ®
=] - &
o:T— Type
coalescence
o x
Vy:T.|ly~x| — @y
o : Type
cycle xef
x~cheesef| — ®
o:T— ‘Type
substitution & cheesef x &t
vx:T.|x~cheeset| — ®x
o : ‘Type
conflict
chalks~cheeset| — @
o ‘Type
injectivity T B
cheese i~cheeset| — ®

Table5.1: eliminationrulesfor constructoform equations
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Sincesy, t; : Ty, theleadingequatiorhasbothsidesthe sametype,sothatexactly one
of theabove rulesmustapply (usingsymmetryif necessary)We mustalsocheckthat
eachof theserulespreseresthis structure.

LEMMA: transition rules presere problem structure

Givena constructoform unificationproblem
VX. Ve; :5;5~t; F. O[]

eliminatinge by the appropriatetransitionrule either solvesthe goal or
leavesa subgoalwhichis alsoa constructoform unificationproblem.

PROOF

Let uscheck,rule by rule:

e identity

Before,we have

?before: V¥ X
Ve: x;~x;
Ve §~f

0]

wherex;; 5, x;; £ : T. Afterwards we have
after: VX: X
i S~

ve
®

F

wheres, £ : T x;. Sincethevariablesetis unchangeds andf arestill constructor
forms.

e coalescencandsubstitution

Up to a permutationof the goal (performedby the eliminationtactic) we start
with

?before: V¥: X
Vx: Ty
Ve: x~t
Vij: Yx]
VE: 5[x|~F[x]
O[x]
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wherex ¢ t andx; 5, t £ : T After elimination,we have

Pafter: V¥: X
Vij: Y]t]
Ve 5[t ~1[t]
off]

Although,x hasvanishedrom thevariableset,it hasbeenreplacedy construc-
tor form ¢ which doesnotcontainx. As for theremainingproblem st], #[1] : T t.
cycleandconflict
Thereareno subgoals.
injectivity
Before:

?before: V¥: X

Ve: cheese §~cheeset

Vé: §~f
0)

where(cheeses'); s, (cheese?); f: T. Now, thetypeof constructorcheese
mustbe

vij:Y. T[]
with 3,7 : Y. After elimination:

Pafter: V¥: X
Ve 5~
Ve : §~f

Certainly theproblemstill consistof constructoformsoverthex. Furthermore,
boths’; § and?’;  inhabitthetelescopdi : Y): (T (cheese)).

Now we have checled that eachtransitionrule preseresthe structureof constructor
form unificationproblemsthe next stepis to putthemtogetherto make a unification
algorithm.
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5.2.2 analgorithm for constructor form unification problems

Thealgorithmis very straightforvard: it consistof repeatedlyapplyingthetransition
rule appropriateto the leadingequationuntil eitherthe goalis proved outright or no
equationgemain.

Fromthe abose lemmai,it is clearthatif onestepleavesa subgoalthe next stepcan
be made.However, we muststill shav thatunificationterminatesandcomputesnost
generalunifiers:

DEFINITION: unifier, mostgeneralunifier

If 5~F is a constructoform unificationproblemover ¥ ando is a substitu-
tion from the ¥ to termsover some¥’, theno is unifer of s~f if o5 = of.

In addition, o is a most general unifier or mgu of 5~f if ary unifier of
s~f canbefactorised - o, wherep is asubstitutioron the X'.

LEMMA: unification terminates

For all constructorform unificationproblems the sequencef transition
rule applicationgleterminedateachstageby theleadingequations finite.

PROOF

| shallusethetraditionalproof: we may establisha well-foundedorderingon unifica-
tion problemspeingthelexicographicabrderingon thefollowing threequantities:

e thenumberof variablest
e thenumberof constructosymbolsappearingn the problem

¢ thenumberof equationsn the problem

We maythencheckcaseby casethateachtransitionrule eitherterminatesdirectly or
reduceghis measure.

e cycleandconflict terminatedirectly
e coalescencandsubstitution decrementhe numberof variables

e injectivity preseresthe numberof variablesbut reduceshe numberof con-
structorsymbols
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e identity preseresthe numberof variablesandthe numberof constructoisym-
bols,but reduceghe numberof equations

LEMMA: unification correct

For ary initial goalwhichis constructoform unificationproblem
VX, St — O[]

eithers andf have no unifier, in which casethe algorithmprovesthegoal,
or thereis a subsety’ C ¥ anda substitutions from the ¥ to constructor
formsovertheX’ suchthatco is amguof § with f andthealgorithmyields
subgoal

VX' ®[oX]

PROOF

It is enoughto checkthatat eachstepof the problem,either

e thegoalhasbeenprovenandthereis no unifier, or
¢ thegoalis of form
VY. §~f — oo
suchthat a mostgeneralunifier p of remainder §~F inducesa mostgeneral

unifier p - o of 5~

This invariantholdsinitially, with accumulator o the identity substitution.If it holds
finally with no goal, therewasno unifier. Otherwiseit holdsfinally with the empty
remaindemwhosemagu is the identity substitution,so the accumulatotis the mgu of
S~

Caseby casethen:

e cycleandconflict provethegoalin casesvherethereis no unifer

e identity andinjectivity changeneitherthe accumulatomor the unifiersof the
remainder
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e coalescencandsubstitution

remainder accumulator
— —
before| «x;s~t;t o
after | [t/x]§~[t/x]f  [t/x] o

Suppose is a mgu of the remainderafter the transition. It is enoughto shav
that p - [t/x] is a mgu of the remaindemeforehandwith the invariantforcing
p-[t/x] - o to beamguof 5~F.

Clearlyp - [t/x] unifiesx; §'~t; f .

Now suppose- alsounifiesx; §~t; . Thenr = 7 - [t/x], because
— 7 - [t/x]x = 7t = Tx by hypothesis
— 7 - [t/x]y = Ty wheny # x

Hencer unifies[t/x]?:[t/x]i’ andcanthusbefactorisedv - p. ButT = 7 - [t/
x] =wv-p-[t/x]. Thusp - [t/x] is mostgeneraksrequired.

| feell shouldmake somecommeniontheseproofs,notthatthereis anythingunusual
aboutthem,quitethereverse.l have deliberatelygivena corventionalmeasure’proof
of termination by way of comparisorwith the structurallyrecursve algorithml shall
exhibit laterasanexampleof programmingwith dependendatatypes.

Now thatwe have analgorithmwhich exploits the transitionrules, it remainsonly to
constructproofs of them. identity is trivial. coalescencend substitution arejust
applicationsof egSubst;. conflict, injectivity andcycleall requiresomework.

Beforel give the constructions| wantto drav attentionto the computationabhspect
of the proofshuilt by the unificationalgorithm: we shallneedthis technologyto build
programsaswell asproofs.If thealgorithmgenerates

TS

?soFar : V¥.5~F — ®[o7]
Istart = ...
. VX, §~f — B[F]

we shallneedthe computationabehaiour (for arbitraryx’)

start o (refl 08) = soFar X' (refis')
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Recall that the elimination tactic suppliesrefl proofsfor the constraints. When an
eliminationrule with associatedeductionss appliedto a constructotheadedarget,
it reducesto one of the subgoalproofs, like start, and the refls are passedor the
subgoals constraintaguments—thismust allow the subgoalproof to reduceto its
simplified versionsoFar, and ultimately to the value the userhassuppliedfor that
case.

Onceagain,we may checkthis propertystepwise.identity is implementedoy a \-
abstractiorwith the appropriate3-behaiour, while coalescencandsubstitution ex-
ploit the establishedeductionof egSubst; . For conflict andcyclethereis nothingto
prove, but we mustpayattentionin the caseof injectivity .

5.2.3 conflict and injectivity

Consideraninductive family of datatypes
Fam : Vi:1. Tiype

with n constructors
Con; : VZ:Z;. Fam£;[Z]

We have alreadyseerhow to computethe caseanalysisprinciple FamCase:

® : Fam — Tipe

Let usnow useFamCase to prove conflict andinjectivity theoremdor this classof
datatype.

The corventionalway to prove injectivity for the constructorof simple datatypess
to definea suite of predecessdiunctionsfor eachargumentof eachconstructorand
usethefactthatequalityrespectgunctionapplication.Thisis the presentatiomsedin
[CT95,McB96]. We cannotdo thisin generafor dependentypes,asit is notalways
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possibleto supply dummy valuesfor predecessofunctionsappliedto constructors
for which they were not originally intended. It is my contention,in ary case,that
predecessdiunctionsareimmoral: the whole ideaof patternmatchingis to expose
the‘predecessordbcally to eachconstructocase—weshouldnever applytechniques
appropriatéor oneconstructoonly to arbitraryelementof atype.

Fortunately the computationapower of dependentype theorycomesto our rescue.
Insteacbf proving n? Peano-styleonflictor injectivity theoremswe maymanufcture
asingle‘Peanoconcerto’'which eliminatesary constructotheadedequationcomput-
ing theappropriateule by caseanalysis.

CONSTRUCTION: Peanoconcerto

We beagin by establishinghe structureof the development: we wish to
computethe Peanaheoremappropriateo a given pair of elementsthen
proveit for anequalpair of elements:

?FAmPEANQO: V%: Fam
Vi Fam
Type
?FamPeano : V7 1
Vx :Fam7
Yy :FamT
Me: xy |
FOmPEANOT; x i,y

Notethatit is perfectlyreasonabléo prove thetheorenonly for x andy in
thesameinstanceof thefamily Fam?7, becauséhisis exactly thesituation
in which thetheoremwill be used:eliminatingthe leadingequationin a
unificationproblem wherebothtermshave the sametype.

Lookingfirst to the‘statementproblem, FamPEANO, we mayeliminate
eachof X andyj by FamCase, giving n? subgoalspf two varieties.

In thefirst ‘off-diagonal’kind, we areaskedto computethe conflict theo-
remsfor unlike constructor€Con; andCon,;

?FAmPEANO,;: V¥: Z,
Vg: Zj
Type
We simplyintroduceall the premisesandsupplytheratherusefulelimina-
tionrule
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CD:‘Z“ype

[

After all, anequationwith unlike constructorsat the headis very unlikely
to betrue.

More interestingly on thediagonal we mustcomputetheinjectivity theo-
remsfor like constructors

?FAMPEANO;;: V¥: Z;
Type
Fortunatelythecaseanalysishasexposedhepredecessomse need soall
we dois pairthemoff. Introducingthex andyj, we supplytherule

@:‘Iype

X~f — @
()

Crucially, thereductionbehaiour of FamCase really meanghat
FamPEANOX; (Con; ¥') #; (Con, i) = FamPEANO;; %'

Now let usshaw thattherule we have assignedo eachkind of constructor
headedquatiorreally holdsif the equationdoes.Recallthegoal

TS

?FamPeano: Vi :1
Vx :Fam7?
Vy :FamT
Ve : xy |
FOmMPEANOT; x T, y

We have quite a choiceof thingsto eliminatehere,but by far the most
usefulis theequatiore. Applying eqSubst,, we areleft with

TS

?FamPeanoy;,: Vi 1
Vx: Fam7
FOMPEANOT; x 1 x
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By eliminatingthe equationwe have restrictedour attentionexclusively
to the diagonal,sparingoursehesthe trouble of consideringthe untrue
equationslet alonededucingtheir untrueconsequences.

Now we mayeliminatex with FamCase, yieldingn subgoals

TS

?FamPeano;: Vz: Z;
FamPEANO;[Z]; (Con; Z) £i[Z]; (Con; 2)

ReducingFamPEANO, now thatits caseanalyseshave beenfed con-
structorsymbols,we obtain

o

?FamPeano;:VZ  : Z;

VO : Type
Vhyp: Ve: z~Z
d
d

Fromhere,we simply introduceall thehypotheseandprove ¢ with

hyp (refi 2).

Checkingthereductionbehaiour, we find
FamPeanoT, (Con; X) 1; (Con; X) (refl (Con, X)) =
FamPeanoy. 7; (Con; X) =
FamPeano; X =
A® : Type. \hyp : XX — @. hyp (refl X)

Thisensureshattheidentity transitiondecomposesfi proofsasrequired
for its usein programs.

Notethecritical useof targettingin makingthis rule applicable It is not obviousthat
Vi:LVx,y:Fam7T. — FAmMPEANOT: x T:y

is aneliminationrule, but thatdoesnot stopus unifying the targetterwith a candidate
equation.If the equatedermshave constructotheadsthenthe instantiatedule will
reducefevealingthe schemevariableandsubgoalsve would normally expect.

Although the unificationalgorithmonly requiresusto prove the Peanatheoremdor
two elementsf a particularinstanceFam 7, andthatis the construction have given
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above, it is nonethelespossibleto prove the strongertheoremwhich operateon ary
two sequencem Fam:

FamStrongPeano : VX, ij: Fam. | X~y | - FamMPEANO X ij

If we eliminateall but thelastequationwe have reducedheproblemto FamPeano!

It is possibleto usethis theorento eliminatea constructoiheadedequationfrom ary-

wherein atelescopigroblem,notjustatthefront. This canimprove the efficiency of

unification: if we canseea conflict laterin the telescopicequationwe cansolve the
goalwithoutfirst hackingthroughtheearlierstage®f the problem.Suchmeasureare
not necessaryheneverythingis in constructoform, but increaseour efficacy for the
wider classof problemspollutedby non-constructoterms. It is muchmoredifficult

to work with inductive familiesinvolving indiceswhich are not in constructorform.

Suchproblemsare beyond the technologydevelopedin this thesis—Ishall discuss
thembriefly in section5.2.5.

5.2.4 cycle

Shawing thatcyclesdo not occurin ourinductive datatypess quite a subtlebusiness.
Evenproving

?nNotSn:Vn: N
n~sn — L

requirequitealot of technologyLet usdoit. Eliminatingn,

?0NotSO  :0~s0 — L
?SnNotSSn:Vn : N
Vhyp: n~sn — L
Ve :Sn~Ssn
1

Applying unification(without cycle elimination)to bothsubgoalsye canatleastsim-
plify thetwo constructotheadedequationwia theNPeano theorem.This eliminates
theQ caseby conflict, while injectivity leavesuswith animmediatestep:

TS

Teasy:Vn N
Vhyp: no~sn — L
Ve :n~sn
1
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In fact,we canfollow the samestructurefor any numberof s’s, but thisis only because
the naturalnumbersaredeceptvely symmetrical. Watchwhathappensf we throw in
asparesuccessoconstructort, (makingtype N') andtry to prove

Co

?21NotSTn: Vn: N
n~stn — 1

Inductionon n yieldsO andt caseswvhich perishby conflict. Thes caseis asfollows:

o

?SnNotSTSn: ¥n N’
Vhyp: n~stn — L
Ve :sn~stsn
1

Injectivity yields

TS

Ptricky:Vn N’
Vhyp: n~stn — L
Ve :nxtsn
4L

Oh dear! We have the wronginductive hypothesis! The extra s appearedt the very
inside, rotating the cycle: it is only becauseone successousuallylooks muchlike
anothetthatthesetheoremsaresoeasyfor N.

In orderto prove theresultin this style,we mustfirst strengthernt:

Co

?10CycleST: Vn: N’
(n~stn — L) x (nx~tsn — 1)

By including not just the st cycle, but alsoall its rotations,we will have moreto do:
therewill bework in bothsuccessocasesalthoughoneis enoughto shav whathap-
pens:

o

moCycleST :Vn N’
Vhyp: (n~stn — L)x(n~fsn — 1)
(sn~stsn — 1) x(sn~tssn — 1)
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Theright conjunctfollows by conflict. Theleft reducedy injectivity:

TS

Prepaired: Vn N’
Vhyp: (n~stn — L)x(n~fsn — 1)
n~tsn — L

Therotatedconclusionfollows by projectingthe appropriatelyrotatedconjunctof the
inductive hypothesis.

Thistechniquecanbe generalisedo arbitrarycyclesin arbitrarydatatypesThedraw-
backis that(upto rotation),we needanew theorenfor everycycle pattern.Thisleaves
uslittle choicebut to generatehemonthefly.

A slightly morecunningtechniquearisingfrom a corversationwith Andrev Adams,
is mentionedn [McB96]. It constructdor agivencycle patternx~p[x] # in sometype
Ind aquotientfunctionquot, : Ind — N

quot,plx] = s(quot,x)
quot, = 0

Applying quot, to bothsidesof thecycle, we get
(quot, x)~s(quot, x)

We have alreadyseena disproofof that!

While the guardedrecursionprincipleswe have constructedor eachdatatypemalke
these functions relatvely easyto manubcture—indeed have implementedthis
technique—wdéave still not escapedrom the burdensubstantiabn-the-flyconstruc-
tion work, cycle by cycle.

Rememberthough,thatin cycle x~p[x], p[x] is a constructoform, andhencewe can

computeby structuralrecursiononit: perhapghereis away to computethe proofwe

want. Unfortunately though,thereis no way to testwhetherwe have decomposeds
far asa non-canonicasymbollike x: our programshave no accesgo the decidable
corversionrelationof thetypetheorywhich describeshem.

Nonethelesswe canadoptblunderlusstactics: for ary elementx of a datatypewe
canconstructhepropertyof ‘not beingapropersubtermof x’ in suchawaythatwhen
x hasa constructothead,the propertyreducedo a productexplicitly enforcing‘not

4withoutlossof generalityassume[x] hasfreshvariablesn agumentositionsoff the‘cycle-path’.
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beingary of theexposedsubterms’.Theideaworksin the sameasthe auxiliary data
structurewith which we earlierconstructedyuardedrecursion.In fact, the predicate
we needis justaninstanceof thatstructure.

We maydefinethis propertyfor N, togethemith its non-strictcounterpartasfollows:

INUnequal= A\x,y: N
x>y — L
INNotPSub= Ax: N
NAux (NUnequal x)
INNotSub = A\x,y: N
(NUneqgual x y) x (NNotPSub x y)

with corversionbehaiour

T
NNotSub x n
(NUneqgual x n) x (NNotPSub x n)

NNotPSub x 0
NNotPSub x sn

1R 1R

NINotPSub x y is thusinhabitedexactly whenx is not a propersubtermof y, whilst
NINotSub x y addsthe requirementx £y to indicatethatx is not ary subtermof y.
NINotPSub x y unfolds computationallyto reveal a proof that x is not equalto ary
guadedsubtermof y. Obsenre, for example,

NINotPSub x ssx = (NUnequal x sx) x
(NUneqgual x x) x (NNotPSub x x)

Supposeve canprove
Vx, t:N. x~t — NINotPSub x ¢

Thenfor ary hypotheticalproof of x~p[x], we have a proof of NNotPSub x p[x],
whichwill expandto a productcontaining

NUnequal x x

from which contradictionthe goalshouldsurelyfollow.

Thefirst stepin the proofis to eliminatethe equation)eaving the highly plausible

Tcycle: Vx: N
NNotPSulb x x
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You could be forgivenfor hopingthatwe might geta cheapproof by the NAuxGen
theorenmwe have alreadybuilt, but sadly thatonly provesNAux® when® is aconstant
andall we haveto do ateachstages passontheaccumulatedhformation,addingjust
thenew layer. Here,theschemevariesovertherecursionsowe mustbemorecunning.

Our next move is unsurprisinginductionon x.

TS

?cycle,: NNotPSub 0 0
2cycle :Vx : N
Vxh: NNotPSub x x
NNotPSub sx sx

Thebasecasas trivial asits typereducedo 1. Unfortunatelythestepis genuinelydif-
ficult: NNotPSub fixesits first agument,sothereis no way, asthingsstand thatwe
canreducethe conclusionto theinductive hypothesis Someintelligentstrengthening
will benecessaryFirst reducethe conclusionto its non-strictexpansion:

o

Tcycle:Vx : N
Vxh: NNotPSub x x
NINotSub sx x

We mustprove thatif x is nota propersubtermof itself, sx is certainlynota subterm.
We canseethatif sx werea subterm,x would be a propersubterm,nomatterwhat
Is on the right handside. Let us make the correspondingeneralisation.Thatis, we
introducethe hypotheses;reatea hole for the moregeneralversionof the goal, then
useit to solve theoriginal:

o

Tcycle~ A x :N
Axh : NNotPSub x x
7gen:Vy N
VxNPy: NNotPSub x y
NNotSub sx y
gen x xh

Why is thisagoodmove?Well, we have fixedthefirst agumentof the predicatesand
we arenow freeto let the secondvary in aninductionon y which correspondso the
computationabehaiour of NNotPSub.
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o

?7gen: VxNPO: NNotPSub x O
NNotSub sx 0
7gen : Yy N
Vyh  :VxNPy: NNotPSub x y
NNotSub sx y
VxNPsy: NNotPSub x sy
NINotSub sx sy

Applying alittle computationthebasecasebecomes

TS

7gen,: VXNPO: 1
(NUnequalsx 0)x1

Thisis easilyproven,with alittle helpfrom NPeano.

Reducinghe stepcasewe get

o

7gen : Vy :N
Vyh  :VxNPy: NNotPSub x y
NNotSub sx y

VxNPsy: (NUnequal x y) x (NNotPSub x v)
(NUnequal sx sy) x (NNotSub sx y)

Theimplicationbetweerthe two right conjunctss exactly givenby the inductive hy-
pothesis As for theleft conjunctsexpandingthe conclusions NUnequal givesusa
proof of sx~sy from which we mustprove L. NPeano exposesa proof of x~y, for
whichwe have adisproofattheready

Having establishedhis propertyfor the naturalnumbersthereis alwaysthe nagging
suspicionthatwe have exploitedin somehiddenway the symmetryof that datatype,
justaswe would be wary of generalisingo all trianglesa propertywhich heldin the

equilateralcase. Whenthereis only one stepconstructor with only one recursve

argument,the issueof whetherphenomendehae conjuctiely or disjunctively can

becomeblurred.However, in this case gverythingfits togethemperfectly

CONSTRUCTION: cycle
Considettypeformer
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Ingd : Type
andc constructors

i:A %:{Ind}"
Con;ax:Ind

Note that| really shouldwrite r;, asthe numberof recursve arguments
mayvary from constructoto constructorHowever, theproofwill beeven
lessreadablef | startsubscriptingsuperscripts.

We maydefinetheinequalityproperty

IndUnequal = Ax,y:Ind. x~y — L

We canthenaddthe propersubternrelation
IndNotPSub = Ax:Ind. IndAux (IndUnequal x)

andthe non-strictsubternrelation

IndNotSub = A\x,y:Ind.
(IndUnequal x y) x (IndNotPSub x y)

Thecomputationabehaiour of thesedefinitionsis asonewould hope:
IndNotPSub x (Con; @) = S{IndNofSubx y, }’,;

We maynow prove thecycle theorem:
?IndCycle: Vx, t: Ind

e : x~t

INAdNotPSub x t

First, we eliminatethe equation)eaving

o,

?IndCycle’: Vx: Ind
INdNotPSub x x

Next, we eliminate thex.

O
?case;: Vi: A;
vx: {Ind}"
Vi: {IndNotPSub x;, x;,}
IndNotPSub (Con; a4 X) (Con; 4 X)
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Theconclusionexpandsyielding a product

?case;: Vi A;
vx: {Ind}"
Vi: {INdNOtPSUb x;, x;.};
S{IndNotSub (Con; i X) x },,
Now we cometo the strengtheningtep. The conclusionwe aretrying to
show is r-fold now. Thetrick is to prove eachseparatelyabstractingaway
theright handx,, in r separatéemmas:

2case;~ M A
X {Ind}"
Mt : {IndNotPSub xy, x4},

fem: {Vy  :Ind
VxNPy: INndNotPSub xy, y
IndNotSub (Con; @ X) y

({lemk X hk};>
The proof of eachlemmais againinductive. We apply IndElim, Thusfor
eachof ther, lemmaswe acquirec constructorcases:

TS

k

—

?lemj: VEI . Aj
vy  :{Ind}’
Vi VxNPy,: IndNotPSub x;, y,
IndNotSub (Con;ax)y, ),

VaNPc: IndNotPSub x, (Con; b i)
IndNotSub (Con; @ ¥) (Con, b )

Now, alittle computations in order:

TS

-

?lemj: \Vlﬁl . Aj
vy {Ind}"
Vi :{ VxNPy,: IndNotPSub x v,
IndNotSub (Con; dx)y, ),

VxNPe: S{(IndUnequal x;, y,) x (INONotPSub x;, y,) },
¥ : IndUnequal (Con; d X) (Con; b )
s{IndNotSub (Con; @ %) y, };
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Firstly, each
IndNotSub (Con; a X) y,
follows by h; appliedto the proof of
IndNotPSub xy, v,

projectedrom xNPc.

Secondlywe mustestablish
IndUnequal (Con; @ %) (Con; b i)
Thatis, we mustprove
(Con; @X)~(Con, bij) — L

sowe apply IndPeano. If theconstructoraredifferent(i # j), thegoal
is provedatonce,otherwise; = j andwe mustshov

d~b — X — L
But look! xPNc containgproofsfor eachl of
IndUnequalxy y,

We may selectthe proof of x;,~y, from the injectedequationsandthe
proof of

IndUnequal x, y,

from xPNc establishinga contradictiorandcompletingthe construction.

Let meremarkonly briefly on theextensionto dependentamilies. For

Fam : V7-1. Tiype

theappropriatenotionof inequalityis

FamUnequal = \X,y:Fam. (X~ij) — L

We canthenconstructtamNotPSub and FamNotSub asbefore:

FamNotPSub = \x¥:Fam. FamAux (FamUnequal X)
FamNotSub = \X,y: Fam. (FamUnequalx ij) x (FamNotPSuUb X i)
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Sinceall threeof thesetake two sequencem Fam, ratherthantwo elementsn some
Fam 7, no problemarisesin the strengtheningtep: we arefree to abstractaway the
wholeright handsequencegnsuringheinductionis on the entirefamily.

As for the equationalreasoning,supposewe are trying to prove someinequality
X;x~i;y — L whereboth sequence@mhabit Fam, with both x andy constructor
headed Ratherthantrying to unify the ¥ andij, we may applythe ‘strong’ versionof

the Peanatheoremdirectly to the telescopicequation solving the goalin the caseof

differentconstructorsandexposingthe equationsof the predecessori$ the construc-
torsarethesame.

In effect, then,the constructiorscalesup without ary difficulty from elementf sim-
ple typesto sequencem somefam.

This constructioralsogeneralisesasilyto datatypesvhich usehigherorderconstruc-
torsto represeninfinitely-branchingstructuresWhenthe higherorderargumentsap-
pearashypotheseshey may simply be fixed, so thatthey may be usedasthe appro-
priatewitnessedor higherorderargumentsn goal positions.However, it is not easy
to exploit this proofautomaticallyasit is undecidablevhetheraninfinitely-branching
structurecontainsa cycle. Supposeave have a hypotheticalordinal x, togetherwith a
functionf : N — ord whichyieldsx for input37. If we have a hypothesis

x2sup f

we acquirea proof of ordNofPSub x (sup f), which expandsto uncover a proof of
Vn:N. x~f — L but themachinehasno reliableway of guessinghat37 is theright
numberto exposethe contradiction. Of course,if we know which branchesa cycle
takes,we canstill apply ordCycle by hand.

5.2.5 abrief look beyond constructor form problems

Thereis nothingwhichrestrictsour useof dependentamiliesto indicesin constructor
form. More comple indicesleadto morecomplex unificationproblemsandthegen-
eral caseis inevitably undecidable.Therearetwo waysin which suchproblemscan
arise,andthey arenotmutuallyexclusie:

e Non-constructeform indicesmay appeaiin the type of a constructar For ex-
ample we mightdefinesizedbinarytreesstree : N — Zype asfollows:

X:streex Y:streey
empty : stree O node X Y : stree s(plus x y)
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e Non-constructeform indicesmayappeain thetypeof anargumentoverwhich
caseanalysiss to be performed.For example ,we mightwish to write

vprefix : VA: Type. Vm, n:N. Vo:vect, (plus m n). vect, m

The tractability of suchproblems,even by hand, dependson the typesof the non-
constructoiform expressions:

e Marny problemsinvolving the comparisorof typesor functionsare simply be-
yondus. Ontheonehand,we do not have theoremssuchasconflict atthelevel
of types—wecannotdisprore N~2. Onthe otherhand,theintensionalityof ~
preventsusfrom solvingevensuchsimplehigherorderproblemsas

VE:N — NL. (Vx:N. fx~sx) — ...

Eventhoughthe extensionabehaiour of f is completelydeterminedthereare
mary intensionallydistincttermswhich exhibit thatbehaiour.

e Equationswithin datatypesnvolving definedfunctionslike plus arelesstrou-
blesomegespeciallyif we have equippedhosefunctionswith derivedelimination
ruleswhich do constructotbasedanalysisof thereturnvalues.

Let usexaminethe exampleof vprefix. Inductiononv will leave subgoalsontaining
unsohedequationaproblems suchasthevnil case:

rvprefix, : YA: Type. Ym, n:N. Vo:vect, (plusm n).
O~(plusmn) — vnil~v — vect,m

Caseanalysisonm will getusoutof thispredica- | plusRecl
ment,but only becauseve know how plus works.
A morecunningapproachs to addresghe trou- ®:Vx, y,[2]:N. Type
blesomeplus directly, constructingvprefix with

plus’srecursiorinductionprinciple,shavnonthe . @xy Z '
right. Notethattheplus symbolis completelyab- ®0yy @sy ysz
sentfrom thecases.

Vx,y:N. & xy|plusxy

Tamgettingthe (plus m n) in goalvprefix yieldssubgoals:
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rvprefix, : VA: Type. Vn:N. Vo:vect, n. vect, O
?vprefix, : VA: Type. Vi, n,z:N.
(Vv':vect, z. vect,m) —
Yv:vect, sz. vect, sm

Theremainingindicesarein constructorform!

| drav two conclusionsfrom this discussion. Firstly, dependentlytyped program-
ming with non-constructeform indicesis difficult—a principled machinetreatment
is alongway off. Secondlyfor handtreatment®f suchproblemsderivedelimination
rulesdescribinghebehaiour of non-constructofunctionsareof considerabl®enefit.
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Chapter 6

Pattern Matching for DependentTypes

We arenow in a positionto build tools for programmingwith dependentatatypes.
In this chaptey | shall first discussthe interactve developmentof programs. How-
ever, | believeit alsoimportantto considerthetranslatiorof functionalprogramsrom
the corventionalequationaktyleinto real OLEG termsbasedon the eliminationrules
primitive for eachdatatype.

Why shouldwe beinterestedn theseprogramsSomepeoplelik e to write programs,
andraw typetheoryis hardto write, especiallyasit mustrecordexplicitly the unfica-
tion attendanto the eliminationof dependentlatatypesThatis why we getmachines
todoit.

I amanenthusiasti@dwcateof the analyticstyle of programmingaffordedby proof
editors.For me,thekey pointis thatthe searchfor programss carriedoutin a struc-
turedspaceof partial objectsconstrainedo make sense:the machineperformsmost
of thebookkeepingandchecksor typeerrorslocally andincrementally

Synthesisinggrogramsn the corventionalway involvesunconstrainedearchamongst
arbitrarysequencesf potentialgibberishfor completedobjectswhich a compilerei-
theracceptsr rejects. Theincrementaprogrammingaffordedby interactve declare-
before-useervironmentscommonin the ML communityis almostentirely useless
becauset is incrementafrom the bottomup: it requiresthe detailsto be presented
beforethe outline andthus supportsonly the kind of lonely obsessienesghat gives
programminga badname.The modulesystemoffers somecompensatiorat a coarse
granularity

The troublewith raw type theoryis not thatit is hardto write, but thatit is hardto
read. Evenif a programis generatedvith machinehelp, it is still a good thing if

10thersaremerelypaidto doit.
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we canrepresentit in away whichis comprehensibléo humans.Sequencesf tactic
applicationsarenotespeciallyinformative and,in ary caseyuncounterto thedemands
of agooduserinterface.

| hope,therefore,you will agreethatit is goodto have a high-level representation
for synthesisegbroofsandprogramswhich nonethelessxposeshe analysisboth by
which it operatesand by which it canbe constructed.Patternmatchingnotationhas
beenwith usfor threedecadesn theoryandin practice[Bur69, McB70]. Perhapst
is becausé have beenbroughtup in theseold waysthat! am so slow to change put

| still preferequationapresentationsf programgo this nenvfangled'pointer derefer
encing’ or whateverit is the youngpeopledo thesedays. Onesideeffect of a concise
andreadablenotationis thatwe canstill write programson the backsof quite small
envelopes.

What do theseprogramslook like? Let us simplify mattersfor the time being,and
consideronly solitaryfunctions:

f . Vx:8S. T
f §1 = tl
f S, = t,

Eachs; will containsomefree’ variables; : Y; which arereally universallyquantified.
f may not appeaiin ary of thes;. Both f andtheij may appeatin ¢;. It is, of course,
impossibleto guessthe Y; for arbitrary S ands;, althoughit is not hardto imagine
classe®f problemfor whichit is routine. Let usassumehey arealsosuppliedby the
programmerbut nonethelesemit theminformally whenunremarkable.

Whatdo we meanby sucha program?| suggesthatwe meanto determinethe type
andtheintensionabehaiour of thedefinedsymbolf. It is notenoughhattheprogram
shoulddetermindor eachclosednputs': S auniqueoutputt: thatis merelyto describe
the extensionof a function—to give equationswhich mustcover all the casesand
be true. The programsmustalsoreflecta deterministicandterminatingcomputation
mechanismevenon openterms,andtakingcanonicalnputsto canonicabutputs.That
is, the equationsnusthave computationalnot just propositionaforce. The programs
mustdecodeinternally into combinationsof abstractionsapplications caseanalysis
andterminatingrecursion. This requirements reflectedto a considerablesxtentin
thetaskof translatingsuchprogramsn termsof theeffective computationabehaiour
primitiveto OLEG datatypes.
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A commomotionof patternmatchingfrom functionalprogrammingyith simpletypes
requireghe patterngthes; above)to bein constructoform, nonlinear exhaustve and
disjoint. This is not sufficient to guarantedhe intensionalbehaiour requiredhere.
Theclassiccountergample(due,asfarasl know, to Berry)is thethreejuror majority
function:

majority : verdict - verdict -+ verdict — verdict

mMajority innocent innocent innocent = innocent
mMajority guilty innocent z =z
majority innocent y Quilty =y
mMajority X quilty innocent = x
majority guilty guilty guilty = guilty

Now, imagineyouarein alow-budgetremale of theHenryFondafilm, ‘Twelve Angry
Men’, entitled‘Three Mildly Peered Men’, andyour taskis to find out whatthe ma-
jority verdictis. Thethreejurorsdo not eachknow whatthe othersthink, sothe only
way you cangainary informationis to askthemindividually for their verdicts: you
cannotask‘shouldyou have the castingvote’. Represenivhatyou know by a pattern:
initially, you know nothing,sothe patternis

Xyz

Whenyou aska questionof thefirst juror, say your stateof knowledgedividesin two
possibilities

innocenty z
Quiltyy z

Basedon this choice you canadoptdifferentstratgiesof questioningultimately giv-
ing you a setof possibilitiesfrom eachof which you drav a conclusion.DoesBerry’s
collectionof patternsrepresent setof suchpossibilities,arisingfrom a conditional
questioningstratgy? No: eachjuror appearsindeclaredn atleastonepattern,andat
leasttwo jurorsmustdeclarein orderto determingheanswer

The following shorterand intensionallyrealisablefunction hasthe sameextensional
behaiour:?

majority :  verdict — verdict - verdict — verdict

nmajority innocent innocent z = innocent
nmMajority innocent guilty z =z
nmMajority guilty innocent z =z
nmMajority guilty guilty z = Quilty

2|t alsohasanadvantagen somecasesf youarethethird juror andproneto momentsof angst.
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Extensional presentationsof functions are not useless: they are merely non-
computational.lt is highly desirable at times, to give suchextensionalpropertiesn
specification®f functions. The questionis thenwhetherthey canbetransformednto
intensionabrogramspreservinghe extensionakrequirements.

The fact that intensionallyrealisablepatternsarise from suchquestioningstratgies
militates strongly in favour of the analytic view of programming: generatingpat-
ternsby casesplitting not only guaranteesheir computationaimeaningfulnesshut
alsogivessomeguidanceo theway we think aboutproblemsin thefirst place?

Generatingcoverings of patterndby splitting is centralto Thierry Coquands charac-
terisationof patternmatchingfor dependentypes[Cog92], asimplementedn ALF
[Mag94. It is worth takingthetime to review this now, not only to placethe work of
this chapteiin its wider context, but alsobecausét is in his meta-level footstepghatl|
have followedwith my object-level treatment.

6.1 pattern matchingin ALF

Coquandproposedo admitfunctionsdefinedin patternmatchingstyle directly to the
typetheoryasconstantsvith reductionrulesgivenby the equationgprovidedthey sat-
isfy certainsafetyconditions,morestringentthannecessarybut nonethelesallowing
considerabléreedomof expression For

f . VX:S T
Vg: Yl- f §1 == tl
Vij: Y, f Sn = t,

hedemands

no nesting : for eachf7in ary t;, fdoesnotoccurin ary r;

guardedrecursion : for somej andeveryi, everyrecursve f7in t; hasr; guardedn
Sij

covering : thes; form acovering of S, in the senseo be definedbelow

3WhenteachingstudentsML, | have so frequentlyfound myselfasking‘What do you do with the
emptylist? Whatdo you dowith & const?’ thatit hasbecomesomethingdf amantrafor me,if notfor
them.
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The definition of covering captureghe notion of successie case-splitting.\We shall
first needa definitionof sucha split or elementary covering—this we iterateto yield
covering.

DEFINITION: elementarycovering

Thes; form anelementarycovering of Y if thereis an argumentposition
j suchthat
e s;; is constructotheadedor each:

e for ary agumentsequencé with r; constructotheadedthereis ex-
actly onei andinstantiatiorof thejj : Y; whichmalkess; = 7

Note that, in particular sequencesvith differentconstructorsheadingthe jth argu-
mentmustbe coveredby differentpatternsandthatall possibleconstructorsnustbe
covered:we have justaskedthe jth agumentto revealwhich constructois atits head.

DEFINITION: covering

« thefreepattern® ij : S is acoveringof S
e if §; (overyj : Y;) is anelementancoveringof S andf;; (overz : Z;;)
arecoveringsof the Y;, thenthe [7i;/15; alsoform acoveringof S

Which coveringswe canbuild interactvely dependson which elementarycoverings
we canrecogniseassuch—thisgs whereunificationcomesin. Let ussupposehatwe
have afamily of typesFam, andthatwe wishto form anelementarcoveringof some
telescope

by case-splittingony. Fam hasconstructors

.9_(7’ . X.L
Con; ¥ : Famt,

sothepossiblecasesrethosewherethes unify with thef;, theflexible variablesbeing
X: X0 Y.

We applyanappropriatainificationalgorithm,suchasthe constructounificationfrom
lastchaptergettingoneof threeresponses

“my term
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e amostgeneraklnifier o; from variablest : X;; : Y to termsoversomez : Z
¢ indicationthatthereis no unifier

e failuredueto ambiguityor gettingstuck

If theunificationis conclusve for eachconstructorcasethenour elementarycovering
hasonepatternfor eachmguo;, givenby

o:ij; (Con; 0;%); i/ (overz: 7 T Jil?l)
We cannow build coveringsby startingwith the free patternandrepeatediyapplying
case-splittingasallowedby theunification.Notethatunificationis ameta-leel notion
here:it mustbe soundwith respecto the computationaéquality Apartfrom that,we

canmale it asclever or asstupidaswe like. Constructomunificationis alreadyquite
generous—thiss essentiallywhattheimplementatiorof ALF provides.

Programminghenproceedsn a type-directedvay, building a coveringfor the argu-
menttelescop@f afunction,thenfilling in theright-handsidesby refinementallowing
recursve calls, providedthe appropriate¢erminationcheckis satisfiec®

It is nothardto seethatall the .-reductionssofar presentedh this thesisfall into this
classof definablefunction (provided we make the appropriatestraightforvard exten-
sion for mutually definedfunctionson mutually defineddatatypes):the elimination
rulesfor datatypedave beenconstructedo yield elementarycoveringsof them,with
one-steuardedecursion.In fact,we do not even needthe unificationalgorithmto
handleconflict, injectivity or cycles: coalescencandsubstitutionare enoughfor the
datatype-reductionsandwe mustaddidentity if we wish to supportegElim.

What aboutthe otherway around?If we fix on constructorform unificationasthat
which informs the case-splittingprocess then we may follow this treatmentat the
object-level.

6.2 interactive pattern matchingin OLEG

This sectioncontainsthe main metatheoreticesultof this thesis:it provesthatfunc-
tions which canbe manufcturedinteractvely in ALF canbe manufcturedinterac-
tively in OLEG. Furthermorethe simulationis at anintensionallevel—thefunctions

5In the original ALF implementationthis wasleft asa moral obligation, but Coquands criterion
aboveis nothardto enforce.
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we manufcturefrom OLEG eliminationruleshave the samecomputationabehaiour
asthosedefineddirectlyin ALF.

Beforewe canprogresso thetheoremwe mustexaminecomputatiorwith elimination
rulesin moredetalil.

6.2.1 computational aspectsof elimination

Suppose functionf canbe givenin termsof anotherg asfollows:
f= \¥:X. g%

Whatcanwe infer aboutthe computationabehaiour of ffrom thatof g?

This is a very commonsituation. If g is an eliminationrule andwe constructf by
eliminatingsomeof its agumentswith g, thisis exactlythestructurewhich fwill take.
If g hasareductionbehaiour givenby :-reductionsor a patternmatchingfunctionin
the Coquandstyle, we may be ableto infer the correspondindehaiour for f. For
example,we have alreadyseenhow to constructNCase from NEIim in this way:
how doesNCase reducewhenit is fed constructotheadechumberst is nothardto
checkthatit inheritsthe appropriatébehaiour from NElim:

NCase @ ¢y ¢, 0 = ¢,
NCase ® ¢y ¢y 51 = ¢y n

Similarly, if we wantto implementthe patternmatchingversionof plus by meansof
NElim, we needto be surethatthe definingequationsare intensionallyrecoverable.
In particular we needto shaw thatary recursve callsto NEIim in theimplementation
canbe replacedby recursve callsto plus cornvertible to them. We canachieve this
by a processf unfold/fold transformatioron functionalprogramswhich respectshe
computationaéqualityof OLEG.

Let usconsideunfoldingfirst.
Supposeg] is givenby a patternmatchingprogram

g:Vv
gs;

| <!

S. T
t;

(over patternvariables : Y;)
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Fromthedefinitionof f, we caninfer thelengtheneaquation
fi & g5 (any¥:X)
For eachs;, therearetwo possibilities

e Sis atleastaslongass;

e sisshorterthans;

In the former casewe may split § as#: 7, sothat7,s; : S. If ¢ is a substitutionfrom
X; j to termsoverz : Z which unifiess; andr, thenwe have

— —

foX = go(i7) = goSi;of = (of;) o7 (overZ:Z)

In thelattercaseijt is §; whichwe split as#; 7 sothats, 7 : R, whereR is aprefix of S.
If o is aunifying substitutionthenwe have

foX & gos = goF

andtherefore

l

— — — —
foX;of =2 go(r;7) = gos; = ot;

<

Note that we may not, in general,padout the applicationof f beforethe unification,
becausé X maynot have functionaltype until the X have beeninstantiated.

Folding is morestraightforvard. If we know that

fX = r wherex isthefreepatternand

fs = tlor]  (overij:Y)
then
fs = t[foX] (overij:Y)

| have not explainedwherethesesubstitutionss comefrom® but | do not have to:
unfoldingandfolding area pair of techniquedy whichwe canderive new intensional
equationdrom old ones.| do not proposeto usethemto constructpatternmatching
programshut ratherto confirmtheirintensionabktatus For example theprogramplus
may bewrittenin patternmatchingnotation

SPerhapgou canguess.
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plus O y = vy
plus sx y s(plusx y)

This quiteclearlyfalls within Coquands classof definablefunctions.We have already
seenplus definedsomevhatlessperspicuouslyn OLEG:

plus: = NEIm (x:N.N— N)

(Ay:N.y)
(Ax:N. Aplus, : N — N. \y:N. s(plus, y))

We can checkthat the patternmatchingequationshold intensionallyfor the OLEG
definition. First unfoldingwith respecto each:.-reductionof NElim:

plus 0 = Ay:N.y
plus sx Ay:NL s(NEImM ... xy)

Folding with respecto the OLEG definition:

plus 0 = Ay:N.y

plus sx = Ay:N.s(plusxy)
Lengthening:

plus O y = vy

plus sx y = s(plusxy)

We have checled ourimplementatiorof the patternmatchingprogram!

In fact,we canuselengtheningunfolding andfolding to checkall the dervived com-
putationlawsin thisthesis andwe shallusethemin particularto ensurgheintensional
validity of the patternmatchingprogramswe shallshortly construct.

Of particularinterestis the computationakffect of caseanalysisfollowed by unifica-
tion.

Supposeve facethegoal

o

2£VX:S. T

whereS; is someFam p, with thep in constructofform. Let Fam have constructors
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Z:Zj
Con; z: Famp,

Eliminatingx; by FamCase yields,in general:

o

&= \ij: Fam
Vx: S
ve:

T

<L

=Pk

VX
Ve: p
T

1, Yz Zj
S

(Conj Z) ~ ﬁ, X;

it

If = \¥: S
FomCase ® ...f;... p;x; (refl p); (refl x;)

Now let us apply the unificationalgorithmto f;. Eitherthereis no unifier, in which
casewe have no needof acomputationaéxplanationor thereis amostgeneralnifier
;. In this casethenen subgoalookslike

o

?f;-: Vij: l?j
O'jT

Furthermorehaving found o, we may alsounfold the definition of f with respecto
FamCase, discoveringthatfor all i

fo; X 25 0;%; (reflo;(p; x:))

Q

f
f

1R

<y

Thelattercorversionholdsby thecomputationapropertieof theprooftermgenerated
by the unificationalgorithmestablishedh the previouschapter

This shavs us that caseanalysiswith constructorform unificationreally doescorre-
spondintensionallyto Coquands case-splittingstep.We arenow in apositionto prove
acrucialmetatheorem.
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6.2.2 consewativity of pattern-matching over OLEG

THEOREM: consewativity of pattern-matching over OLEG

Suppose
f . vx:S. T
VJ_/'ZYL f §1 = tl
Vﬁ:?n. f S = t,
Is anadmissiblgorogramaccordingo the characterisationf the previous
sectionwith

e thes; (overy : YZ-) acoveringof S built interactvely by case-splitting
with constructoform unification

e recursve callsstructurallysmallerontherth agument

Thenthereis anOLEG termf: V&: 5. T satisfyingfor eachi, for ary V: Y;,

fs, =t

PROOF

Let uspresenthe mainproblemasoneof theoremproving. We mustprove goal

TS

2fVX:S. T

However, we mustcheckthat however we implementf, it satisfiesghe computational
laws intendedby the patternmatchingequations.

Oneof thekey aspect®f this constructions justifying therecursve calls. We canhelp
ourselesin this regardif we give themhighly distinctive types. As they stand,they
justhave whatever typeit is thefunctionreturnsfor the givenargumentswhich might
be somethingdull. We canintroducea muchmoreinformatve typeasfollows

o

7G . V&:§S. Tiype

2call : V¥:5.(GX) =T
refurn: V¥:S.T — G¥

i{e] . V¥:S. G#

If  =A%:S. call(gX)
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Whathashappened? have definedf in termsof g, afunctionwhich returnselements
of anasyet unknavn S-indexed Type-family, G. Of course,G is goingto turn outto
be\%:S. T, in the style of the decoratve !-bindingsfrom previous chaptersput for
now, it remainsobscure we transfervaluesbetweerl’ and G X by meansof a pair of
unknavns call andreturn, bothof whichwill turn outto betheidentity function. As
thingsstand,though,the type of a call to g identifiespreciselyits aguments—when
we wishto make arecursve call, we, andalsotheblunderbusstactic,shallbe ableto
find the hypothesisve needjust by looking at its type!

Thenext stepis to eliminatetherth agumentof g with theappropriatgguardedecur
sionprinciple. Supposes, is Fam p, whereFam is a dependentamily of datatypes.
The guardedecursionprinciple we needis thus FamFix. Eliminating, we obtainthe
scheme

® = AZ:Fam.V¥:S. Z~p;x, - GX

In fact,thisschemewill have hadits constraint®ptimisedn theusualway—therewill
benoneatall if Fam is a simpletype. Let us nonethelessonsiderthe generalcase.
Theimmediatesubgoais

o

?quarded: VZ : Fo—m
Vrecs: FOMAUX ® Z
Vi :§
Ve :Z
Gx

=~ P X,

Intensionallyspeakingunfolding the definition of g with respecto FamFix tells us
that

gx = FamMFIX ® g,4rgea P; Xr X (reft p; x;.)
= gguarded ﬁ’ Xr (FGmAUXGen o ggua'rded ﬁa XT) 56 (reﬂ ﬁa xT)

The subgoalconstraintgequireexactly thatthe X arewell typedagumentsof g, so
they reduceby unificationto

o

7Qfree: VX S
Vrecs: FOMAUX @ p; x,
Gx

"We may considerary parameterfixed.
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Thatis, we have thesamegoalasbefore but with theadditionof theauxiliary premise
which is readyto unfold revealing the available recursve calls as we split x,. into
cases—imaynot bethelastagument,asshovn here,but its positionis immaterial.

Notealsothatthe computationabehaiour of termsgeneratedby unificationgives
gX = G X (FAMAUXGEN @ g,y gea P X1 )

Now we replaythe interactve case-splittingorocesswhich justified the covering s;.
Splitting an amgumentmeanseliminatingit by the caseanalysisrule for its datatype,
thenapplyingthe unificationtactic to the subgoals Becausehe unificationtacticim-
plementghesamaeunificationalgorithmasthatwhichjustifiestheelementarygovering
inducedby the split, we know we will achieve exactly the sameeffect.

We areleft with subgoalsorrespondingo the covering

o

79:V) 1Y,
Vrecs: FOMAUX @ p; 547
Gs;

Whatis more,we know that caseanalysiswith unification hasthe right intensional
effect, sothat

gs; & g,y (FamAuxGen @ Oyuarded P.; Sir)

It is time to fill in the right-handside. Let us introducethe premisesandrefine by
return:

TS

Arecs: FOMAUX @ ,; 5y
returns; r;

t; is theexpressiorwe wantto supplyfor r;, but it may containsomerecursie zZ;, so
we cannofjust refineby it. We mustreplacethoseapplicationsoy callsto freshholes
of type G Z; first. Sincethereis no nesting we maywrite themin ary order although
if nestingwaspermitted,we would still be ableto chooseanorder | shallonly write

oneof themin.
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o

29~ N 1Y
Arecs: FOMAUX ® p,; sir
?g'LJ . GZJ
returns; t;]...callg;; . . .|

Wherearewe to find theseelementf G z;? Fromrecs, of course! Sincez;, is, by
assumptionstructurallysmallerthans;,, andmusthave sometype Fam p, i thetype
FamAux @ p;; s, expandsto a productcontaining® p, ;; zj,, ie

VXZ:S. iz 2Py X — GX

Let usprojectthisoutandcall it ». Becausgy z; is well typed,we canfind amatching
substitutionwhich solvesthe constraintsHencewe mayform

T’Zj (reﬂ ﬁij;er) : GZJ

andthusinstantiateg, ;.

In point of fact, blunderbusswith recs is enoughto solve g;;, becauset solvesre-
flexive equationsandsearchethroughX-types.SinceG z; is uniquelythetypeof the
recursve call on thoseargumentsthereis no way the searchcancomebackwith the
wrongvalue.

Let uscheckthatthis type-directedolding really findstherecursve call. Thepointis
that

FamAuxGen ® g . geq P;; Sir =
<. . <FamFix<I> Oyuarded Piji Zirs - - - > . >

Projectingthis outandapplyingit asshavn above gives
FOMFIX® Qguardea Piji Zir Z; (refl Py 25r)

Comparehis with thedefinitionof g above: it folds (by the matchingsubstitution)o
97

Hencewe know thatfor all i/
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gs; & retunt,[...call(gz;)...]

All thatremainsis to solve andcut G, call andretfurn assuggesteearlier We find
thatf X is exactly g ¥. Hence(trivially unfoldingandfolding), the calls andrefurns
disappeaandthe g'sturninto f's. As requiredfor each: andall  : Y,

2

f5, = K[...fZ...]

6.2.3 constructing programs

A manboughta full sizereplicaof Michelanglo’s ‘David’. He putit in
his badk gardenandinvitedhis friendsroundto see

‘It sjusta big block of whitemarble' saidthey.

His reply: ‘I havent unwrappedit yet.

The above theoremmakesuseof the guardedrecursion caseanalysisandunification
technologyfrom the previous two chaptersto ‘replay’ the justification of a pattern
matchingfunctionknown to lie within Coquands classof admissibledefinitions. We
hadthe advantageof knowing the equationsn advance,andindeedthe derivation of
the covering—wemerelyhadto checkthatwe could build a termwith the right type
andcomputationabehaiour. As we shallshortlysee thisis only aslightadvantage—
we canuseessentiallythe sametechniqueand constructthe patternequationsaswe

go.

| proposeto supplya collectionof tacticsfor programming. As well asperforming
theorem-preing actionson the OLEG state,thesetacticswill createand manipulate
associategattern-matchingrogramsn suchaway thatthey arealwaysjustifiableby
Coquands criteriaand,oncetheholesarefilled, intensionallycorrect.

By way of arunningexample,| proposeo constructvlast, thefunctionwhich extracts
thelastelemeniof anonemptyvector Let usfix andsuppressheelementypeA.

viast : Vn:N. Vx:vectsn. A

| shallnottell youwhatthe patternmatchingprogramis, for the pointis to unwrapit.

We begin with agoal
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o

?goal: Yn:N. Vx:vect sn. A

Hereis atacticwhichindicateshata givengoalshouldberegardedasa programming
problem.

TACTIC: program

o
?F . V¥:S. Tiype
7call  : V¥:S. (FX) — T[]
?return: Vi:S.T[X] — FX
1® = \Z: Fam
VX S
C::) Ve: Z ~ p; x,
= Fx
?goal: Vx1: 54 °f, . yE -8
: Vrecs: FOMAUX @ p; x,
Vx,: Famp F¥
: I'f  =\X:S. FamFix® f, ¥ (refl p; x,.)
Vxn: Sy, lgoal = \¥:S. call (fX)
T(x]

PROOF

Thetactic
programn x,

turnsgoal, which musthave atleastn premisesinto a programmingproblem. goal is
solvedby appealto afunction f of arity n, recursve onits rth amgument.

As before,the moreinformative type family F is introduced togetherwith call and
return, thenx, is eliminatedwith therelevantguardedecursiortheorem.This leaves
usfilling in the body of thefunctionf,. Associatedvith f; is a patternmatchingequa-
tion labelled[fy], with its patternvariableslisted in parenthesesyhich describeshe
aspect®f f'sbehaiour for which fy accountsTheleft-handsideof this equationis f¥,

indicatingthatf, describeghe effect of f for ary agumentsmatchingthe free pattern
X—thatis, any amgumentsatall. Theright-handsideis a placeholdef, indicatingthat
we have notyetdecidedwhat f returnsfor algumentsmatchingy.
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As we split the goal f; to yield subgoalsfor specificconstructorcases so we shall
splittheequationf,] into thecorrespondingquationsvith moreinstantiatecatterns.
Theseequationsconstitutethe patternmatchingprogramwe are building, and we
shallmaintaintheinvariantthattheir patternsconstitutea covering in accordancevith
Coquands definition. Thisis trivially the casefor [fy]. O

By theway, if theprogramis notrecursve, let usallow the omissionof thex, fromthe
tacticcall. Correspondinglywe do not needto apply the guardedrecursiontheorem.
Thetypeof f; is thenthe sameasthatof 7. Therestof thetechiqueis unafected.

Now, vlast is structurallyrecursve on eitherof its agumentssoit is immaterialwhich
we choosel shallpick thevector Let usseethe effect of thetactic:

o

?Viast : Vn:N. Vx:vect sn. Type
tcall  : ¥n:N.Vx:vectsn. (Vlast, x) - A
?return: Vn:N. Vx:vectsn. A — Vlast, x
L) = m: N
Ay :vectm
Vn:N
Vx : vectsn
Ve;: m~Sn
Veg:y~x
Vlost, x
?fy :vn :N
Vx :vectsn
Vrecs: veCtAux ® n x
Vliast, x
lviast = An:N. Ax:vect sn. vectFix @ fy sn x (refl sn) (refl x)
lgoal = An:N. Ax:vect sn. call (vlast, x)

[fo] viost,x =7 (n: N;x:vectsn)

Now thatwe know how to startthe processye mustfigure outhow to build coverings.

TACTIC: split
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£
C::) 1 VZ :Zj

AR Vrecs: FAMAUX ® o (p,; sir)
Vrecs: FOMAUX @ p;sir | = Fojsi
Fs; :
(s =2 (j: Vi) ] fo;5 =7 (2:Z)

wherey, : Fam' 7

andCon; : V¥:X. Fam' t

ando; is a mostgeneralunifier (from y; X to termsover Z) of 7;y, and
£ (Cony %), bothin Fam'

PROOF

Thetactic

split y,

performsacasesplitony, in subgoalf;, yieldingabunchof subgoals;. Theequation
for f; is split correspondinglynto equationdor the f;.

As above, we eliminatey, in subgoalf; via the caseanalysisprinciple for Fam' and
thenapply unification. The tactic succeedgrovided unificationin eachcaseeither
shaws that thereis no unifier or finds a mgu o;. The resultingcollection of mgus
justifiesthe new covering, andit also justifies the unfoldingswhich shav that f; s;
reducesn eachcaseto f; o;s;.

The invariantthat the patternsof the equationsassociatedvith the subgoaldorm a
coveringis maintained. O

In our example,we shall certainly needto split on the vectorx. Thereis no way to
make a nonemptyectorwith vnil, soonly thevcons casesurvives:
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o

?f:vn N
Vh A
vVt :vectn
Vrecs: Yitpe.: Ym: N
Vx : vect sm
Ve:n~Ssm
Veq:t ~x
Vlost,, x

VEeCTAUX @ n t
Viast n (vcons h t)

[f.] viast, (vconsht) =? (n:N;h: A;t:vectn)

Notethatthe wallet of recursionshasunfoldedby onestep,shaving usthe recursve
callwe couldmalefor ¢, but for thefactthatit is notknown to benonempty Theeffect
of ourinformative retypinghasbeento make the conclusiorof f, tell usthepatternsn
thecorrespondingquation.

We mustmake onemoresplit beforewe canfinish the job. If this weresimply typed
programmingwe would split ¢ to seewhetherh is the lastelementor not. However,
we do not needto destructuré—splitting n will tell usall we need.

TS

?f.:Vh A
vt :vectO
Vrecs: Yitpee: Ym: N
Vx : vect sm
Ve;: 0~ sm
Veg: t =~ x
Vlaost,, x

vectAux ® Ot
Vlast O (vcons h t)

?f:Vn =N
Vh A
vVt :vectsn
Vrecs: Ytpee: Ym: N
Vx : vect sm
Ve;: Sn >~ Sm
Veg: t =~ x
Vlost,, x

vectAux ® sn t
Viast sn (vcons h t)

[f..] Vlasty (vconsht) =7  (h: A;t:vectO)
[f.s] vlosts, (vconsht) =?  (n:N;h: A;t:vectsn)
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Obsenre that in the former case,thereis no way the matchingproblemcan ever be
solvedto allow accesgo arecursve call, whilstin thelatter, theway is clear

Having split asfar asis necessarywe shouldlike tofill in theright-handsides.

TACTIC: return

Vi Y f=\j Y
Vrecs: FOMAUX® p;sir | = Arecs: FAMAUX @ p.; s;,
Fs; returnt,
(175 =7 (F:Yy) [f] f5; = returnt, (i:Y;)
PROOF
Given
return t;

we may, asbefore,form ¢, by replacingtherecursve calls fZ by calls to holesof type
FZ. If thesecallsarestructurallysmallerat agumentr, we will onceagainbe ableto
solvetheseholesby appealto appropriatgrojectionsrom recs.

The structuralcondition ensureghat the nev equationis acceptableand the same
amgumentasthatin theabove theoremshavs thatit holdsintensionally d

Ourexamplehastwo casesFor thesingletonthevalueshouldjustbethehead.return
h givesus

TS

'f,A\h A
A :vectO
Arecs: Sty Ym: N
Vx : vect sm
Ve,: 0~ sm
Veg: t =~ x
Vlast,, x
vectAux ® Ot
returnh

[f..] Vlasty (vconsht) = returnh  (h: A;t: vectO)

In the casewith thenonemptytail, we make therecursve call
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return vlast, t

Thisbecomes

o

e in N
Mo A
A :vectsn
Arecs: Ytyee: Vm: N
Vx : vect sm
Ve;: Sn ~ Sm
Veg: t ~x
Vlost,, x
veCtAux ® sn t
70, :Vlast, t

return (callvy)

A quick searchrevealsthe appropriateecursion

o

lv,=recs.1 nt (reflsn) (refl t)

justifying theequation

[f.s] Vlasts, (vconsht) = return (call (viast, t))
(n:N;h: A;t:vectsn)

We cantell whena programis finished—oncall the placeholding’s have gone. We
may now solve F, call andrefurn asin the previous case.This leavesuswith areal
term f whoseintensionabehaiour correspond$o the associateéquationaprogram,
which satisfiesCoquands conditionsby construction.

Our examplebecomes

vliasty (vconsht) = h
vlast, (vconsht) = vlast, t

Thisis arathersubtleway to write viast which makescrucialuseof theextraindexing

information. Naively erasingthe indicesin the hopeof recovering a function over
ordinarylistsyields
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last (consht) = h
last (consht) = lastt (x)

Thisis clearlynottheright function,or indeeda functionatall.

Of coursewe couldhave split t andbuilt theusual

vlasty (vecons hvnil) = h
vlasts, (vcons h (vconsh't)) = viast, (vcons k' t)

| donotwishto embarkonadiscussiorof therelatve meritsof thesewo programs—I
will merelypointoutthatcomputatiorontheindicesof atypebehaesdifferentlyfrom
computatioron thetypedirectly, andsometimesnterestinglyso.

The combinedeffect of thesetacticsis to allow a similar style of interactve program
developmento thatavailablein ALF—not only canwe build the sameprogramsput
we cando soin thesameway.

However, this is not enough. Having built theseprograms,how do we storethem?
For OLEG, therepresentatioof the programis still a ghastlyterminvolving guarded
recursion,caseanalysisand unification, all painstakinglyrecorded. Why cant we

justwrite the patternmatchingequationgdonn? The constructiorof programsn this

sectionhasreliedonknowing morethanjusttheequations—wéave alsoexploitedthe

justificationthatthe equationssatisfyCoquands conditions,andwe have recovereda

procesdor building thosejustificationsinteractvely.

In thenext section,| considethow muchwe cando with justtheequations.

6.3 recognisingprograms

The questionasled in this sectionis ‘for which patternmatchingprogramscanwe
recover the justification?’. Sadly aswe shall see,the answeris not ‘all of them’.
Nonethelessit is worth analysingat what point the problembecomesundecidable,
with a view to building a systemwherewe can store enoughinformationto allow
therecovery. Theaim is to describea classof recognisableprograms.| have made
someprogressn this direction, althoughthereis work still to be done. | feel some
discussiorof the problemis worthwhile, not leastbecauséhe techniquesdescribed
herearesufficient to recogniseall the examplesin this thesis,whichwill save methe
troubleof describinghe construction.

173



Our existing tacticalpresentatiorof programconstructionwill be of assistancéo us.
We have built oursehesastructurakditorfor acceptabl@rogramsLetusnow imagine
this editorbeingusednot by humansbut by a mechanicat ecogniserwhosetaskis to
take a setof patternmatchingequationsandbuild the program.This echoeghe view
| have taken of the constructionsvith which we mayequipour datatypes—themalke
useof the tools we have developedfor theorem-prueing, ie the structuralediting of
OLEG terms.| know relatively little aboutwriting compilers but it seemdo methata
promisingfirst moveis to build a structuraleditorfor thetamgetlanguage.

Thethreetacticsfrom the previous sectiondivide recognitioninto threephases:
¢ identify anagumentpositionon which therecursionin the programis guarded
(andapplyprogram)
¢ shaw thatthepatterndorm a covering(by applyingsplit)
o fill in theright-handsides(with return)
The first andthird of theseare easy We may simply checkeacharmgumentposition
in turn for one which satisfiesthe guardednessondition beforeapplying program.

Meanwhile,return codesup exactly the operationwe need. It is the secondphase,
checkingthe covering,whereundecidabilitycreepsn.

6.3.1 recursionspotting

Givenagoal

TS

?goal: V¥:S. T
anda patternmatchingprogramof arity n
S =+t (7:Y))

It is easyto checkfor recursvecallsto fin thet;. It is alsoeasyto find for eachequation
thesetR; of agumentpositionswhich satisfythe guardednessondition.We maysay
that non-recursie equationsare guardedin all their agumentpositions. Coquands
criterionrequiresthatthe intersectiorof the R; benonempty If so,we mayapplythe
program tacticfor ary of theindicatedpositions.
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It is possiblethatthis procedurawill yield achoiceof positions.While any of themwill
do, we maystill have a preferenceFor example,structurallyrecursve programsover
vectsor finsarenecessarilylsoguardedn their naturalnumberindices.It doesnot
really matterwhich we choosehut | would prefertherecursionto be onthe datatypes
themseles,ratherthantheindices,asthis produces justificationwhich seemgo me
moreintuitive.

Now we have foundr, we mayapply
programn x,

Thisleavesuswith subgoalf, andits associate@quation
[f] f¥ =7 (¥:5)

Now, let us relatethe program equationswe aretrying to constructwith the asso-
ciatedequationsn the currentstateof the construction. | call the latter the cover-

ing equationsbecauseheir patternsareguaranteedo form a covering. In particulay

we are certainthateachprogramequationis covered by exactly oneof the covering
equations—onlypneof the coveringpatternanaybeinstantiatedo give eachprogram
pattern.

For eachcovering equation,we may collectthe programequationst covers—thisis

justafirst-ordermatchingproblem.Therearethreepossibilities:

e thereis oneequationandit is coveredexactly, meaningthatthe coveredequa-
tion alsocoversits coverer—the patternsarethe same,up to renamingof vari-
ablesandreturn is now applicable

e thereis atleastonecoveredequation put nonecoveredexactly, sosplitting will
benecessary

e thereare no equationscovered—thismeanseitherthat the programis incom-
plete,or thatthereis nothingto cover—an undecidablaype inhabitationprob-
lem

Let uslook ateachcasen turn.

6.3.2 exactproblems

If we have reachedhe stagewherea coveringequation
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15 =2 7:Y)
exactly coversaprogramequation
f&i =t (7:Ys)
thenwe mayapplytactic
return t;

We know thatthe guardedrecursve callswill be availableto us,sowe completethis
branchof thejustification.

6.3.3 splitting problems
We have a coveringequation
(15, =2 (F:Y)
which coversseveralprogramequations

whereg; is a(matching)substitutiorfrom they/ to termsoverthey,.

Eachtime we split a covering equation,we introduceat leastone more constructor
symbolinto its patterngsincepatternamay be nonlineay replacinga patternvariable
by a constructoiform may addmorethanoneconstructoisymbolto the pattern).We

mayexploit this propertyto measurdiow far awvay the programequationsarefrom be-

ing coveredexactly. In orderfor amatchingto exist, a programequationmustcontain
atleastasmary constructosymbolsasthecoveringequationsowe maysimply count
theexcess.

Supposd; coversequation; andis thensplit into several casespneof which, f;, say

covers: also.We know theconstructoexcessof equation over f; is strictly lessthan

thatover f;, becaus¢he f, patternontainmoreconstructosymbols.Hence we may

keepsplitting problemsuntil they becomeaxactor emptyandbe surethatthe process
will terminate.

Which split shouldwe make?In orderto seethis, we mustexpandeachof theprogram
equationsn termsof f;. We know
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fO'igj = fJOly < . >

wherethetupleis justthe collectionof accessibleecursve call values

If thereis ay, suchthateacho;y, is constructotheadedtheny, is a candidatefor
splitting. If thatsplit is successfulconstructorsymbolswill appearat y,, yielding
simplersubproblems.

Ideally, everythingwill bein constructoform, splitswill alwaysyield solvableunifi-
cationproblems sowe may split ary of thecandidatesndcarryon. Which candidate
shouldwe choose?!l would suggestve prefercandidatesigherup the type depen-
deng hierarchy asthesemay inducesplits in otheramgumentsby unification. For
example,if we arebuilding a covering of the vects, splitting a vectorwill automati-
cally splitits lengthinto O ands caseswhile merelysplitting thelengthwill leave us
with work still to do onthevector

Evenif thereare awkward non-constructoexpressiongnvolved, therewill only be
a finite numberof candidatesat ary stage,so we may keeptrying to split until one
works. It is concevablethat,in animpureworld, splitting somethingtoo early may
yield unsohable unficationproblemslater. For the sale of agument,we may con-
sidertherecogniseto be nondeterministic—apnjustificationwill do. Thisis farfrom
satishctory but it is safe.

6.3.4 empty problems

We have asubgoal

but no programequationsto give us a clue what shouldgo on the right-handside,
or how to do ary further casesplitting. This either meansthat the programmerthas
forgottena casepr elseoneof theY;; is empty andthereis morally no needto explain
whatshouldhappenasthe casecannotarise.

Typescan be empty for arbitrarily subtlereasons—théype inhabitationproblemis
undecidableEvenif we restricteverythingin sightto constructoforms, we will still
be ableto codeup the halting problemas a datatypeinhabitationquestion(seetable
6.1). Someemptytypes,suchasthe simpletype with one stepconstructorand no
baseconstructorsrequirean inductive agumentto prove themempty Othersmay
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eventually disappeaafter enoughcasesplitting, but thereis no way of telling how
muchis required.

If we cannotbe totally clever, canwe betotally stupid? Thatis, canwe rejectthese
problemsout of hand?Unfortunatelynot. The eliminationrule for the QO type hasno
t-reductionsand thus correspondso an empty program—ifwe areto recognisehe
recursionoperatorgprovidedfor datatypessbonafide programswe shallhave to be
ableto solve someemptyproblems.

Having rejectedrying zeroandinfinity stepsof casesplitting,theonly otherintuitively
plausibleoptionis one. Let ustry onecasesplit on eachargumentin turn, andif any
provesthe goal, we have success Otherwise the problemis too hardandwe fail to
recognisehe program. This is enoughto allow usto ignore caseswith agumentsn
typeslike 0, fin O andsoon. Theideais thatatypeis obviously empty if thereis no
constructotheadedexpressiorwhichinhabitsit.

Effectively, the programmemustdealwith non-olviously emptytypesexplicitly, by
calling subprogramsvhich eliminatethem. If we constructa programinteractvely
which takes several stepsof splitting to disposeof a type, we may representhe last
stepby an obviously empty subprogranwhich getscalledfrom the last casewhere
a patternexisted. This effectively recordsthe splitting processusedto dismissthe
type. If we find ourselhesrepeatingourselhes, perhapsve shouldbe ableto register
commonlyusedemptinesproofsin suchaway thatthey aretried alongwith splitting
whene&eranemptyproblemis encountered.

It is concevablethat one searchpaththroughcheckinga covering may leadto only
obvious empty problems,while anothermay lead to a non-olvious empty problem.
Onceagain,we may save ourselesby crudenondeterminism.Whetherwe cando
betterremaingo beseen.

6.4 extensions

| feel I shouldmake brief mentionof a numberof obvious extensiongo the classof
programswve shouldbewilling to considernoneof whichis particularlycontroversial.

6.4.1 functionswith varying arity

In simply typed languageswe are not usedto seeingfunctionswith varying arity.
Certainly the useof curriedfunctionsis commonplacebut thereis nothing serious
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e basicdatatypes

sfarfisiate  hafrsiate | omerstates

-« . othersymbols

plank : symibol

left : move right : move

e describinghemachine

fransition = statexsymbolx state xsymbolxmove
fransitions = list transition
fape = (tsil symbol) x symbolx (list symbol)
configuration = statextape

(tsil is the type of lists built by addingelementsat the right-handendwith the
constructosnoc. | overloadnil.)
e list membershigfor ary elementype A)

h:A t:listA h:A T:memberuxt
findht: memberh (consht) seekh T : memberx (consh t)

¢ updatingthetape(update : fape — move — tape — Tipe)

s : symbol 7 : list symbol
Iblank s r : update (nil;s; r) left (nil; blank; cons s r)

[:tsilsymbol t,s:symbol r: list symbol
Imove I'tsr:update (snoclt;s;r) left (I;t;conssr)

[ : tsil symbol s : symbol
rolank I's : update (I;s; nily right (snoc I 's; blank; nil)

[:tsilsymbol s, t:symbol r: list symbol
rmove [s tr: update (I;s;constr) right (SnocCIs;t;r)

¢ onestep(step : transitions — configuration — configuration — Zipe)

tr : member (gq;s;q';s';d) trs  u :update (I;s';r) d tape
dotru:steptrs (g;(l;s;r)) (q'; tape)

e haltingproblem(halts : fransitions — configuration — tape — Tipe)

trs : fransitions  tape : fape
stop trs tape : Nalts trs (half; tape) tape

step : step trs XY  halts : halts trs Y tape
QO step halts : halfs trs X tape

Table6.1: codingthe haltingproblem
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happeninghat gn-equvalencecannotexplain. Thereseemdo belittle motivationfor
allowing functionsto be definedwith arity varyingbetweerpatternequations.

By contrasttherearesomedependentlyypedfunctionsfor which sucharelaxationin
thesyntaxwould beof genuinebenefit. Theseendto arisewhenwe write onefunction
to computetypesinvolvedin another For example

Sum:Nﬁﬂype
SumO0 = N
Sumsn = N — Sumn

sum : Vn:N. Sum n

sum0 =0

sumsOx = x

sumssnxy = sumsn (plus x y)

The first agumentof sum is the numberof subsequerdaguments andthe function
computegheir sum. You might well point out that| could make the aritiesuniform
by A-abstractionbut thatis becausé amnotdoingary patternmatchingonthe newly
exposedarguments.Of course,in ary casel canalwaysintroducesubprogramsbut
why shouldl have to?

You might also suspecthat suchfunctionsare uncommonin practice,andthus not
worththetrouble. Therearethreethingsto sayto that:

e Dependentlytypedprogrammings still in its infang/—we do not know which
techniquesvill turn outto becommonin practice.

e Thisis thekind of techniquewhich is usedsomevhatlessfrivolouslyin strong
normalisationproofs—wecomputea meta-lerel function type from an object-
level functiontype,thenwe computethe appropriatenetal-lesel functionto in-
habitit.

e This sortof behaiour is alreadysupportedn asindustriala programmingan-
guageas C. The remarkablycommonprintt ~ commandtakes a formatting
string,followedby argumentsappropriateo thefieldsto be printed—youhope.
Of coursethereis no checkto seethatit makessenseC compilersdo notblink
twice at

printf(“%s%s%s”);
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but theeffectis seldombenign.Dependentypessanitiseheseratherfrightening
functions.

We may accommodatéhis behaiour by adjustingthe definition of coveringto allow
lengthening of patternsequenceby fresh patternvariables provided the resulttype
beforehands functional. Theseextendedpatternsmay thenbe split asbefore. Each
lengtheningcan, of course bereplacedby a call to a subprogramn orderto recover
the uniform arity of the original. The treatmentof recursionis asbefore. Recursve
callscanberecognisegrovidedthey have atleastthearity of the patternto which the
guardedecursiorprinciplewasapplied.Longersequencesf agumentsanbecutin
two, leaving arecursve call of theright lengthwhichis thenappliedfurther

6.4.2 moreexoticrecursion

While it is sufficient to facilitate functionswhich areonly recursve on oneargument
position,it is nonethelessonvenientto allow morecomple structurego bebuilt into
asinglefunction,ratherthanforcingthe programmeto breakthemup. Thetraditional
exampleis Ackermanns function:

ack:N—-N— N

ackQOn = sn

acksm 0 = ackm sO
acksmsn = ackm (ack sm n)

Therecursiorin thisfunctionis lexicographicin thesensehateitherthefirstagument
decreasestructurally or elseit staysthe same put the secondargumentdecreasedt
canbesplitinto a pair of Coquand-acceptaafimitive recursve functionalsasfollows:

ACKgm : (N—-N) - N —- N

ackKg,y, ack,, O = ack,, sO

aCkKgy, acky, sn = ack,, (QCKs,, ack,, n)
ack:N—-N-— N

ack0 = s

acksm = acks, (ackm)

What has happenechere? For a start, the main ack function hasbeenn’d into a
functional. This enableghe sm caseto be delgyatedto the auxiliary functionack,,,.
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Thisrecevesasanamgumentthefunctionack m, availableby structuralrecursion—it
is thusfreeto applythis function,aswell asmakingits own guardectalls®

Would not all but the mostdie-hardof origami programmerspreferto write the lex-
icographicversion? In fact, we alreadyhave the toolsto constructit interactvely—
supposeve have reachedhefollowing stage:

TS

PAck  : Vm,n:N. Type
rcall : Vm,n:N. (Ackmn) - N
?return: Ym,n:N. N — Ackmn
lacky, = Arecs: 1
an N
Sn
7ack, :vm :N
Vrecs: (Vn:N. Ack m n)x (NAuUX ... m)
vn :N
Acksmn
lack =NFix...

Therecs agumentgivesusaccesso guardedecursionon thefirst amgument.We may
now addguardedecursiononthe secondfor the samefirst agument)by eliminating
n with NIFix, fixing m andrecs:

TS

?ack,:vm N
Vrecs : (Vn:N. Ack m n)x (NAuUX ... m)
Vn N
Vrecs': NAUX (Ack sm) n
Ack smn

Casesplittingonn now givesus

8We would not needto passick,, explicitly throughthe recursiorif we coulddefineack,,, locally

to the successocaseof ack.
9An origamiprogrammenonly usespatternmatchingto definefold operators.
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o

?aCKy:Vm N
Vrecs : (Vn:N. Ack m n)x (NAUX ... m)
Vrecs': 1
Ack sm O
70ck,,:Vm N
Vrecs : (Vn:N. Ackmn)x(NAuUX ... m)
Vn :N
Vrecs': (Ack sm n) x (NAux (Ack sm) n)
ACK sm sn

For the ack,, case,we may projectthe appropriatecomponenof recs. Looking at
ack,, in moredetail, the nestedight-handsidetranslatedy call andreturn to

TS

?aCK: Am N
Arecs : (Vn:N. Ackm n)x (NAUX ... m)
DY/ \
Arecs’: (Ack sm n)x (NAUxX (Ack sm) n)
?recy : ACKksmn
?recy : ACKkm (callrec,)
return (call recy)

rec 1s solvedfrom recs’ andrec, is solvedfrom recs. Thedefinitionis complete.

We can build quite complex structureswith multiple eliminations by guarded
recursion—moreeven than lexicographicrecursionon a numberof argumentposi-
tions. For example,we may definea functionon lists of treeswhich at eachrecursion
replaceghe headtree by its subtrees—somstepsmay make the list longer but the
decompositiorof the headtreeguaranteetermination.

The questionof how to extendthe classof recognisablepatternmatchingprograms
into this moreexaotic territory is animportantandinterestingone. Much attentionhas
alreadybeenpaid to the simply typedcase for example,in Manouryand Simonots

‘ProPre’[MS94] system Further CristinaCorneshasequippedCoq with asubstantial
packagedranslatingequationaprogramswith relatively interestingrecursve structure
into constructoguardedixpoint expressiongCor97].

Furtherinvestigationis beyond the scopeof this thesis. However, | shallnonetheless
write suchequationalprogramsin the following chapter sincethey are shorterand
clearerthantheir expandedversionswhere eachrecursionhasits own subfunction.
Whenl doso,| shallalwaysbe carefulto pointoutthejustification,imaginingthatwe
arederiving thefunctioninteractvely.
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Chapter 7

SomeProgramsand Proofs

We have now developedsubstantiatechnologyfor constructingdependentiytyped
functionalprogramsandalsofor reasoning@boutthem.Letusnow putthattechnology
to work.

In the courseof this chapter| offer someexampleswhich | believe illustratethe ad-

vantageaffordedby working with moreinformative types.We shallseenew versions
of old programswhich aretidier andeasierto prove correct.We shallseeapplications
of oureliminationrule technologywhichaid programdiscovery aswell asverification.

Hopefully, we shallseesense.

Later, | shall focuson the manipulationof syntaxas a programmingdomainwhich
shows off to greateffect the expressve power of dependenpatternmatching.In par

ticular, | shallconstructandprove correctafirst-orderunificationalgorithmwhich has
thenovel meritof beingstructurallyrecursve.

7.1 concretecategories functors and monads

In the exampleswhich follow, we shallexaminemethodsof working with syntaxvia
dependentlytypedfunctionalprogramming.The behaiour of the functionswe shall
developfits neatlyinto a categyoricaltreatmentsoit is worthwhile building sometools
for packaginghesefunctionsandtheir propertiecateorically.

We shallnot needary particularlyheavy cateyory theory whichis justaswell, asfar
asl amconcernedFor a substantiaformalisationof categyory theory see[SH95]. In

fact, we may restrictour attentionto concrete catgories—thosavhoseobjectscan
be interpretedasa family of typesandwhosearravs canbe interpretedasfunctions
betweertypesin thefamily.
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7.1.1 recordsfor categories

So,whatshallwe sayis a cateyory?

Theideais notthatobjectsaretypesandarravsfunctions,but thatbotharedatawhich
canbeinterpretedassuch. Imaginewe aremodellinga programminganguagecate-
gorically: we mighthave OLEG datatypesepresentinghe typesandfunctionsof that
languagetogethemwith translationsvhich modelthosetypesandfunctionsas OLEG
typesand functions. Thosedatatypeggive us the objectsand arrows of a concrete
catgory, andthetranslationgheirinterpretations.

Let usfix thetypesof objectsandarraws.

O : Type
—:0 — O — Type

Now, let us definea recordtype Concrete to containthe thingswe mustsupplyto
have ameaningfulcateyory:

1¥v5:0.5— S
oVR,5,T:0.(S—T) - (R—S) - (R—T)
[]:0 — Type
[[]:¥S, T:0.(S—T) — [S] — [T]
Respl:VS: 0. Vs:[S]. [ts] s~s
RespC:VR, S, T:0.Vf:5 — T.Vg:R — S.Vr:[R]. [fo gl r~ [f] ([g] r)

| think it is safeto overload[-]. Confusionbetweertheinterpretation®f objectsand
arrovswill notarisein theseexamples.

SaundersviacLane[Mac71] definesa concrete category to be a category equipped
with a faithful functorinto Set Thatis, the interpretationamustnot only presere
identity and composition but mustalsoembedthe objectsandarravs in Set | have
given no suchcondition. It begs the question‘what is the appropriateequality on
objectsandarrons?’.

In typetheory asin marriagefidelity comesdown to theway you seethings.OLEG’S

intensionalequalityis too discriminatingto be usefulhere.| proposeto considertwo

arrovsthesamdf theirinterpretationsareextensionallyequal:interpretationgrethus
trivially faithful. Consequentlyit makeslittle senseto considerthe cateyory sepa-
rately from the functor which interpretsit—the functor propertiesare how we know

the category hasthe traditionalabsorptiorand associatiity laws with respecto this

extensionahotionof equality
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Correspondinglyif f,g : S — T, let usmake the abbreiation

frg = Vs:[S]. [fl s~ [g] s
Theusualabsorptiorandassocitvity properties

foumf
LOg%g
(fog)ohmfo(goh)

all follow by reflexivity.

Dischaging the parametersye have our notionof category. | shalltypically write
Concrete —

to meana cateyory for a givennotionof arrow, leaving the objecttypeimplicit.

For ary typefamily Fam : O — Tiype, we maydefine

—

Fam = XS5, T:O.FamS — FamT : O — O — Type

We may easilydefineanoperation-] on suchfamiliessuchthat

—_

[Fam] : Concrete Fam

with objectsinterpretedvia Fam andarraws, identity andcompositionasthemseles.
Thisis theusualnotionof functionsbetweertypesin afamily, representedithin our
definedclassof cateyory.

In particulay if welet Type betheidentity functionon Zype, then[Type] is thecateyory
of OLEG types.

As aspecialcasewe maypretendany typeT is a 1 -indexedtypefamily andmanufc-
turetheone-objectateyory [T] of its endofunctions.

We will encountecateyorieswhosearravs arenotrepresentedirectlyasOLEG func-
—

tions. A ratherglib exampleis the Concrete N whosearrows live in N (actually
T — 1T — N, but never mind), with n interpretedasplus n. Theidentity is O, the
compositions plus, andhencehepropertythatinterpretatiorrespect€ompositions
justassociatiity.
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7.1.2 recordsfor functors

A functor takesobjectsandarravsfrom onecateyoryto objectsandarrowns of anothey
preservingdentity andcomposition.We cancertainlywrite theserequirementslown
asaparameterisececord.

Let usfix sourceandtargetcateories,thenopenthem:

O® : Type

= 0° = O — Type
C°: Concrete —*
O Type

—t O = 0" — Type
C': Concrete »t

C*[e%;0% [1°; [']° s Respl’; RespC®] C'[e; o5 [ [-]° ; Respl'; RespC']

Relatve to theseet usdefinearecordtype Functor with fields

Fo:0° — O
Fa:...(S—*T) — (FOoS) —! (FoT)
Prestq....f~ ¢ — Faf ~ Fag
Presl....Fa 1§ ~ g, )
PresC:...Fa (fo*g) ~ (Faf)o! (Fayg)

Notethat| have left out somehuman-inferrablainiversalquantifiersfor the sale of
readability

Theextracondition—preserationof extensionakqualityof arrovs—isnecessanit is
possibleor two extensionallyequalsourcearronsto bedistinguisheadomputationally
andhencemappedo differentarronsin thetargetcategory, unlesswe expresslyforbid
it.

Of course,whenwriting functor types,| shall suppressll the detailsandjust leave
Functor C* C".

By way of example, every polymorphié type family hasan associatedunctor. It
would beniceif theseweremanufcturedautomatically| shalloutlinethe functorfor
maybe.

lin theML sense
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maybeF : Functor [Type| [Type]

maybeF = ( Fo =maybe
Fa=AS, T:Type. \f:S — T. Ax:maybe S.
X
yess | yes (fs)
nosS |NOT
Preskq= ...
Presl= ...
PresC= ... )

This functorjustlifts functionsto their exception-propagatingnages.| usea ‘table’
notationfor caseexpressionsthe columnheadingy indicateswhatis beinganalysed,
underneatht arethe patternsandto theright arethe correspondingeturnvalues—
this notationis easilyinterpretedoy patternmatching.Thethreeremainingfields may
easily be proven by inverting FQ, ie caseanalysison the maybe-typed argument
implicit in theextensionakquations.

Finally, oneirritating aspectof intensionaltype theoryis that we may have to work
with severalimplementation®f, extensionallyspeakingthe samefunction. Suppose
we have anothercandidaté=a’ for the arrow partFa of a givenfunctor, with the same
type and extensionalbehaiour. It would be really annging if we hadto redothe
proofsof the propertiesfor the functor with Fa replacedby FO', but fortunately we
may malke this agumentonceandfor all.

The pointis thatthe functor propertiesconcernonly the extensionabehaiour of FQ,
sowe may constructa function sameFunctor which takes our sourcefunctor, Fo'
andaproofthatFa andFa’ have the sameextension returningthe functorwith Fo' on
arrovs andall the sameproperties] shallnot give the detailshere—thg amountonly
to unremarkableewriting.

7.1.3 recordsfor ‘concrete’ monads

The formalisationof monadsl shall give is a ‘concrete’versionof the Kleisli triple
presentatiordueto Manes[Man7§, which he shoved equialentto the corvention
definition[Mac71]] by anendofunctofl” with naturaltransformationg and ..

DEFINITION: Kleisli triple

A Kleisli triple (T, 7, {)? onacateyory C is givenby

2( is pronouncedbind’.
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e afunctionT from C-objectsto C-objects

¢ anobject-indeedfamily of morphisms; € C(X,TX), interpreting
theelementf X in its T-image

¢ a family of functions (, indexed by a pair of objects X, Y, from
C(X, TY)toC(TX,TY)

satisfyingtheequations

o =id
* (f{Jon=f
o (f) o) = (H)o(8()
TheKleisli category arisingfrom sucha structurehasthe sameobjects

asC, and X toY arravs givenby theC'(X,TY'). n giveseachobjectits
identity, andthe compositiono is

fog = flog

Consequentlyyo - givesafunctorfrom C to theKleisli catgyory, and-( givesafunctor
from the Kleisli category to theimageof C' under?T’. The compositionof the two is
thusa functorwhich doesT to objects.

Thepresentatiomf monadgivenbelow is basedntheideaof afunctorwhichis split
inton o - (below ))-) and-{.

Giventwo concretecategyoriesanda functor, we may describewhatit meango be a
concrete monad which splits that functor Let us keepthe sametarget and source
catgyoriesopenedasabove andfix further

F: Functor C* Ct

Let usopenF with thenamegyivenby thefields.

A concretemonadsplitting F capturesa classof ‘diagonalarrons’, S \, T (S, T : O%),
which are interpretedin [S]° — [Fo T]'. Thesewill be the arrans of the Kleisli
cateyory, andthey mustbe equippedwith a notion of compositione which behaes
underinterpretatiorik e the compositionin theKleisli cateyory.

Think of themaybeF functor, viewing yes aspackaginglataandno asrepresenting
an error condition. Arrows in the sourcecategyory are ‘reliable’ functionsactingon
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actualdata;arrows in the target categyory are ‘error-aware’ functions—thg may han-
dle errorsor createthem. The functor takesreliablefunctionsto ‘error-propagating’
functions—thg will give actualoutputfor actualinput andtransmiterror conditions.
A ‘diagonalarron’ is anunreliablefunction—it acceptsactualdata,but mayresultin

anerror A monadsplittingmayleF characteriseaclassof theseunreliablefunctions
suchthat

¢ everyreliablefunctionf hasanunreliableimage(which justpackagesheoutput
with yes) givenby )f

if f: S— Tthen)f:S — maybeT

e everyunreliablefunctiong in the classhasan errorawareimage(which propa-
gatesinputerrors,but may make new outputerrors)givenby g{

if ¢ : S — maybe T theng( : maylbe S — maybe T

e thecombination)f( doesthe samething to sourcearrovs asmaybeF

if f: S — Tthen)f(: maybe S — maybe T
More formally, let usfix thecarriertypefor diagonalarrons
N\ O° = O° — Type

andcollecttherelevantdetailsin arecordtype Monad with fields

Do (S T) = SN\, T
.. (SN\yT) = (FOS) ! (FOT)
on . (SNT) = (RN\(S) = (R\,T)
[ (SNT) — [S]° — [T]'
Monadl:.... [K]F (D] s) ~ [f] s
MonadC:...[fog] r~ [H]* ([g] )
Split:... )| ~ Faf
FrontEq:...f~ ¢ — ) ~ )g
FrontC:...)(fo* g) ~ ()f) o ()g)
BackEq:...frg — f( ~ g
BackC:... (fe9){ ~ (f{) o' (g{)

This may look like a lot of stuff, but rememberthat the diagonalarranvs might not
berepresenteélinctionally—the might be somethingeally concretdik e association
lists. Theoperations)-, -{ ands shouldbeviewedassyntactic.We have to ensurehat
they have theright semanticsOf coursejf they arejustfunctionsandtheirinterpreta-
tion is applicationthenthisis very easyto do.
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ThemayberF functorhastrivial functionalrepresentationsf arrovs sourceandtarget.
For the correspondingnaybeM : Monad maylbeF, we take the diagonalarrow
typeto beS — maybe T andtheinterpretatiorasapplication.)- justcomposeyes
onthebackof its agumentwhilst - { is definedby caseanalysis:

f (yess) =fs
fl (noS)=noT

Compositions definedin accordancevith therequiremenbnits interpretation:
(feg)r = f( (g7)
As for theproperties

e Monadl, MonadC andFrontC hold by reflexivity.
¢ Split andBackC hold by caseanalysishenreflexivity.

e FrontEq holds,rewriting by thepremise.

e BackEqg holdsby caseanalysisthenreflexivity in theno caseandrewriting by
thepremisen theyes case.

Thereis afunctionwhichconstructshe(concreteKleisli categoryfor agivenconcrete
monad.

Kleisli : Monad \,— Concrete Y\

The Concrete soconstructedhasoperations:

1 = g

o’C = O

S)* = [Fo S|’

1 = K]
Obsene
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[]* s~ [Dal s (definitionof ()

~ [Des(] s (definitionof [-]%)
~ [Fauz]' s (Splif)

~ [[LEFOS)H s (Presl)

~ s (Resplh)

[[ of gﬂk r~ |[f<>g]lk r (definitionof o¥)
~ [(fog)(]' (definitionof [-]*)
~ [(f) " (g r  (BackC)
~ [A1" (11" ) (RespC")
~ [f1" ([g]" 7) (definitionof [-]")

7.2 substitution for the untyped A-calculus

In this section,| shalldevelopthetechnologyto give amonadidfMan76,Mog91] pre-
sentatiorof substitutionfor termswith binding—inparticular the untyped\-calculus
with de Bruijn indices[deB72]. Bellegardeand Hook [BH94] suggesthe following
datatype which Altenkirch and Reus[AR99] describeas ‘heterogeneous’and Bird
andPatersoriBP99 describeas'nested’.

X : Type
Lam X : Type
x:X s,t:Lam X t: Lam (maybe X)
varx:LlamX appst:LlamX lamt: Lam X

This datatyperelativisestermsto an arbitrarytype of variables’ It canbe definedin
SML, butrecursioroverit is necessarilypolymorphicandhenceunavailable. However,
Haslell now allows functionsover suchdatatypessolong astheir typesaresupplied
explicitly.

In suchlanguagestermsmay not appeaitin types—thisapartheidpolicy is advisable
becaus¢hetermsoftenengagen suchcriminal activitiesasnonterminationHence jf
we wantto make somekind of indexed family, the indicesmustthemselesbetypes.
This presentatiorworks by usingmaybe asa kind of type-level s, corresponding
to theideathatthereis somenumberof variablesandthatabstractiorintroducesone
more. Also, Lam O is a type of closedterms. However, this hacled-uptype-level

3In fact, our schemeof definitionsrestrictsthe variabletype to inhabita smalleruniversethanthe
termsoverit.
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N hasonly introductionrules: no computationon indicesis available. Fortunately
substitutions structuralon terms.

We needno suchGroupAreasAct. In our systemtermsareastrustworthy astypes.

We canusethe Nl Godinvented andthenfin to make setsof variables.

n:N
Lam n : Type

x:finn s,t:lammn t:Lamsn
varx:Llamn appst:Llamn  lamt:Lamn

Lam # is thetype of A-termswith » free variables.Later, we shall seeoperationon
syntaxwhich aremadestructuralby the availability of recursionon thisindex.

Placingthesetypesin our categyorical setting,we have

[fin] : Concrete fin

[Lam] : Concrete Lam

Theobjectsin thesecatgoriesareelementof N, interpretedria fin andLam respec-
tively. Thearrawvs arefunctionspacesnterpretedy application.Hencewe effectively
abbreviate:

m—fn = finm — finn
m—fn = Lamm — Lamn

In this section,we shallbelookingto build afunctor
Rename : Functor [fin] [Lam]

which, for everyarrow onavariablespacen [fin], givesustheoperatiorontermsfrom
[Lam] overthosevariablesrenaminghemasindicated.The objectpartof thefunctor
is justtheidentity on N. We maythenview functionsin thetype

m\n = finm - Lamn

as simultaneousubstitutiondrom m variablesto termsover n variablesand seeka
monadicimplementation
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SubstM : Monad Rename

NotethatRename is notanendofunctorasin the corventinalnotion of monad but
we canstill think of splittingit in amonadiowvay. TheconsequerKleisli category will
thusinterpretsubstitutionsaasfunctionsfrom termsover onesetof variablesto terms
overanother

Beforewe canwork with terms,we needsomebasictools for working with variables
in thedeBruijn style.

7.2.1 lift, thin and thick

deBruijn’sinsightwasto seeavariablenotjustasanindentifier but asareferenceo a
binding. Variableindicescountoutwardsthroughthe A-bindings,0 for the mostlocal,
1 for thenext andsoon. For example,

M. \x. fx becomes\\1 0

Every time we go undera binder the new variableis 0 andthe old onesgetincre-
mented We mayrepresenthis distinctionby the constructor®f thefin family.

Now, supposeve have arenaming—anarrow f : m »—/ n. In orderto applysucha
renamingacrossaterm,we mustexplain whatto do with the expandedvariablespace
underalam—it mustaffectonly thefreevariablessmbeddedy fs, leaving the newly

boundfz variablealone.

f:sm—7S sn
f (fzm) = fzn
f(fsx) = fs(fx)

Thisis arecognisable@rogram.

Dischaging over arbitraryn, m and f, we obtainthe functionallift which takesary
suchfto theappropriatef. | suppressheboringargumentswvhenl applyit.

lift : Vm, n:NLVFf:finm — finn. finsm — finsn

lift f (fzm) = fzn
lift f (fsx) = fs(fx)

lift givesusthearraw partof the functor
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Lift - Functor [fin] [fin]
Lift = ( Fo=s
Fa = lift
Preskq= ...

Presl= ...
PresC= ... )

Thereis a recursioninduction principle for lift which we may regard as generated
automaticallyfrom its equationaldefinition. lift is not a recursve function, soit is
perhapsnoreinformative to call it aninversion principleliftinv:

m,n: N
f:m—In
® : finsm — finsn — Type

O (fzm) (fzn) @ (fsx) (fs (fx))

Vx:fin sm. @ x |lift fx

Thethreefunctorpropertiedeft elliptic above follow easilyby inversion.l shallshav
PresC andleave the othertwo to yourimagination.

Co

?PresC: vr,s,t: N

VE  is»olt
Vg :r—ls
: finsr

lift (fo @) x ~ lift f[lift g x

Invertingthe boxed|ift applicationwe acquiretwo subgoals

o

?PresC,: Vr,s, t: N

Vi st
Vg r»sts
Vx  :finsr

lift (fo Q) (fzr) ~ lift f(fzs)
?PresC :vr,s, t: N

Vi st
Vg r—ls
Vx finr

lift (fo @) (s x) = lift (fs (g x))
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Thetwo conclusionghenreducerespectrely to

fzt~fzt
fs (f(gx)) ~fs (f(gx))
As you cansee thesearebothreflexive.

We canuselift to defineanimportantclassof renamings—thé¢hinnings. Theseadd
anew variableto the set, but not necessarilyat thetop? If therearen old variables,
therearesn choicesfor the new variablex. thin x is therenamingwhich shuflesthe
old variablesn aroundthe new one,withoutchangingheir order

Theideais, morally:

thinxy = y,ify<x
y+1,ify>x

In particularthinxy # x.

Now, if thenew variableis fz n, thenthinningis justthefs embeddingOtherwiseijt is
aliftedthinning!

thin: Vin:N.finsn — (n —/ sn)

ie

thin:vn:N.finsn — finn — finsn
thin (fzn) = fs,

thin  (fsx) = liff (thinx)

Thinningprovidesuswith analternatve view of finsn. Everyvariableis eitherthenew
one,x, or anembeddeald one,thin x y for somey : fin n. We mayimaginea partial
inverseto thin which makesthedistinction,with the following extensionabehaiour:

thick : Vin:N. finsn — finsn — maybe (fin n)

thick x (thinxy) yesy
thick x X no (fin n)

~
~

thick is a refinementbf the decidableequalityfor the finite sets—itnot only tells us
whethertwo elementdiffer, but alsoin whatway.

We cangetsomehelpwriting thick if wetry to prove theabove pair of equationalaws
(for acommonabstracted) by recursioninductionon thin, asdefinedin the obvious
way. We thusseek:

4Thinning’ is aliquid metaphor
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o

?thick :vn =N
Vx,y: finsn
maybe (fin n)
?thick;: V[n] :N

Vix] :finsn
Ythick,: Vy: finn
thick x ((thinx|y) ~yesy

thick x x ~ no (fin n)

The abstractiorof x outsidebothequationsallows themto be transformedsimultane-
ously. Theinductionyieldssubgoals:

o

?thick :vn N
Vx,y: finsn
maybe (fin n)
?thick,,: Vn :N
Ythick,: Vy: finn
thick (fzn) (fsy) ~yesy
thick (fzn) (fzn) ~ no (fin n)
?thick;,: Vn :N

Vx :finsn
i finn — finsn
Vhyp : Ethick,: Vy: finn

thick x (fy) ~yesy
thick x x ~ no (fin n)

Sthicky: My finsn
thick (fsx)|lift fy |~ yesy
thick (fs x) (fs x) ~ no (fin sn)

We now know how to thick atfz n. We cangainfurtherinformationaboutthefs case

by invertingthelift. Allowing thatwe cando this insidethe X-bindingby appropriate
algebraionanipulationwe obtain
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o

7thick;,: Vn :N
Vx :finsn
vf finn — finsn
Vhyp : Ethicky,: Vy: finn
thick x (fy) ~yesy
thick x x ~ no (fin n)
Ythick,: Lthick,,: thick (fs x) (fzsn) ~ yes (fz n)
Yy finn
thick (fs x) (fs (fy)) ~ yes (fsy)
thick (fs x) (fs x) ~ no (fin sn)

Stripping away the excessnotation, we have certainly found the basecasesto our
function:

thick (fzn) (fzn) = no(finn)
thick (fzn) (fsy) = yesy

thick (fsx) (fzsn) = yes(fzn)

We have alsofoundout someusefulinformationaboutthe stepcase.lt mustsatisfy:

Vy:fin n. thick x (fy) ~ yesy
/\Thickx x ~NO (fin n)
Vyfin n. thick (s x) (fs (fy)) ~ yes (fs )
Athick (fs x) (fs x) ~ no (fin sn)

Effectively, eachbranchof the conclusionpropagateshe resultof the corresponding
recursve call: yes staysyes andno staysno®. Thatis, therecursve valueis passed
on by theappropriatenonadidlifting )fs, (. Hencethewhole programis

thick (fzn) (fzn) = no(finn)

thick (fzn) (fsy) = yesy

thick (fsx) (fzsn) = vyes(fzn)

thick (fsx) (fsy) = fs,{ (thickxy)

By constructionthis satisfieghe threebasecaseequationsandreducedhe stepcase
to

Vy:finn. thick x (fy) ~yesy
/\Thickxx ~ no (fin n)
Vy:finn. )fs,{ (thickx (fy)) ~yes (fsy)
A, (thick x x) ~ no (fin sn)

SMatthew 5:37
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This holdsby rewriting the conclusionawith the hypothesesThe desiredextensional
introductionruleshave thusbeensatisfied. The correspondingnon-computationah-
versionrule, thickinv, is therealprize:

n:N
x : finsn
® :finsn — maybe (finn) — Type

® x (no (finn)) @ (thinxy) (yesy)
Vy:finsn. @ y|thickx y

thickinv tells us that there are two possibleoutcomesfrom thick and underwhat
circumstancethey arise.Fixing ‘new variable’x, thenary y is eitherx (in which case
thick returnsno) or an‘old variable’thinned(in which casethick identifiesit). It is

a very usefulrule, becausat effectively performsa constructorcaseanalysison the

outputof thefunction. We will seejustwhy thisis sohelpful lateron.

Canyou guesshow we prove this rule? That's right: by thick’s recursioninduction
principle, makingsureto keep® in the schemesothatary inductive hypothesesire
themseleseliminationrules.We startwith

o

?thickinv: V[n]: N
Y x]: fin sn
Vo :finsn — maybe (finn) — Tipe
Ve : @ x (NO (finn))
Vo :Vy: finn
@ (thinxy) (yesy)
Vy :finsn
¢ y|thickxy

| have indicatedby boxing how the recursioninduction schemeis abstracted. We
acquirethreebasesubgoalscorrespondingo the basecasef the function,andtheir
conclusionsall follow directly from ¢, (off thediagonal)or ¢, (for x = y = (fz n)).
It is onthe stepsubgoalwhereyou shouldconcentratany remaininginterestyou can
muster
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o

?thickinv,:vn N

Vx,y: finsn
vy’ :maybe (finn)
Vhyp:V® :finsn — maybe (finn) — Type

Vpn: @ x (NO (fin n))

Vy: Vy: fin sn

® (thinx y) (yesy)
dyy

Ve :finssn — maybe (finsn) — Type
Voo : @ (fsx) (no (finsn))

Vo, :Vy:finsn
® (thin (fsx) y) (yesy)
Vy :finsn

® (fs[y]) (Msu{ [v']

We arenotyetin a positionto useeitherg, or ¢,, becauseve do notyetknow which
applies. In the conclusion,the computationis blocked at the point where )fs, { is
appliedto v/, the resultof the recursve call, not yet in constructorform. However,
caseanalysison the resultof the recursve call is exactly the effect of the inductive
hypothesisEliminatingwith theindicatedschemeyve obtain:

O
7thickinv,y,: (::)

Vo: @ (fsx) (no (fin sn))

Co

o (fsx) (Mfs,{ (no (finn)))

?thickinvgg,:
Ve, : Vy: fin sn
@ (thin (fsx) y) (yesy)
£
Vz :finn
® (fs (thinx z)) ()fs,{ (yesz))

Thelifted fs now reducespropagatinghetwo casesorrectly Both conclusionsiow
follow from theindicatedhypothesesTheeliminationrule holds.

In fact, the way the inductive stepwasprovenshaowvs us how this rule is usefulin the
wider setting. Applying this rule unblockscomputationsvhich arewaiting to do case
analysison theresultof a call to thick, andthesearevery common.For example,we
may definethefollowing function:
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[+ ] : Vn:NLVx:finsn. Vt:Lam n. (sn \ n)

thick x y
x—=ty = no (finn) |t
yesy | vary

[- — -] (pronouncedknockout’) generates substitution(function from variablesto
terms)which removesx, replacingit by a termt over the ‘remainingvariables’. A
sourcevariabley otherthanx, ie a (thin x y'), is mappedo they' givenby removing
x from thevariablesetwithoutreorderingheothers.

Whenproving propertief [- — -], wewill seeit reduceto thecaseanalysison thick.
At this point, eliminationby thicklnv hasexactly the effect requiredto unblockthe
computation We areinterestedn whatcomesout of thick, sothe morecorventional
eliminationof whatgoesin is a clumsyway to proceed.

Now thatwe have thetoolsto work with variables)et usturn our attentionto terms.

7.2.2 the substitution monad splits the renamingfunctor

Wehave alreadydecidedhattheobjectpartof thefunctorRename is justtheidentity
onN. It is alsofairly clearthatarenamingoecomes substitutionust by composing
var ontheback,ie

M x = var (fx)

Hencevar is theidentity for substitution.

Theremainingprogrammingconsistof thearrav partof Rename andthe - opera-
tion of SubstM—theeffectonterms.

It is fairly clearthatwe shallhave

fl (varx) = fx (amonadlaw)
fl (appst) = app (] s) (f{ t)

It is notsoclearhow to pushfunderabinder We needsomethindike

}q (lamt) = lam (f(| t)
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wheref is thelifting of f which takesthe sourceboundvariableto (areferenceo) the
tamgetboundvariable,andwhosebehaiour onthefreevariablesespectshatof 1.

Now, we have alreadydefinedift to lift renamingsHow dowellift substitutionshe
bound/freecaseanalysison the sourcevariableis easyenough.We know whatto do
with the boundvariable,otherwisethe caseanalysisalsotells uswhich ‘old’ variable
f shouldbe appliedto. The latter yields a term over the old variables,which must
thenberenamedo thefreevariablesn thetargetset. Now, we know thatthe variable
renamings justfs,, but we needthis lifted to terms.Thatis, we needsomethindik e

slift f (fzm) = var (fzn)
slift f(fsx) = )fs,( (fx)

However, it is - whichwe aretrying to define,andapplyingit recursvely to theresult
of fis notstructural.

Onesolutionis to definetherenaming-a operationin advance—wealreadyknow how
to lift renamings:

Fa f(varx) = var(fx)
Faf(appst) = app (Fafs) (Faft)
Fa f(lam¢t) = lam (Fa (lift ) t)

Oncewe have this, we candefineslift with Fafs, for |fs,(, leaving usfreeto define-
in termsof it.

As Altenkirch and Reuspoint out, this involves writing two very similar functions
over terms,whereone nonstructurafunctionwould do. Of course the nonstructural
function savesthreelines of codeat the expenseof a well-foundedinductionon an

orderingwhich they mustexhibit andprove satishictory They suggesthat,turninga

blind eye to the proof obligations the nonstructurafunctionis preferable gxpressing
thevaguehopethatthe carpetunderwhich they aresweepingheactualwork will one

daybecomemagic.

As it happensno carpetsarenecessarymagicor otherwise.-( andFa canbeimple-
mentedwith a single structurallyrecursve function, provided it is madesuficiently
parametricSupposehatfor sometypefamily T we have afunction

f.-finm — Tn

We canmapthisfunctionacrosgerms,providedwe know
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e how to corvert foutputfrom T n to termsLam n
e how to represenvariablesn T n

e how to lift functionsbetweerfin setsandT sets

We alreadyknow how to dothesethingswhenT is fin, sowe have renaming—wecan
thenbuild thethreeoperationgor usewhenT is \: . .

In fact,wewill have aneasiettime proving themonadidbehaiour of substitutionf we
take this opportunityto generalisdifting from insertingnew variablesatfz to inserting
themarywhere—hick andthin make this just aseasyto implement. We only ever
usethick onvariablessothe‘how to lift' requiremenbecomeshow to thin’.

Thegoalis

o

AT :N — Tipe
AT :Vn:N.finn — Tn
M Lam:Vn:N.Tn — Lammn
AMhinT:Vn:N.Vx:finsn.Tn — Tsn
map:Vm,n: N

Vf  :finm — Tn

vVt :Lamm

Lamn

Subjectto theseparametersye mayfirst build lifting for T from thethinningparame-
ter:

iftT : Vin, n:NL. Vx:fin sm. Vx':fin sn. Vf:finm — Tn.finsm — Tsn
thick x y
iffTxx' Fy = | no (finm) | vT x'

yesy' thinT x' (fy')

x is the ‘new’ sourcevariableandx’ is the correspondindarget variable. The lifted
functionusesthick to distinguishnew from old, andeitherembedst’ via vt or thins
theresultof fwith thinT.

Themap functionmaynow bewritten

map f(varx) = TLam (fx)
map f(appst) = app (Map fs) (Map ft)
map f(lam¢) = lam (map (IiffT (fzm) (fzn) 1) t)
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Oncethe parameteraredischaged,we maytake:

Fa = map fin «f var thin
thinL, x = Fa (thin x)
- = map Lam var " thinL

Notethatthenotionof lifting usedin renaming
liftT fin ./ var thin (fzm) (fzn)

is extensionallythe sameasthelift functionwe definedearlier This follows easilyby
invertingthethick containedn liftT. It thereforanheritsall thesamefunctorproperties
viasameFunctor.

Ourtaskis now to plug theseinto therelevantfunctorandmonad.| amafraidto say
thata little forward planningat this point will pay dividendslater | will motivateit
asbestl can. Both Functor andMonad requirethe extensionalequality of arrows
to be respectedconditionswhich will applyto bothFa and-(. Sincetheseareboth
implementedy map, it is worth proving this propertyfor map while the parameters
arestill abstractedThegoalis

TS

?mapkq: Vm, n: N
Vi,g:finm — Tn

Vhyp : Vx: finm
fx~Qgx
V[x] :Lamm

map fx =[MAB G

You will, | hope,beunsurprisedo learnthatthe technique recommends recursion
inductionon map. Eithermap will do—I have choserthe second.Threesubgoals,
oneatatime:

o

’mapkq,: Vm,n: N
Vi,g:finm — Tn

Vhyp : Vx: finm
fx~Qgx
Vx :finm

TLam (fx) ~ TLam (g x)
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Rewrite by hyp. Next . ..

TS

’mapkq,: Vm,n: N
Vi,g :finm — Tn

Vhyp :Vx: finm
fx~Qgx

Vs, t :Lamm

Vs, t':Lamn

Vshyp:Vf :finm — Tn

Vhyp: Vx: finm
fx~Qgx

MAp fs~s'

Vthyp: ®

app (map fs) (map ft) ~app s’

If we plug hyp into shyp, we canturn (Map fs) into s’. Thesamething happensvith
(map ft). In fact, all the inductive proofs (implicitly) on Lam we shall encounter
in this thesishave anapp casewhoseproofis ‘rewrite by the inductive hypotheses’.
Fromnow on, | shallomit them.

Of coursetherealinterestis in thelom case:

o

?mapkq;: Vm,n: N
v, g :finm — Tn
Vhyp :Vx:finm
fx~Qgx
vVt :Lamsm
v :Lamsn
Vthyp:Vf :finsm — Tsn
Vhyp: Vx: fin sm
fx ~|iftT (fzm) (fzn) gx
map ft~t
lam (map (liftT (fzm) (fzn) f) ) ~lam ¢

Now, equatiorrespectfunctionapplication sowe maystrip off those\s. Theconclu-
sionis now

map (iftT (fzn) (fzm) f) t =~ ¢

andthisis ripe for theinductive hypothesisleaving uswith
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o

?hyp': Vx: fin sm
iftT (fzm) (fzn) fx ~iftT (fzm) (fzn) gx

ExpandingiftT, we find thisis really

o

?hyp’: Vx: finsm

thick (fzm) x thick (fzm) x
no (finm) | vT (fzn) =| no(finm) |oT (fzn)
yesy thinT (fzn) (fy) yesy thinT (fzn) (Qy)

Thecomputatioris blocked by thetwo thick applicationsput we know how to invert
them.Indeed sincethey havethesameargumentsye mayinvertthemsimultaneously
Of coursejn thisinstancea caseanalysison x would have the sameeffect, but thatis
only becauseve arethickeningat (fzn), andwe know how thick isimplemented—we
wantthe effect of inversion,sowe do inversion.We areleft with two cases:

o

?case,: vT (fzn) ~ vT (fz n)
case,: Vy: finn
thinT (fzn) (fy) ~ thinT (fzn) (Qy)

Thefirst is reflexive; the secondbecomesoafterrewriting with hyp. We have proven
mMapEqg andmaynow dischagethe parameters.

Let us prove that renamingis functorial—wehave alreadysuppliedFo and Fa. It
remaingo prove the propertiesPreskEqQ is justa specialcaseof mapEQ.

ThePresl propertygivesusthegoal

o

?Presl: Vm: N
vVt :Lamm
Fau t~t

Here, at last, my devotion to recursioninduction comesunstuck. The trouble is
twofold:

e Theschemdor map recursioninductionis abstractedver differentsourceand
target objectsand herethey are unified. The eliminationtactic will supply a
constrainto resohe this, but it is alittle clumsy
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e Theschemas abstractedveranarbitraryrenamingput we areconcernedvith
avery particularone.Againthetacticwill give usaconstraint—thathefunction
is intensionallyequalto ./. We will only have extensionalequality sothe proof
will notgothrough.

Thereis still muchwork to doto cometo anunderstandingf the correctmanipulation
of constraintdor this kind of inductive proof. In the meantime et us do structural
inductionon ¢! Thevar andapp casesareeasy? Hereis lam:

o

?Presl;: vim : N
vVt :lLamsm
Vthyp: Fa I ot~t
lam (Fa (iftT ... (fzm) (fzm) o)) £) ~ lam ¢

We may introducethe hypothesesindstrip off thelams. This leavesuswith ...~ t.
The inductive hypothesidooks a bit like that, so let us try transitvity (or rewriting
backwards).

o

Presl: Fa (IftT... (fzm) (fzm) i) t ~Fa i, ¢

Now we geta bonusfor proving mapEqg in advance. The goal asksusto show that
two renamingslothesamethingto atermt. If weapplymapkEq, it is enoughto shov
thatthey agreeateveryvariable:

o

?same: Vx: fin sm
WftT. .. (fzm) (fzm) ofy x ~ i, x

ButliftT. .. (fzm) (fzm) hasthe samefunctorpropertiesaslift, including preseration
of identity—exactlythegoalhere.
Next, PresC:

Co

?PresC: Vt,r,s: N

Vi st
Vg r—ls
Vx| :Lamr

Fa (fof g)x~FaflFagx

5Trustme,I’'m doingtheproofasl write this.
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Recursioninductionis oncemoreour friend. Eliminatingthe boxed application,we
againfind easyvar andapp casesThelam casds verysimilarto thatin theprevious
proof:

TS

?PresC;: Vt,r,s: N
Vf sl t
Vg r—ls
Vx :Lamsr
Vx'  :Lamss
Vhyp :Vt: N
Vf. ss 7 t
Fa (fof (liftfT...g)) x ~ Fa fx'
lam (Fa (liftT. .. (fof @)) x) ~lam (Fa (liffT. .. f) x')

Onceagain stripthelams, applytransitvity with theinductive hypothesigntheright,
andthenmapkEq, leaving:

o

?PresC;: Vx: fin sr
liftT... (fof g) x ~iftT... F(liftT...gx)

Quellesurprise!Thepropertythatthelifting functorpreserescomposition!Renaming
is afunctor!

Now let usturnto shawving thatsubstitutionis monadic.We have alreadysupplied)-
(compositionwith var) and-(. Sincetherepresentatioof  is functional,we inter-
pretthesearrans by application.We may alsosupplydirectly theKleisli ¢ demanded
by MonadC:

fogx = f| (g mx)

Monadl reducedo reflexivity andMonadC is true by construction.FrontEq fol-
lows becausear respectequalitywhilst BackEq is aninstanceof mapEqg. FrontC
is reflexive. Only Split andBackC requireary realwork.

Split says
7Split: Vi, n: N
Vi cm—fn
V[t] :Lamm

VA t~[Faft]
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We canprove this with exactly the sameplan asbefore. Recursioninductionleaves
easyvar andapp casesThelam casereducesdy the samestratgy asbeforeto

o

7Split;: Vx: fin sm
iftT. .. thinL (fzm) (fzn) ()F) x =~ var (liftT...thin (fzm) (fzn) fx)

Thatis, composingvar and lifting must commute. Both liffTs, on expansion,are
blockedat (thick (fz m) x). Invertingthick leavestwo trivial subgoals.

BackC startsthe sameway:

TS

?BackC: Vvr,s,t: N

Vi is N\t
Vg r s
vix] :Lamr

(feg)| x= | g{ x

But afterthe usualstory, thelam caseis reducedo

o

?BackC;: Vx: fin sr
liftT... (fog) x = IiffT.. . f(liffT...gx)

This saysthatlifting for substitutionanustrespecttomposition—weonly know this
resultfor renamingsWe canboil thegoaldown alittle furtherby expandingthe outer
liftTs andinverting their blocked thicks. This give ustwo cases:one for the newly
boundvariable,just a reflexive equation,indicatingthatit is correctly propagatedy
lifting; theother for thefreevariablesjs still avkward.

o

?BackC;: Vx: finr
thinL (fz£)(f] (gx)) = (liffT... H{ (thinL (fzs) (gx))

This is a specialcaseof the lastlemmawe needto prove—acrucial fact aboutthe
relationshipbetweerthinningandsubstitution:
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o

7thinSubst: Vi, n: N

Vx :finsm
Vx' :finsn
Vi tmN\yn
vt| :Lamm

thinLx' [/ t|~ (IffT... x¥' H( (thinLx £)

Thatis, substitutinghenthinninghasthe sameeffectasthiningfirst, thenapplyingthe
lifted substitution.

Thereis no pointinventinga new proof planwhenanold onewill do. var andapp
areeasyasbefore. Modulo the needto switchbetweera liffTed thin anda lifted thin
(ie anotherthin), we canagainreducethelam caseto anequationinvolving blocked
liffTs which we simplify by inversion,leaving uswith thefreevariablecase:

o

?thinSulost;: Vy: fin m
thinL (fs x") (thinL (fzn) (fy)) ~ thinL (fz sn) (thinLx’ (fy))

Now thinL is justrenamingvia thin, sowhatwe really have is

o

?thinSulost;: Vy: fin m
Fa (lift (thinx')) (Fa (fs,) (fy)) ~ Fa (fss,) (Fa (thinx’) (fy))

We mayrewrite bothsidesby thepropertythatrenamingoreserescomposition(back-
wards):

o

?thinSubst;: Vy: finm
Fa ((lift (thin x')) of fs,,) (fy) ~ Fa (fss, of (thinx")) (fy)

But all the lift doesis shufle fs through(thin x'). The two sidesof the equationare
intensionallythe same We have proventhatsubstitutionis monadic.

7.3 acorrectfirst-order unification algorithm
Thisis themainexampleof dependentlyypedfunctionalprogrammingn thisthesis.
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| proposeo studyunificationfor ‘treeswith holes’. Thealgorithmis avariationonthe
themewhich goesbackto Alan Robinsor{Rob65]. It is the programimplementinghe
algorithmwhich is new, andwhich benefitsfrom the dependentype systemin a way
whichis justnotavailablein the simply typedworld, evenwith theremarkabléiigher
orderpolymorphicextensionsvhicharebecomingavailablein themoreupmarletsorts
of programminganguage.Herewe shall make critical useof the factthatour types
dependn data—reatatawith eliminationaswell asintroductionrules.

Justaswith Lam, let usrepresenvariablesvia fin, but sincetreeshave no binding,we
mayfix thenumberof variablesasa parameteof thetype.

e formationrule
n: N

freen: Tiype

e constructors

x:finn s, t:treen
varx:freen leaf,:freen  forkst:treen

e eliminationrule
n: N
d:freen — Type

®(varx) ®leaf, ¢ (forkst)
t:freen| ot

We may constructthe renamingfunctor and substitutionmonadfor tree following
muchthe samepathasfor Lam, but without the work requiredto copewith binding.
For this section et ushave

m—tn = treem — treen
m\n = finm — treen
Rename : Functor [fin] [tree]
SubstM : Monad Rename
SubstK = Kleisli SubstM

Within this framework, we may equipsubstitutionsvith the preordernducedby prior
composition:
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fog < g

Thetaskof unifying somes, t : free m is to find (ann and)anarrow f: m ~\, n such
that

fls=ft

if arny exists,andin particular to find onewhich is maximalwith respecto theabove
ordering.

Unificationis thusanoptimisationproblem,andit is worth spendingalittle time think-
ing aboutsuchproblemsn generalpbeforeproceedingith this particularexample.

7.3.1 optimistic optimisation

Unificationis just oneexampleof a probleminvolving optimisationwith respecto a
conjunctionof constraintsl shouldlike to draw your attentionto a particularclassof
constrainwhich makessuchproblemsvulnerableto a reassuringlynave technique—
optimism.

Thatis, we begin by guessinghattheoptimumis thebestthingwe canthink of. Then,

aswe encountereachconstraintin turn, we continueto think the bestthatit allows,

reducingour currentguessy only somuchasis necessaryOncewe have workedour

way throughall the constraintsit is to be hopedthatour final guesshowever battered
by bitter experiencejs genuinelyoptimal.

This hopeholdstrueif eachconstrainthasthe propertythatoncea solutionhasbeen
found, arything smallerremainsa solution. Let us call suchconstraintsddownward-

closed or closedfor short. This propertyof constraintgivesthe underlyingrationale
to the transformatiorof recursve optimisationalgorithmswhich relatvisesthemto
anaccumulatingsolution—atechniquewhich hasalreadyfoundits way into the auto-
matedsynthesiof (partsof) a unificationalgorithmin [ASG99].

We cangive arecordtypecharacterisinguchpropertiedor arrovs orderedoy compo-
sition. Fixing a categjory anda sourceobjectS, we may represent closedconstraint
on S out-arravs asinhabitantsof therecordtype Closed S with fields:

Why:VT. (S — T) — Type
ClosedEq:VT.Vf,g:S — T.f~ g — Whyf — Why g
Closure:VT.vVg:S »— T.Why g — VU.Vf:T»— U.Why fo g

212



Note the extra conditionthat the constraintmustnot distinguishextensionallyequal
arrons. Thisis thepriceof allowing functionalrepresentationsf arrovsin intensional
typetheory

We may furtherdefinewhatit meango be maximalwith respecto sucha constraint.
Fixing andopeninga Closed S record,andalsofixing atargetT andanarrow f: S —
T, we may collecttherelevantconditionsin arecordMaximal fwith fields:

Holds:Why f
Factors:vU.Vg:S— U Whyg — Xh: T — U g~ hof

Thatis, f mustbea solution,andevery othersolutiong mustbe smallerthanf, with a
witnessh suchthatg ~ hof. We mayeasilyprovethatmaximalityrespectgxtensional
equalityof arrows.

Next, let usdefineanoperatomwhich conjoinsclosedconstraints.

AND : VS. VP, Q:Closed S. Closed S
AND (Why = P; ClosedEq = PEg; Closure = PCI)
(Why = Q; ClosedEq = QEg; Closure = QCI)
= (Why = AT. M. (PH)x(Qf);...)

Theproofsof the propertiesareunremarkable.

Theoptimisticstratgy ateachconstraint’ extendsanaccumulateguessg by enough
of an f that P.Why fo g holds. We may regardthis as effectively constrainingthe
witnesses to the existenceof solutionsto P boundedby g. The constrainton fis
closedprovidedP is. Let usthereforeconstructanoperator

Bound : VS, T.vg:S — T.Closed S — Closed T

Bound g (Why = P; ClosedEq = PEg; Closure = PCI)
=(Why = AU.\.T— U.Pfog;...)

Again,thepropertiesareeasilyproven.
We arenow readyto prove the optimist’slemma:

o

?Optimist: VR, S, T : O
VelP, clQ: Closed R

Vg :R— S
VgMax : Maximal P g
vf :S—T

VfMax : Maximal (Bound g P) f
Maximal (AND P Q) (fo g)
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Thisis thekey stepin thecorrectnesprooffor the optimisticstratey. It tellsusthata
conjunction(AND P Q) maybeoptimisedby extendingthe optimumg for P with just
enoughf to satisfyQ. Theproofis notvery difficult, whichis oneof thereasonsvhy
| likeit.

First, let us unpackthe definitionsby the eliminationrulesfor the algumentrecords
andintroducethehypotheses:

o

AR, S, T :0

AP :

APEq

APCI

AQ

AQEq

AQCI

A9 :R— S

AgHolds :P g

AgFactors : YU : O
Vk :R— U
VPk: P k
Yh:S—U

k=~ ho g
A :S—T

MgHolds :Q fo g
MgFactors: VU : O
Vk :S—U
VQkg: Qko g
h :T—U
k~ hof
Tmax : Maximal (AND P Q) (fo g)

We mayalsoattackthe goalwith theintroductionrulesfor recordsandimplications:

o

?Pfg:Pfog
7Qfg:Qfeg

AU : 0

Ak :R—U
APk : Pk

AQk :Qk

h :T—U
?kEq: k~ ho (fo g)
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Now, Q fo g is alreadyknown to hold, andP fo g follows by PCI from gHolds, so
we have certainlyfound a solutionto the compositeproblem. It remainsto shaw the
optimality by expressinghe hypotheticakolutionk assomeh o fo g.

The proof successiely exploits the optimality of the solutionto eachsubproblem.
Firstly, we usegFactors to acquirefor someh’ : S — U

k~Hhog

By QEq, we now know thatQ &' o g, hencefgFactors givesusanh : T ~— U with
h ~ hof

We supplythis h asthe witness for we have
k~Hhoga (hoffog =~ ho(foQ)

asrequired.

Notethatthe proof doesnot make useof QCI. In effect, we canoptimisewith respect
to acollectionof constraintsll but oneof which aredownward-closedaslong aswe
addresshenon-closectonstrainiast—itis notafreedomwe shallneed.

The Optimist lemmaallows usto solve a complex closedconstraintby recursvely
decomposingt into an equialentconjuctionof simpler closedconstraintseachof
which we addressn turn, accumulatinghe solution. Accordingly, we shall needa
bookequvalenceon closedconstraints

Equiv : VS. Closed S — Closed S — Tipe

Equiv(Why =P;...) (Why =Q;...)
=VT.Vf:S — T.(Pf - QAx(Qf — P

togethemwith a proof EQuivMax thatfor equivalentconstraintsanarrov maximising
onealsomaximiseghe other—thisis easy

Lots of algorithmsfollow the optimistic stratgyy, from finding the largestelementof a
nonemptylist of numbergo principaltypeinferencefor ML. Let usseehow it works
for unification.
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7.3.2 optimistic unification

A unifierfor s, t : freem isasubstitutionf: m \, n subjecto theconstraint{ s~ f{ t.

We may thusconsiderthe computatiorof mostgeneralunifiersto be an optimisation
problemover the Kleisli catgyory SubstK inducedby the substitutionmonad. Fortu-
natelyfor us,theconstrainis downward-closedWe may construct

Unifiess t : Closed m
Unifiesst = (Why = An. Af. fls~ f(t...)

Thetwo propertiesareeasilyproven. Extensionakqualityof arrovs in SubstK means
exactly thatthey have the sameeffect on terms. Downwardsclosurefollows from the
fact that the interpretationof arrows in the Kleisli catgory—substitution—respects
composition.

It is easyto provide the justification for the structuraldecompositiorof rigid-rigid
problems:

Equiv  (Unifies (fork s; t;) (fork s, £3))
(AND (Unifies s; s9) (Unifies t; £5))

We mayrepresenbut-arravs from m by adependenpair
fromm = Yn:N.m\ n

We mightwell guesghatthetype of the unificationalgorithmshouldbe
MQu : Vm. Vs, t:free m. maybe (from m)

The adoptionof the optimist stratgy meansdefiningmgu in termsof a subfunction
lbmgu computingunifierswhich aremostgenerarelative to anaccumulatedound.

bomgu : Vm. Vs, t:free m. fromm — maybe (from m)

Theidentity substitutionis the biggestsubstitutionin the compositionordering,sowe
take

mgu,, st = bmgust (m;)

m
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Note that for ary givens andt this function is an arrow in the Kleisli category of
themaybe monad—waealreadyknow how to propagateinificationfailurescorrectly
This suggests functionaldefinitionof bomgu, with therigid-rigid casegivenby:

bmgu leaf,, leaf,, = M.yesf

bmMmgu leaf, (forkst) = Af.no (fromm)

bmgu  (forkst leaf, = Af.no (fromm)

bmgu (forks; t;) (forksyty) = (omgut; ts) o (bMQus; so)

Sofar, this is structuralon terms. The trouble comesoncewe encountera variable.
How do we unify a variablewith a tree, relative to a nontrivial boundingguessg?
Thetraditionalapproachs to unloadthe accumulatoy, andwe may easilyprove the
lemmaUnload

Equiv (Bound g (Unifiesst)) (Unifies g(s g(t)

Unfortunately applyingthe substitutionblows up the terms,so the correspondinge-
cursive programis not structural. This is whereyou might think we needto impose
anexternalterminationorderingor accessibilityargumentwhich exploits thefactthat,
althoughthe substitutionslow up theterms,they do getrid of variables.In fact, this
Is notthecase.

7.3.3 dependenttypesto the rescue

Incidentally | have just noticedthat Augustssorand Carlssors paper[AC99] also
containsa sectionwith this title—I expectit to becomeraditional.

Now, we certainlyneedto exploit the propertythatthe accumulatedgubstitutiongets
rid of variablesasit blows upterms.Every developmenof unificationin theliteraturée
doesthis externally to the program,by meansof a more or lessad hoc termination
ordering. This invariablyrequiresan auxiliary functionto countthe distinctvariables
in atermandan auxiliary lemmawhich relatesthe value of this function beforeand
aftera substitutionsubjectto theoccurcheck.

Thatis to say a vital componenbf the sensemadeby the unificationalgorithmhas
beenabsenfrom everyoneof its implementationsintil nov—understandab)yecause
the datastructuresvhich manifestthat sensehave not beenavailableuntil now. The

or atleastthosewhich careabouttermination
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point is that by explaining termsasbuilt over a finite context of variables,we have

equippedhemwith exactly the naturalrecursve behaiour which we need.To count
the numberof variablesin a termis to make a posteriorphenomenorf whatis, at

leastto structurallinguists[Saul6],a prior requirementor thetermsto be considered
meaningful. Thenumberof variableshasfinally arrivedwhereit belongs—inthetype

of terms.

Look againatthetype of bmgu:
bmgu : Vm. Vs, t:free m. fromm — maybe (from m)

This entitlesusto proceedhot only by structuralrecursionon trees but alsoby struc-
tural recursionon m. | cannotstresstoo stronglythatit is the indexing of typeswith
termswhich allows this. Parametrigpolymorphismis not enough becauseave cannot
computeon types. Therearestructuralforms of computatioravailablein our depen-
dentlytypedsettingwhich just cannotbe foundin simply typedlanguages.

Therecursve structurel thereforesuggests lexicographicfirstonm andthenons. If
we areunifying treesover sm variableswe areentitledto make recursve callsfor any
treesoverm variableshoweverlarge.

Of course,the numberof variablesmust not merely be decreasing—imustdo so
in a structuralway, oneat a time if we areto avoid further appeald¢o well-founded
recursion We have alreadyseerhow to definea substitutionwhich getsrid of asingle
variablevia the[- — -] function. Hereit is again:

[ ] : Vn:NLVx:finsn. Vt:free n. (sn \, n)

thick x y
x>ty = no (finn) |t
yesy' | vary

[- — -] caneasilybe shavn to have extensionalbehaiour (or, thinking relationally
introductionrules):

[x—=tlx~t [x—t](thinxy) ~vary

Thesefollow directly from the establishe@xtensionabehaiour of thick. Thecorre-
spondingnversionrule, knockoutinv, follows from thickinv:
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knockoutinv

m:N

x : finsm

t:treem

¢:finsm — treem — Type

oxt @ (thinxy) (vary)
Qylx—ty

If our accumulatolis a compositionof [- — -]s, we may apply it onestepat a time
wheneerwe reachavariable.In fact,thisis not merelya structuralway to do unifica-
tion, but alsoquite an efficient one. Of coursewe mustconstrainthe accumulatoto
take this form, andthe easiestvay to do this meansabandoningur functionalrepre-
sentatiorof substitutionin favour of amoreconcretéassociatiorist’ treatment.

Let usthendefinethefollowing datatype

: m,n: N
e formationrule SIS i 71 = Type
e constructors x:finsm t:treem g:alistmn
anil, : alistnn aconsx tg: alistsmn

This datatypeis a combinationof a corventionalassociatiorist andthe > relation.
It is definablein ALF, CoQ and OLEG, but notin Agda or Cayennebecauseof its
nonlinearbaseconstructotype.

We mayequipit with

e acompositionwhichbehaeslik e appendor associatiotists andtransitvity for

>
f1anil = f
fi(aconsxtg) = aconsxt(fig)

e aninterpretatiorvia [- — -] into SubstK

anil €4 = ¢
(aconsxtf) 4« = (F4)o[x—1]

Correspondinglywe may manugcturea concretecategory AList : Concrete alist
with
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o=}
[m] =treem
[9]=9 «

Thereis trivially afunctorfrom AList to SubstK which does« to arravs, becaus¢he
interpretation®f arrovs in sourceandtargetarethesame.

It is amongstthe arraws of AList that| proposewe searchfor unifiers, althoughwe
shouldstill shav thatany mostgeneral computed/ieldsamostgeneralf « in SubstK.
Correspondinglylet ustake

fromm — Yn:N.alistmn
anddefine

bomgu : Vm. Vs, t:free m. fromm — maybe (from m)

MQu : Vm. Vs, t:free m. maybe (from m)

mMmgust = bmgu st anil

We now have all we needto outline a structurallyrecursve defininition of bomgui,
deferringthetreatmenbf the basecases:
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bmgu,, leaf,, leaf,, f = vyesf
bmgu,, leaf,, (forkst) f no (from m)
bmgu,, (forkst) leaf, f no (from m)

bmgu,, (forks;t) (forksyts) f
()\f bmgum t1 ty f)<] (bmgum S1 89

=0

bmgu (varx) (vary)  f

Sm

f
anil yes (FlexFlex x y)
aconszr g | )(Extendzr){
(bmgu,, [z — r]{(varx) [z—r]{(vary) 9)

bmgu,,  (varx) leafs, f =

anil FlexRigid x leafs,,
aconszr g | p(Extendzr)(
(omgu,, [z +— 7]{ (varx) [z — r]{leafs, g)

bmgu,,  (varx)  (forkst) f =
f

anil FlexRigid x (fork s t)
aconszr g | p(Extendzr)(
(omgu,, [z + 7] (varx) [z +— r]{ (forkst) 9)

andthesymmetriccases. .
where

Extendzr (n;9) = (n;aconszr g)

and)Extend z r( is its failure-propagatingmage.

7.3.4 correctnesof mgu

In thespirit of refinementlet usnow reducecorrectnessf theunificationalgorithmto
correctnessf FlexFlex andFlexRigid. We have notyet definedthelatter, but we can
motivatethe definitionby seeingwherewe getstuck.

Hereis the specificatiorof mgu in the form of aninversionprinciplemguinv:
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mgulnv

m:N
s,t:freem ® : maybe (fromm) — Type

f:alistmn
NoUnifiers ¢ Maximal (Unifiess t) (f «)
® (no (from m)) ® (yes (n; 1)
® (Mgus t)

where
NoUnifierst = Vn.Vf:m N\ n. f{s &£ f(t

We canprove mgulnv from aninversionprinciple borngulnv for bomgu:

bmguinv

m:N
s, t:treem
¢ : fromm — maybe (fromm) — Type

f:alistmn
g:alistmn g:alistnn
NoUnifier g «(s g «{t Maximal (Bound (f <) (Unifiesst)) (g <)

@ (n;f) (no (fromm)) ® (n;f) (yes (n'; gif))

Vf.fromm. ® f(bmgust )

The proof simply expandsmgu in termsof a call to bmgu which is theninverted.
This leaveslbbmgulnv subgoalswith g instantiatedo anil. Recallthatanil « is just
t. Thepropertieof AList andSubstK thenreducehesesubgoalto thoseof mguinv.

The interestingwork is proving bmgulnv. Of course,like all our other proofs of
non-computationalulesby recursionnduction,the proofis by recursioninductionon
bmgu keeping® universally quantified. In the subgoalsnvolving variables let us
alsofollow the programanddo caseanalysisontheaccumulatedubstitution We may
classifythe subgoalssfollows

e rigid-rigid off-diagonal(alsoknown as‘conflict’)
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Herewe aretrying to unify leaf with fork s . brgu returnsno, sowe must
applytheno case.Thisleavesusproving

TS

?leafFork:Vn N

Vg :alistmn
Vbad: g «{leaf ~ g «( (forks t)
L

Fortunately reducing-( pusheghe substitutionunderthe constructorsleaving
uswith ahypothesis

bad : leaf ~fork g «€(s g «(t
Thegoal canthusbe provenby the unificationtacticfrom chapters.

rigid-rigid on-diagonalalsoknown as‘injectivity’)

Correctnes$or leaf with leaf is very easy

Asfor (fork s; t;) and(fork s, t5), the computatiorreduceghe goalconclusion
to

P f(()\f bmgum tl tg f)<| (bmgum S1 S9 f))

If my propaganddasworked, you shouldnow expectme to usethe inductive
hypotheseso inverttherecursve calls. | shallnot disappointyou. This leaves
uswith four subgoals.

In threeof them,the unificationhasfailed somavhereandthe ultimatevalueis
no—theinversionwill give usa proof of NoUnifier s; t; for somei. We may
usethis to show thattheoriginal forks have no unifier.

Otherwisewe have substitutiongh andg, togethemwith proofsof

TS

AgMax: Maximal (Bound (f <) (Unifies sy s3)) (9 <)
AhMax: Maximal (Bound ((gff) <) (Unifiest; t5)) (h <)

Unification hasreturned(hiQg)if andapplyingthe yes caseleavesustrying to
prove.

£
?9oal: Maximal (Bound (f <) (Unifies (fork s, t;) (fork s, ts))) ((hiQ) <)

By EquivMax with Unload, followed by structural decompositionand
AlList.RespC thisbecomes
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o

?goal: Maximal (AND (Unifies f «(s; f«(s1)
(Unifies f«(t; f4{t)) ((h <)o (g <))

Applying Optimist, we acquiretwo subgoals

o

?goal ;: Maximal (Unifies f«(s: f«(s1) (g <)
?goal, : Maximal (Bound (g «) (Unifies f «(t; f«4(t3)) (h <)

In theformer, Unload backwardsletsusmove foutasabound,giving usagoal
which followsimmediatelyfrom gMax. In thelatter, we may shufle the bound
inside,thenapply compositionaws to get

€O
?7goal, : Maximal (Unifies (gif) «(t (gif) «(t2)) (h <)

Now, pulling outthe compositiorasa bound,we reducethe goalto h1Max.

o flexible caseswith aconszr g

All of thesework the sameway. We have some
bmgust (n;aconszr g)

whereeithers or t is avariable.Thisreducego
MExtendzr( (bmgu [z — r|s [z +— 7|t Q)

Inverting the recursve call with the inductive hypothesiswe find one of two
things

— NoUnifier g «( ([z— 7](s) g «{([z— 7]{t)
andwe mustprove
NoUnifier (aconszr Q) «(s (aconszr Qg) «(t

But (aconszr g) «isjust(g «) ¢ [z — 7], soit is just a questionof
pushing-( throughthe composition.

— h suchthatMaximal (Bound (g <) (Unifies [z = 7s [z +— 7]t)) (h <)

andwe mustprove
Maximal (Bound ((aconszr g) 4) (Unifiesst)) (h «)

Theproofis easyboundshufling andcompositiorhacking.
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o flex-flex basecase

Thecomputatiorof

lomgu (var x) (vary) anil
hasreducedo

yes (FlexFlex x y)

We may safely presumea yes answey becauseve arein eitherthe ‘identity’
or the ‘coalescencesituation,accordingasx equalsy or not. Hence,we must
chooseheyes casen theproof, leaving uswith the obligation

?Ecg; Maximal (Bound . (Unifies (var x) (vary))) ((FlexFlex x y) «)
We may easilyremove thetrivial bound,yielding
?if};f Maximal (Unifies (var x) (vary)) ((FlexFlex x y) <)
Sincewe have not yet implementedrlexFlex, we cango no further with the
proof. Let usexportthis goalasthe specificatiorof FlexFlex.
e flex-rigid basecases

For thesefive subgoalsyve aretrying to unify var x with somet whichis nota
variable.We may collectthemall togetherin the following rule, expressinghe
latterasa sidecondition:

m:N

x : finsm

t:freesm

notVar : Vy:finsm.t ¢4 vary

® : fromsm — maybe (fromsm) — Type

f:alistmn

g:alistnn

Maximall
g:alistmn (Bound (f «) (Unifies (var x) t))
NoUnifierg « x g «(t (g9
® (1;6) (no (from m)) (3 (ves (n'; gih)

® anil (FlexRigid x t)

225



We couldregardthisasaninversionrule specificatiorfor FlexRigid, butit is still
alittle too general.For example,the hypothesesf therule eachhave arbitrary
accumulatorsbut we know the accumulatoris anil. Oncewe have madethe
accumulatoroinil everywherewe nolongerneedto letit varyin theschemeLet
ustidy upalittle.

m: N

x : finsm

t:treesm

notVar : Vy:finsm.t £ vary

® : maybe (from sm) — Type

g:alistnn
NouUnifier (var x) ¢ Maximal (Unifies (var x) t) (g «)
® (no (from m)) ® (yes (1;9))
® (FlexRigid x f)

Thetidy versionprovesthe untidy versionbecausehetidy hypothesesarespe-
cial case®f theuntidy onesmodulosomeequationateasoningLet ustake this
asthe specificatiorof FlexRigid.

We have proven correctnes®f unification, contingenton correctimplementatiorof
FlexFlex andFlexRigid. You mayhave noticedthatwe did not have to unwrapary of
the Maximals in the above proof—we merely shaved thatthe mostgeneralunifiers
computedn thebasecasesverecorrectlypropagatedlt is in FlexFlex andFlexRigid
thatwe createthe substitutionandwherewe shallhave to do realwork proving max-

imality. In orderto achieve this, we mustcometo anunderstandingf variableoccur
rence.

But evennow, we have seerenoughto know thatour unificationalgorithmis terminat-
ing of its own accord.

7.3.5 what substitution tells us about the occurscheck

In conventionalpresentation®f unification, the occurscheckis a booleandecision,
andits role in ensuringterminationis externalto the program. For us, though,the
situationis somevhatdifferent—whais to happerif thereis no occurrencef (var x)
in somerigid ¢ with whichit is to be unified? We do not just substitutef itself for x.
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We mustmake manifestin the programthe eliminationof x by computingthe image
of ¢ in the syntaxwith onefewer variable—' suchthat

Mhinx( ¢ ~t
If we canfind suchat, then
[x ']

is amostgeneralnifier for (var x) andt. Let usprove thislemma,aswe shallneedit
severaltimes.

o

?Knockout: Vm: N
Vx : fin sm
Vt':treem
Maximal (Unifies (var x) (pthinx{t')) [x — ']

Now, atlast,we mustdo somerealwork. Introducingthe Maximal record:

Co

?holds : [x — t']{ (varx) =~ [x — ']{ (pthin x{ ')
?factors: Vn N

Vi ismN\yn
Vhyp: f( (var x) ~ f{ (pthinx{t')
g :m»—n

frgolx—t

Takingholds first, noticethattheleft-handsideis just [x — #'|x, which we canrewrite
by the ‘introductionrules’to t'. Obsene thatthe right-handsideis a compositionof
substitutionsAfter alittle monadictinkering, we obtain

Co

Pholds’: Yot ~ ([x = ] o hthin x){ ¢

This saysthat two substitutionshave the samebehaiour at an arbitrarytreet'. By
BackEq, it is enoughto prove thatthey behae the sameat variables.

o

?holds’: Vy: finm
bey ~([x — t]o )thinx)y

227



Reducingwe obtain

Co

?holds’: Vy: finm
vary =[x — #] (thin x )

Again, this follows by the establishe@xtensionabehaiour of |- — -].

We have found a unifie—let us now shaw that arny other unifier factorsthroughit.
Introducingthe assumptionandthe pair:

o

o =N

AMoismNyn

Ahyp: £ (varx) ~ f{ (pthin x( ')
g mN\yn

fac i fr golx — 1

Letustry to prove fac first, hopingto shedsomelight on g. Thisgoalalsocomesdown
to checkingthatthetwo substitutionsagreeatall variables:

?fac’: Yy} fin sm

fy~ g{|[x— t]y

Predictablythe next stepis to invertthe blocked computatiorwith knockoutinv:

Co

fac : fx~g(t
fac,: Vy: ﬁQ m
f(thinxy) ~ gy
Thelattersubgoalgivesusabig clue. We canprove it by taking

g = \y:finm. f(thinxy)

We mustnow provefac_ . A little monadicmassagshaws g is extensionallythe same
asthecomposition

fo )thin x
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Making thereplacement,
acl: fx ~ (fo Dthinx)( #
Unwindingthe compositiorreducesghis goalto hyp.

This is progressndeed,for all the nontrivial substitutionggeneratedy FlexFlex or
FlexRigid will be mostgeneralunifiersby this lemma.Indeed,we arenow in a posi-
tion to write FlexFlex:

FlexFlex : Vm. Vx, y:fin sm. from sm

thick x y
FlexFlexxy = | no (finm) | (sm;anil)
yesy' (m;acons x (vary') anil)

Recallthatto establistcorrectnessye mustprove

Co

?FlexFleX oz Yim N
Vx, y: fin sm
Maximal (Unifies (var x) (vary)) ((FlexFlexx y) «)

SinceFlexFlex is definedwith thick, it is verified by thicklnv, leaving two cases

Co

?FlexFlex,: Vm: N
Vx : fin sm
Maximal (Unifies (var x) (var x)) (anil «)
?FlexFlex,: vm: N
Vax : fin sm
Vy :finm
Maximal (Unifies (var x) (var (thin x y))) ((acons x (var y) anil) <)

For theformer, recallthatanil « is the identity substitution—thislearly unifiestwo
equalvariablesandequallyclearly, everyotherunifierfactorsthroughit. Forthelatter,
interpretingthe associationist andtidying, we get

o

?FIexFIex;: Vm: N
Vx :finsm
Vy :finm
Maximal (Unifies (var x) (jthinx{ (vary))) [x — var y]
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This follows from Knockourt.

Therolethick playsin FlexFlex is to attempto computetheimageof y in thevariable
setwith x removed. If this succeedsye manubcturethe correspondindinockout. If
it fails, thatis becausey is x andtheidentity substitutiorwill do.

Theanalogousole in FlexRigid is playedby the occurscheck,seenasan attemptto
computethe appropriatéthickened’'treefor usein a knockout—thiswill fail exactly
in the caseof anoffendingoccurrenceCorrespondinglytheoccurscheckis nolonger
a booleandecision—itprovidesus with the withesswhich explainswhy it is safeto
substitute More sensenasappearedh the program!Thetype of theoccurcheckis

check : Vm. Vx:fin sm. Vt:tree sm. maybe (tree m)

Its inversionrule shouldbe somethindik e:

m:N
x :finsm
o : tree sm — maybe (tree m) — Type

Occursx t

® (pthinx(t) (yest) @t (no (tree m))
Vt:freesm. & t (Check x t)

whereOccurs is someusefulmeansof characterisingvhenx occursin ¢.

In otherwords,check x is the partialinverseof )thin x(. Hencewe will implement
check x by pushingthick x throughtrees,with ary no at a variablecausinga no
overall. However, beforewe canreally work with the occurscheck we mustformalise
thenotionof occurrence.

7.3.6 positions

The ideaof patternmatchingis to explain decompositiorby inverting construction,
and| wasexposedto it at suchan early agethatit simply refusesto wear off. We
have alreadyseenNEQ in termsof duplicationand thick in termsof thin. Since
searchingor anoccurrences a kind of decompositionl cannothelpaskingwhatthe
correspondingonstructiormightbe.
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Let us thereforeidentify the operationwhich males an occurrence—theperation
which puts somethingat a given position. In orderto do this, we shall needto rep-
resenfpositionswithin atree.

Every datatypel’ hasan allied datatypeof positionsor ‘one-holecontexts’ within el-
ementsof T, togetherwith an operationwhich putsa T in the hole. Huet givesa
beautifulconstructiorof ‘zipper’ typeswhich codeup one-holecontexts aspathsfrom
thehole backto theroot of the term, recordingthe contentsof otherside-brancheen
theway. We may equialently, andslightly more cornvenientlyfor our purposesre-
versethedirectionandcodeup pathsfrom therootto the hole. Let usthereforedefine
theparameterisedatatypgoos n of positionswithin » :

. n:N
e formationrule posn: N
there : posn t:treen

here, : POsS n left theret : POS n

e constructors

s:treen there: POSn
right s there : POS n

Theconstructorsnaybeinterpretedasdirectionsfor findingthepositionfrom theroot,
respectiely ‘stop here’, ‘go left’ and‘go right’. Consequentlythe functionwhich
putsatermata positionis

--goes : Vn. Vthere: pos n. Vit:tree n. tree n

Allow meto breakwith corventionandwrite goes postfix—itsdefinitionis:

here it goes = it
(left theret) it goes =  fork (thereit goes) t
(right s there) it goes =  forks (there it Qoes)

In particular we maynow describeatermcontainingvar x as
where (Var x) goes

In orderto reasonaboutpositions,it will be usefulto have someother apparatus.
Indeed,we may considergoes to interpretpos n asthe arrowns of a categyory with
one objectinterpretedastree n. here is the identity. Let us thereforedefinethe
compositionwhich, in the spirit of the piece,l shallwrite asaninfix operatorcalled
then:
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then : Vn. Vthere, where:p0OS n. POS n

here then where =  where
(left theret) then where = left (there then where) t
(right s there) then where = rights (there then where)

The definition of goes ensureshe correctinterpretatiorof here. An easyrecursion
inductionprovesthecorrectinterpretatiorof then:

(where then there) it QOEs ~ where (there it JOES) gOESs

By the way, datatypegeg list, N) with a singleandconstanbaseconstructor(eg nil,
0) andlinearstepconstructorgeg cons, s) areisomorphicto their own positiontypes.
Thegoes andthen operationsarethe same(eg append, plus). This mayaccount
for their peculiarlyregularbehaiour.

Returningto our free syntax,we shall alsoneedto pushsubstitutionghroughposi-
tions. Overloadingslightly:

{ :Vm,n.Vf:m \ n.posm — posn

(| here,, = here,
| (left theret)  left (R there) (f( t)
(| (right s there) right (f{s) (f{ there)

Recursiorinductionon this operationgivesusa proof of Coherence:
f{ (there it goes) ~ (f{ there) (f{ it) goes

Now, in orderto prove that occurscheckfailure causeaunificationfailure, we shall
needto show thatthe only positionat whichwe mayfind aterminsideitself is here:

TS

?NoCycle:Vn  :N
Vit :freen
Vthere: POS n
Vhyp :it ~ there it JOes
there ~ here

We have seena similar theorembefore. The proof goesby inductionon it, thencase
analysison there. A lot of impossiblecasesare removed by unification—thereare
obviously no left or right positionswithin var x or leaf. The only realwork to be
doneis whenthere is not here andit is afork. Therearetwo suchcasespnemuch
like the other sol shalljust give the prooffor fork andleft:
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o

NoCycle,:vn N
Vs, t,r:treen
VsHyp: Vthere: POS n
Vhyp s~ theres gJOes
there ~ here

VtHyp: QD

Vthere : POS n
Vhyp :forkst~ (left therer) (fork s t) goes
there ~ here

Thetrick is to rotatethecycle. Reducinggoes, hyp becomes
fork s t ~ fork (there (fork s t) goes) r
Unificationidentifiest andr andtells usthat
s ~ there (fork s t) goes

Now, if wearecareful,we canturnthisinto acyclein s andapplytherelevantinductive
hypothesisOur cateyoricaltoolsallow usto rewrite theabove equationto

s ~ (there then (left here t)) s goes
Theinductive hypothesisHyp now tells usthat
(there then (left here t)) ~ here

This is manifestnonsensebut we needto make a constructorappearat the headon
theleft-handsideto revealthe conflict. Thatis to say a furthercaseanalysison there,
accompaniedy theunificationtactic,completeghe proof.

We arenow in apositionto fill in thelastcomponenbf the unificationalgorithm.

7.3.7 check and FlexRigid

As suggeste@arlief thecheck functionpusheghick throughatree.

check x (vary) = )var,{(thickxy)
check x leafy, = ledf,
checkxs | checkxt
check x (forkst) = yess yest' | yes (forks'¥)
yess no (freen) | no (tree n)
no (free n) t no (tree n)
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Now that we know how to talk aboutpositions,we can give this function a better
inversionprinciple,checkinv:

checkinv

m:N
x : finsm

o : tree sm — maybe (tree m) — Type

O (Dthinx(t) (yest) @ (where (var x) goes) (no (tree m))

Vt:free sm. &t (Check x t)

The proof, which | omit, is by recursioninductionandinversionof the blocked com-

putations.

Now let usdefineFlexRigid:

check xt
FlexRigidxt = yest yes (m;acons x t' anil)
no (free m) | no (from sm)

We mustshow thatthis functionsatisfiests specification:

o

?FlexRigid,:

Vm :N

Vx - fin sm

Vi : tree sm
VnotVar: Vy: fin sm

t Zvary
Vo :maybe (fromsm) — Type
Vén  :Vocc: NoUnifier (var x) t
® (no (from sm))
Voy :V¥n =N
vf  :alistmn
VfMax: Maximal (Unifies (var x) t) (f <)
® yes (n; f)
o (FlexRigid x t)

This we prove by expandingFlexRigid andinvertingcheck x t, leaving two cases.

Thefirstis
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o
*FlexRigid,: T

vVt :treem
V@ : maybe (fromsm) — Type
Voy:Vn =N
Vi :alistmn
VfMax: Maximal (Unifies (var x) pthin x( t) (f <)
®yes (n; f)

o (yes (m;acons x t anil)

Introducingthe hypothesesiefining by ¢, andunpackingthe associatiorlist, we are
left proving

o

?FIexRigid;: Maximal (Unifies (var x) pthin x{t) [x — ]

Thisfollows by theKnockout lemma.

Meanwhile the othercaseof theinversionis

O
FlexRigid, :

Vwhere : POS Sm

VnotVar: Vy: fin sm
where (VAr x) goes % vary

Vo :maybe (fromsm) — Type

Voo :Vocc: NoUnifier (var x) (where (var x) goes)
® (no (from sm))

® (no (from sm))

Thistime, introducingthe hypotheseggefiningby ¢, andexpandingNoUnifier leaves

Co

?FlexRigid; :vn :N

Vi ssmN\yn
Vbad: f({ (var x) ~ f{ (where (var x) goes)
1

By Coherence, we maypushfthroughgoes, telling us
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fx ~ (f{ where) (fx) goes
NoCycle now tellsusthat

where ~ here
reducingnotVar to

Vy.varx £ vary

from which we mayeasilyprove thegoal.

7.3.8 comment

This verificationof a unificationis anotherin along line of suchdevelopmentsFrom
ZoharMannaand RichardWaldingers pioneeringhand-synthesifMW81], through
LawrencePaulsons machineverificationin LCF [Pau89 to the morerecentwork in
diverseproofsystemgCoen92 Rou92 Jau97 Bove9q, all have facedthesameanher
entproblemof explaininga programwhich simply doesnot make the sensets maker
intended.

Critical to the correctnes®f the unificationalgorithmis the relativisationof termsto
their context of variables.Suchrelativiseddatastructuresoccurnaturallyin dependent
type systems. Unification hasalways beenstructurallyrecursve—it is just that the
structurecould not be madedatauntil theright typescamealong.Now they have,and
thatis somethingo be pleasedbout,andto bevocalabout.

Thereare three delicateaspectsof unification which must be handledsomehav in
everytreatmentandthey arenotentirelyindependent:

e theterminationof thealgorithm

e thepropagatiorof a unifier computedor onepartof a problemthroughtherest
of the problem

e thefailureof unificationdueto failure of theoccurcheck

Theterminationissuehas,overtheyears beenseparatedfom partial correctnessvith
increasingpanacheand aplomb, but the techniquestandardn the literatureis well-
foundedrecursioroveranadhocordering.MannaandWaldingefMW81] aresensible
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enoughto leave the choiceof this orderinguntil they have extractedthe conditionsit
mustsatisfy:

‘We have deferredthe choiceof an ordering=<,,, to satisfythe ordering
conditionswe have accumulatedluring the proof. The choiceof this or-
deringis not so well-motivatedformally asthe otherstepsof this derva-
tion!

Thenecessargrderingcombinedexicographicallythe sizeof thevariablesetandthe
structureof the problem—thedifferenttreatmentananifestthis in slightly different
ways. Paulson[Pau85]pointsout that he works ratherharderthan he would like to,
motivating the desirefor ‘an LCF packagefor well-foundedinduction’ in orderto
emulateMannaandWaldingers paperdevelopmenimoreclosely

Implementationf what would otherwisebe generallyrecursve programsin type
theorynecessarilynvolve computatiorover the proof of termination.Differentstrate-
giesexist to minimisethe impactof this unwelcomentrusionof proofinto program.
JosephRouyer[Rou92] managego confinethe logical componento the outermost
well-foundedrecursionon the numberof variablestheinnerrecursionon termsbeing
purelystructural.

Ana Bove movesthe goalpostsn a pleasinglysystematiovay [Bove99]. Her ALF

programdoesdts recursiorovertheproofof anaccessibilityrelationconstructe@lmost
directlyfrom theHaslell programshewishesto import—theargumentgo the program
becomeheindicesof therelation. A singleinductionover thisrelationthussplitsinto

casegorrespondingo the left-handsidesof the original program,while the exposed
sub-proofgyive exactly therecursve calls. Of course shestill hasto prove thatall the
elementsreaccessibléy well-foundedexicographianduction,but by packaginghis
complicatednductioninto a singlerelation, shehasnot only supportedhe program
but also effectively acquiredipso factoits recursioninduction principle—usefulfor

proving its properties.

Of coursemy programdoesa similar lexicographicrecursionput it is internalisedn

the datastructures.l avoid anappealto well-foundedrecursionon < for the number
of variablesby unloadingthe accumulatedsubstitutionancrementally which is not
unreasonablasthey are built incrementally and which incidentally enablesme to

delaythemuntil they becomecritical.

It might perhapseinterestingto considethow muchmoretroubleit would beto use
anormalisedepresentationf substitutionappliedall atonce.However, normalising
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substitutionss, in ary case computationallyquite expensve.

Mannaand Waldingerwork ratherhardto synthesisehe accumulationof a unifier
acrosslist of subproblemsTheidempotencef the unifier playsa pivotal role. Paul-
son’s proof is apparentlysimpler but he is unforthcomingaboutthe ‘occasionalugly
steps’. Coen[Coen92]describeghis problemasthe only awkward aspecwof partial
correctness.

The ‘optimistic’ treatmentof accumulatorsnakesthis problemrathereasierto deal
with—introducingthe accumulatoras an extra parameteeffectively strengthenshe
inductive hypotheses$or the subproblemsn exactly the necessarynanner Armando,
SmaillandGreens automatedynthesisnanageso profit from this without excessve
prompting[ASG99]. Bove also exploits an accumulatingparametemwith the same
benefit. As | have shawn, it is a naturaltechniqueto employ whenthe orderwith

respecto which we seekanoptimumis inducedby somenotionof compaosition.

As for shawing thereis no unifier whenthe occurcheckfails, my treatmenis morally

the sameas Mannaand Waldingers, packagedslightly more categorically. It is also
slightly moreconcrete. The useof the datatypeof positionsandits attendanbpera-
tions, togetherwith thin, meanghatthe inversionof the occurcheckinstantiateghe

investigatedermwith patternscapturingtherelevantinformation,ratherthanpresent-
ing it propositionally However, the positiondatatypecomesnto playonly in theproof,

notin the programsoin this casethereis not muchto choosebetweerthetwo.

Nonethelessye mayonedaywanta unificationalgorithmwhich augmentshefailure
responsevith diagnostidnformation,sothataPhDstudentesperatéor cashcanhave
aneasietimefindingthetypeerrorsin anundegraduates ML program.At this point,
aconcretaepresentatioof positionsbecomes must. Thetype of check couldjust
aseasilyhave been

check : Vn.finsn — treesn — freen + possn

returninga witnessin the caseof failure. A treatmentof positionsis hardly wasted.
FurthermoreasHuet pointsout [Hue97], thereis no reasorwhy the constructionof
positionapparatushouldnotbe automatedor arbitrarydatatypes.

Finally, I would like to commenton two ‘packaging’ aspectof the developmentof
unificationin this thesis. Firstly, the monadictreatmentboth of failure-propagation
and of substitutionitself seemsto presentthe necessaryequipmentin a usefuland
orderlyway.

Secondly the useof inversionand recursioninduction principlesto capturethe be-
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haviour of componentsent sucha regularity andtangibility to the component®f the

correctnesproofthat! believe | have givensubstantiatredenceo the methodology
of capturingleverage’in thisway. Recall,for example how theinversionof theoccur

checknotonly exposedheinformationpertinento thetwo possibilitiesbut performed
the consequentewriting, allowing still further progressy computation.Furthery the

whole effect was triggeredby askinga single high-level questionabouta program
component

‘what canhave happenedh thatoccurcheck?’
ratherthana low-level questionaboutdata
‘what valuescanthatmaybe (tree n) have?’

We have beenableto stareat unificationwithout goingblind.
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Chapter 8

Conclusion

Whatarethe contritutionsof this thesis?

Firstly, andsomeavhattangentiallyit introducedOLEG, atypetheorywith holeswhich
hastwo adwantages:

e separatiorof partial constructiongrom the corecomputationatermsin sucha
way thatthe partialconstructions—wherthe holeslive—behae well enoughto
have thereplacementproperty

e internalisationof the accountof the holeswithin the judgmentsof the theory
allowing thestateof atheorenproverto berepresentedxactly by avalid context

Of courserelative to systemsvhich explain holeswith theaid of explicit substitution,
it hasthe disadwantageof forbidding certaininteractionsbetweerholesandcomputa-
tion. For thework presentedhere,this hasnot troubledusatall. Admittedly, this has
notinvolvedthekind of higherorderproblemfor whichthe bannednteractionanight
help.

On the other hand, the resemblanceo Miller’ s ‘mixed prefix’ [Mil92] treatmentis
strongenoughto suggesthat his brandof higherorderunificationmight be feasible.
Hetoo handlegheinteractionbetweerholesandcomputatiorby ‘raising’ theholesto
thefunctionalityrequiredto ensurethatthe computatiorhappengntirely within their
scope. Nonethelessgeeperexplorationis neededbeforewe cansaythat OLEG is a
suitablebasisfor sophisticatedheoremproving. It is, however, an effective basisfor
thetacticsandmechanisedonstruction®nwhichthemainwork of thethesisdepends.

That work was to build object-lesel supportfor pattern matching on dependent
typesin a corventionaltype theory extendedwith uniquenes®f identity proofs. It
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closesthe problemopenedby Thierry Coquandasto the statusof patternmatching
[C0q92,CS93 asimplementedn ALF [Mag94: it demonstratethat uniquenessf
identity proofsis sufficientto supportpatternrmatchingwheretheunificationunderpin-
ning caseanalysigs for first-orderconstructoforms—thisis theunificationsuggested
by Coquandcandimplementedn ALF. Thenecessityasshavn by HofmannandStre-
icher[HoS94,Hof95|.

In the courseof thatdemonstrationl, usedanew ‘JohnMajor’ formulationof proposi-
tionalequality Thisallowselement®f differenttypesto aspireto equality butensures
thatthey areonly treatedequallyif they comefrom the sametype. JohnMajor equal-
ity is equivalentto Martin-Lof equality but considerablynorecorvenientin practice.
It facilitatesthe expressiorof unificationproblemsover sequencesf termsinvolving
typedependeng withoutrequiringary dependengin theequations.

Consequentlyl was able to extendthe object-level first-orderunification algorithm
presentedor simply typed constructorformsin my MSc work [McB96] to the de-
pendentiytypedcase.The necessaryno confusion’and‘no cycle’ theoremdor each
family of typescanbe constructecutomaticallyin a uniformway. Thisis the object-
level unificationrequiredto supportpatternmatching,andit shows thatthe needfor
uniquenessf identity proofsis noidle coincidence.

However, following the famousdictum of Marx and Engels,it is not enoughmerely
to shav that dependentlytyped patternmatchingcan be given meaningin an almost
cornventionaltype theory—thepointis to shaw thatit is goodfor something.l hopel
have successiely aguedfor the principleof representingelatviseddatain relatvised
types.| believe the developmentf substitutionandunificationin chaptersevenlend
tangiblecredenceo this agument. The unification example,in particulay demon-
strategsheimportanceof allowing datatypeso dependnterms

Thelattermayrequiregeneratecursiorto beabandonetbr thesale of typecheckind,
butit makesmoreprogramsstructurallyrecursve becausé givesusmorestructures—
typesindexed by termsallow computationon the indices;typesindexed by typesdo
not.

MANTRA:
If my recursionis notstructural] amusingthewrongstructure.

Dependentypesmalke sensavheregeneratrecursionis madesenseof, if we arelucky.

ILennartAugustssomlisagreesasdo anumberof others.In my opinionthey aretrying to have their
cake andeatit, but they arenonethelessorvincedof the advantage®f cake.
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Therearemary exampleswherethe ‘right structure’is hardto represeninternallyto
the program,andwherean externalterminationagumentseemshe prudentcourse,
but the expressvenessof a dependentype systemnonetheles®sffers the improved
prospecbf principledstructuralalternatves. Thefunctionalprogrammingcommunity
ignoresdependentypesatits peril.

Turning from programsto their proofs, | suspecthe ideaof usingeliminationrules
to capturethe behaiour of programcomponentsabstractlyfrom their implementa-
tionsto be animportantone. Specificationshouldnot only tell uswhatprogramso
write—they shouldtell us whatwe needto know aboutthe functionwhenit is used.
Thelatterbehaiour is clearlylik e eliminationin characterThekind of second-order
rule supportedy OLEG’s eliminate tacticexploits suchinformationin acompactand
powerful way, relatvisedto the goalwhich motivatesits use.

We are quite happy to specifyandwrite programs(derived introductionrules)in an
abstractand modularfashion—weshouldderive the correspondingeliminationrules
so thatwe canreasonaboutprogramsin an abstractand modularfashion. We have
beentrying far too long to prove propertiesof programsby fiddling aboutwith the
primitive rulesfor data—wewould never dreamof writing programshatway. Henrik
Perssorhasalsoidentifiedthis style of reasoningasof considerablassistancén his
formalisationof thepolynomialring [Per99. First-orderequationaspecification®nly
do half the job—they areinappropriatefor reasoningaboutthe usage of programs.
Thatis, they aregoodfor characterisingntroductionbehaiour, but they needto be
complementethy a moreeffective treatmenof elimination.

| believe thetechnologyandmethodologydevelopedin this thesiscontributesnotonly
to the writing of programswhich make senseput to the effective exploitation of that
sensan reasoningaboutthem.

8.1 further work

‘The world will befar betterwhenweturn thingsupsidedown.
(J.BruceGlasier)

Thereis agreatdealto bedone.

Firstly, asfar asthe technologysupportingdependentlytyped programmingis con-
cerned,t is animportanttaskto identify a recaynisabledependentlyypedprogram-
ming languageAs thingsstand the equationaprogramswve mightlik e to write corre-
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spondonly to the deduciblecomputationabehaiour of complec proof terms—ifwe
wantto beableto checkareloadedprogramwe needto reloadits justification.

As | pointedoutin chaptersix, the problemlies in ensuringthatstoredprogramsyive
asatishctoryaccouniof theiremptycasesl! believe thatareasonablevay to go about
this is to make the machinecapableof detectingthoseargumenttypeswhich canbe
showvn to be empty by one stepof caseanalysis. If morethanone stepis required,
thenthe emptytype cannonethelesbe split into nontrivial constructorcasesandthis
is somethinghe programcanandshouldrecord. In effect, the programmustcontain
enoughhintsto allow thereconstructiorof theemptinesgroof.

We might considerinsistingthattypesbe ‘filled up’ with markersindicating‘badness’
in regionswhich would otherwisebe empty Whatimplicationsfor the expressveness
of thetype systentheenforcemenof thisdisciplinewould entalil,it is too earlyto say
However, the propagatiorof ‘badness’surelyinvolvesthe samework asthe propaga-
tion of emptiness.It is a questionof which givesthe clearestreatmentanda more
explicit approachs certainlyworthy of attention.

With thedevelopmenbf improvedtechnologyfor programmingvith dependentypes,
thereis animperatve to write programs Despitethe clearargumentfrom principle
thatmoreprecisedatastructuredeadto tighterprograms—otherwisayhy have types
atall?—itis notrhetoricwhich changegpracticebut competition.

Oneexample,closeto home,which springsto mind is the developmentof a polymor
phically typed strongly terminatingfunctional programminglanguage: parsey type
inferencealgorithm,interpreter DelphineTerrassénasencodedNaturalSemanticsn
Coq[Ter95a,Ter95b]usinga simply typed presentatiorof termsandtypes,with in-
ductively definedrelationsdescribingvalid formationandtyping. It seemgeasonable
to hopethattheselatter propertiescanbe built directly into datastructuressia depen-
denttypes.Thework of AltenkirchandReugAR99] andof AugustssorandCarlsson
[AC99]is alreadymoving positively in this direction. Further having developedfirst-
orderunification,anML-style typeinferencealgorithm[DM82] seemsanobviousnext
step,especiallyasfinding principaltypesis anotheroptimisationproblemaddressable
by the optimisticstratgy. Also, thereareexisting developmentsn simpletypesavail-
ablefor comparisorfNN96, DM99].

However, in tandemwith the continuingdevelopmenbf programmingechnologythe
developmenbf astrongspecificatiormethodologywhich includeseliminationaswell
asintroductionrulesseemsataskof genuineimportance.The focusof thatdevelop-
mentshouldbe on programderivationat leastas much asverification Even at the
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early stagereachedn this thesis,we have seena small exampleof eliminationrules
usedto transforma specificatiortowardsa program—thedevelopmenif thick from
thin.

More thanthis, an areaof interestnot touchedon in this thesis,but prominentin my

thinking is the useof derved eliminationrulesfor programmingtself. As a starting
point, it seemsvery likely that Phil Wadlers suggestiorto equipdatatypeswith dif-

ferent'views’ [Wad87]supportingdifferentnotionsof patternmatchingfor the same
underlyingtype canbe put on a soundfooting.

Themotivationfor sucha developmenis very straightforvard. As a matterof course,
we write ‘derived constructors’—functionwhich build elementf datatypesn more
abstracpatternsreflectingthemacroscopistructureof the problemathand.We write

plus to addnumberdogethersnoc to addanelemento theendof alist, andsoforth.

It would surelybe helpful to equipprogrammersvith the meango analysedataatthe
samemacroscopidevel.

Althougha greatdealof attentionhasbeenpaidto developingwhatgoesontheright-
handside of patternequationdn a principledway, the left-handside haslong been
neglected.lt is time theleft cameinto its own. We have nothingto losebut our chains.
We have aworld to gain.
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Appendix A

Implementation

A few pointsaboutthe prototypeimplementation:

e OLEG wasimplementegrimarily astechnologyfor themachineconstructiorof
the standaradheoremswith which | equipdatatypesandto supportthe writing
of tacticsat arelatively high level. The separatiorof partial constructiongrom
termsis notrigidly enforced.Further asit usesLEGO’s unificationalgorithm,
the scopingconditionsfor solving holesarenot enforcedeither However, the
completetermsgeneratedreindependentlhchecled by LEGO’s reliabletype-
checler beforethey aretrusted.

Therestrictionson the positioningandbehaiour of holeswerenot rationalised
until after the implementationwvas complete. Nonethelessin all the develop-
mentsl implemented| foundthat! obeyedthem. This givesat leastanecdotal
supportto thesuggestiothatthey are,in someway, naturalrestrictiongo make.

e Theimplementatiorof the eliminate tacticdoesnot have the abstractiorfacility
describedn chapterthree. This still makesit entirely adequatdor all the pro-
grammingin this thesis,as suchabstractionsre not necessaryvhenworking
with datatypeeliminationrules.

Thetacticdoesnot, however, supportderivedeliminationrulesfor functionsin

the way thatit should. Although the examplesusing suchruleshave all been
implementecandmachinechecled, the eliminationrulesfor functionswereap-
plied by hand.

e Theinventionof ‘John Major’ equality camesometime after| stoppedwork
on the prototype. Consequentlythe traditional equality (plus uniqueness)s
used. Telescopicequationsarethusrepresentedh a somevhat awkward way,
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with eachequationin the telescopecoercingby all the previous onesin order
to be well typed. This significantly complicatecthe eliminationtactic andthe
unificationtechnologybut nonethelesthey work.
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